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Abstract. Classical macro-scale dispersion equation cannot correctly represent non-local,
non-equilibrium effects, and alternatives had to be proposed to overcome these discrepancies.
Two-equation models have been widely used and proved useful to incorporate, to some
extent, local non-equilibrium effects. More accurate descriptions may be obtained through the
introduction of additional complex terms in the one-equation dispersion equation, e.g. spatial
and time convolutions. An alternative more practical route rely on the introduction of a N-
equations description. For instance, instead of a two-temperature model, transfers in the solid
and/or fluid phase maybe represented by several equations, each one defined by some splitting
framework. Splitting of the solid phase has been proposed in the past (multi-rate models).
Splitting of the flowing phase has a rustic illustration in the case of the Coats and Smith
model, i.e., ”flowing” and ”stagnant” fluid equations. In this paper, we explore further the
possibilities offered by N-equations splitting of the flowing phase. The N-equations macro-scale
model is developed applying an averaging technique to N-pseudo phases obtained by splitting
the flowing phase based on different criteria, e.g. the velocity histogram. Most important model
properties are the matrices of dispersion tensors and exchange coefficients, which are provided by
a system of specific ”closure” problems. To illustrate this approach, the methodology is applied
to Taylor’s dispersion problem, in which non-local effects are produced by pore-scale spatially
distributed inlet conditions. The proposed N-equations description was compared to estimates
of the N-temperatures obtained from direct numerical simulations. The N-equations model
was able to reproduce accurately the dynamic of pore-scale computations, for such reputedly
non-homogenizable problems, with a relatively small number of equations.

1. Introduction
Classical dispersion equation is widely used for describing heat transfer and mass transport
in porous media ([1]). Its emergence as an accurate averaged model requires that several
time-scale and length-scale constraints must be fulfilled. The classical example is the Taylor
dispersion equation describing the transport of a scalar in a tube ([2]): a parabolic equation
with a dispersion coefficient scaling as Pe2 is obtained as an asymptotic behavior, i.e., when
lateral diffusion has smoothed the radial spatial variations. Abnormal behavior, often referred
to as macro-scale non-fickian behavior, has been observed in many applications, and this
triggered the development of modified macro-scale models ([3, 4]). Various mechanisms make
the homogenization of a parabolic equations very difficult, thus leading to more complex models
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than the classical dispersion equation: spatial heterogeneities, vicinity of boundaries, spatially
distributed initial conditions, preferential paths, etc. Several models were proposed to handle
these difficulties [5]. Considering a two-phase system, its behavior may obviously be modeled
through Direct Numerical Simulation (DNS), with the requirement of large computational
resources. It is tempting to represent a macro-scale 1D transport problem through such a
structure by a single equation model, i.e., a 1-equation model. The simplest 1-Eq models,
like the Taylor dispersion equation, may fail to reproduce complex behaviors, as discussed
above. Maintaining a 1-Eq description, while trying to reproduce as much as possible of
the complex features requires to add complicated terms, e.g. spatially and time dependent
effective properties, or adopt mathematical forms different from the classical parabolic equation.
An alternative route is the introduction of N-equation models. This was particularly used,
for instance, to describe local non-equilibrium heat transfer in two-phase systems, were the
averaged temperature of one of the phase is lagging behind the other. More equations are
needed, but non-equilibrium or abnormal effects are reproduced with a minimum number of
additional effective properties, that do not require the complexity of 1-Eq models under such
non-equilibrium conditions, as illustrated in [6].

In these examples, the two-phase structure motivates the division into different macro-scale
equations. However, various spatial and time scales, the principal factor for abnormal behavior,
may be encountered within a single phase itself. Indeed, the Coats and Smith model [7] is
a typical and historical example of the use of 2-Eq model in such cases. In this model, the
flowing phase was split into the mobile part, exchanging with the immobile part (e.g. dead-end
pores). This was also suggested in the case of structured media used in distillation columns.
Such media are made of corrugated sheets, with families of grooves having different directions,
possibly triggering macro-scale different velocity orientations. Phase splitting according to this
topological feature proved to offer an accurate description of such mechanisms [8, 9, 10]. This
concept of phase-splitting was investigated from a general upscaling point of view in [11]. The
approach was applied successfully to transport in nodular systems, with the splitting occurring
in the solid phase, which was only subject to diffusion. In this paper, we explore further the
concept by considering a splitting of the liquid phase, and abnormal effects produced by spatially
distributed boundary or initial conditions. To illustrate the phase-splitting concept, we will
consider a 2D flow between two planes distant of 2h. In the next section, we describe the
pore-scale problem and the major upscaling steps leading to a N-Equation model. Then, we
apply this framework to a 2D case, with spatially distributed entrance conditions. This choice
emphasizes the ability of N-eqs models to capture the macro-scale behavior, without the need
of complex expressions for the effective properties, or complicated partial derivatives terms.

2. Theoretical Framework
We consider the transport of a scalar quantity (e.g. temperature T ) by a fluid flowing between
two-planes distant from 2h (figure 1). The dimensionless pore-scale equation is written as

∂T

∂t
+ u

∂T

∂x
=

∂2T

∂x2
+

∂2T

∂y2
(1)

where the dimensionless x-component of velocity, u, is given by

uniform flow: u = Pe ; Poiseuille flow: u =
3

2
Pe

(
1− y2

)
(2)

The Péclet number involves h as the reference length, all dimensionless variables are defined
in the classical way. Problem is completed by giving initial and boundary conditions such that

T (x, y, t = 0) = T0(x, y) ;
∂T

∂y
= 0 at y = −1,+1 ; T (x = 0, y, t) = g(y) (3)
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Figure 1. Computation domain, example of N-phase splitting.

completed with outlet convective conditions.
The phase splitting procedure involves decomposing the domain into N subdomains, as

illustrated figure 1. Each decomposed domain, i, is defined by the following interval

i : [yi−1, yi] (4)

with y0 = −1. These intervals may be chosen arbitrarily, while they must realize a partition of
the entire domain. Volume fractions are obtained as ϕi =

yi−yi−1

2 . The i-phase intrinsic averaged
velocity and intrinsic averaged temperature are given by

ϕiUi =
1

2

y(i)∫
y(i−1)

u(y) dy ; Ti = ⟨Ti⟩(i) =
1

yi − yi−1

∫ yi

yi−1

Tidy (5)

in which Ti is the restriction of T to the i-domain. Temperature deviations, T̃i, are defined as

Ti = Ti + T̃i (6)

With all these definitions, the i-phase averaged equation is given by

∂Ti

∂t
+

〈
u
∂Ti

∂x

〉(i)

=

〈
∂2Ti

∂x2
+

∂2Ti

∂y2

〉(i)

(7)

Using this into equation 1, one can write a governing equation for the temperature deviations
as

∂T̃i

∂t
+ u

∂Ti

∂x
−
〈
u
∂Ti

∂x

〉(i)

=
∂2Ti

∂x2
+

∂2Ti

∂y2
−
〈
∂2Ti

∂x2
+

∂2Ti

∂y2

〉(i)

(8)

We follow the route discussed in [11] to propose an approximate solution of the coupled macro-
scale and pore-scale equations using the following representations of the temperature deviations
with respect to the pore-scale deviation equations source terms

T̃i = (aij − δij)Tj + bijPe
∂Tj

∂x
(9)

where the mapping matrices, a and b, are solution of the following local problems
Problem I:

∂2aij
∂y2

=

〈
∂2aij
∂y2

〉(i)

(10)

with the following boundary conditions

aij = a(i+1)j ;
daij
dy

∣∣∣∣
yi

=
da(i+1)j

dy

∣∣∣∣
yi

(11)
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at the interface between i and i+ 1 domains. We also have

da1j
dy

= 0 at y = −1 ;
daNj

dy
= 0 at y = +1 ; ⟨aij⟩(i) = δij (12)

Problem II:
d2bij
dy2

=
ui
Pe

aij −
Ui

Pe
δij − ϕ−1

i Cij (13)

where Cij =
〈
ũi
Peaij

〉
−
〈
d2bij
dy2

〉
. The boundary conditions are given by

bij = b(i+1)j ;
dbij
dy

∣∣∣∣
yi

=
db(i+1)j

dy

∣∣∣∣
yi

(14)

at the interface between i and i+ 1 domains. We also have

db1j
dy

= 0 at y = −1 ;
dbNj

dy
= 0 at y = +1 ; ⟨bij⟩(i) = 0 (15)

2.1. N-equations model
With the above approximation of the coupled pore-scale/macro-scale problems, one can finally
write the N-equations model under the general form

∂ϕ1T1

∂t
...

∂ϕNTN
∂t

+

 ϕ1U1
∂T1
∂x

...

ϕNUN
∂TN
∂x

+ Pe

 C11 · · · C1N
...

. . .
...

CN1 · · · CNN




∂T1
∂x
...

∂TN
∂x

 =

 A11 · · · A1N
...

. . .
...

AN1 · · · ANN




∂2T1
∂x2

...
∂2TN
∂x2

−

 H11 · · · H1N
...

. . .
...

HN1 · · · HNN


 T1

...
TN

 (16)

with Cij already defined, and

Aij = ⟨aij⟩ − Pe2
〈 ui
Pe

bij

〉
= ϕiδij − Pe2

〈
ũi
Pe

bij

〉
; Hij = −

〈
∂2aij
∂y2

〉
(17)

Besides the additional convective terms, the effective properties involve a matrix of Taylor
dispersion coefficients and a matrix of exchange terms, equation 17. In the context of this 2D
problem, solution of the ”closure” problems I and II can be obtained analytically. A Python code
was built, using symbolic calculus, to construct automatically the effective property matrices,
given a chosen domain decomposition. This is an important feature of the proposed theoretical
approach that effective properties obey relatively simple PDEs, so the number of domains can be
adapted rapidly based on specific features of the boundary and initial conditions of the problem.
Illustrative examples are provided in the next section.

3. Examples for a three domain decomposition
In this example, we adopt a domain decomposition made of equal size domains with N = 3. To
illustrate the challenge that can be taken by the proposed approach, we solve several problems
with the following initial and boundary conditions{

case I T0 = 0 ; g(y) = H (y − y1)−H (y − y2)

case II T0 = 0 ; g(y) = H (y − y1)−H (y − y2)
(18)
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Figure 2. Comparison between DNS averaged temperatures (denoted DNS[i-1] for phase i) and
macro-scale predictions (denoted Macro[i-1] for phase i) from the 3-Eq. model (Pe = 10, t = 0.5)

where H is the Heaviside ”function”. The analysis will follow the following steps: (i) DNS:
the pore-scale equations are solved numerically with the help of a OpenFoam® code, with
usual numerical parameters for this very classical parabolic PDE, (ii) Computation of averaged
temperature fields from DNS, (iii) Computation of effective properties, (iv) Numerical solution
of the macro-scale equations, (v) Comparison between macro-scale and averaged temperature
fields. For these tests, we have discarded the C-matrix in order to simplify the macro-scale
solver (in this case, there is no coupling between the advection terms, and an operator splitting
technique may be used for the numerical implementation). However, assessing the importance
of such terms requires certainly further analysis.

3.1. Results for case I, uniform flow, symmetric BC
The inlet boundary condition features a characteristic length-scale on the same order as h, and
this result in a complicated mixing process. This complex behavior is illustrated in figure 2,
which represents the averaged and macro-scale temperature fields as a function of x, for a given
Pe number at a given time. One sees that the macro-scale model predicts well the exchange of
heat between the 3 layers near inlet, and also the long range mixing process.

3.2. Results for case II, Poiseuille flow, asymmetric BC
In this case, we test further the 3-Eq approach by imposing an asymmetric inlet boundary
condition. One sees a rather complicated mixing process, especially in the region around x = 6.
This is confirmed when looking at the DNS averaged fields as shown in figure 3. While the
predictions of the macro-scale model (with only this limited number of domains) are less accurate
than in the previous case, one sees a relatively good agreement, and a correct prediction of the
intricate evolution of the three fields around x = 6.

4. Conclusions
In this paper, we investigated the ability of a N-Eq macro-scale description to represent correctly
the impact of spatially dependent boundary conditions. The chosen BC characteristic length was
such that classical Taylor dispersion 1-equation fails to capture the induced complex behavior.
Attempts to overcome this discrepancy through a one equation model would require to populate
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Figure 3. Comparison between DNS averaged temperatures (denoted DNS[i-1] for phase i) and
macro-scale predictions (denoted Macro[i-1] for phase i) from the 3-Eq. model (Pe = 10, t = 0.7)

the macro-scale PDE with various terms and complex (possibly spatially and time dependent)
effective properties. Most of the time, additional terms would be specific to the pore-scale initial
boundary value problem under investigation.

The proposed alternative of a N-eq description offers more flexibility. First, we can adapt the
N-eq description in terms of N , and also the domain-decomposition topology, to characteristic
length-scales of the BCs spatial distribution. Like one-equation descriptions, N-equation models
can have complex mathematical structures (e.g. spatial and time dependent effective properties
in convolution products). However, the choice of N and domain topology is already a powerful
tool to approach the actual macro-scale behavior. Therefore, we tested here a first-order closure
for the N-eq model which is independent of the actual IBVP under investigation, and gives simple
expressions for the effective properties. Indeed, in the particular case used as an illustration in
this paper, effective properties are matrices with constant coefficients obtained from analytical
expressions (the use of symbolic programming allows to construct automatically these properties
for any N , domain topology, and velocity field). Various tests showed that the macro-scale
predictions are rather robust estimates of the actual behavior.
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