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Abstract

The flow around a circular cylinder is studied with the presence of solid finite-size spherical particles. The

simulations of suspension flows are based on highly efficient simulation algorithms to generate scalable Lattice

Boltzmann Method calculations. Simulations of particle resolved dynamics with up to 4,800 million grid cells

and 1.8 million spherical particles are carried out for different flow regimes and particle concentrations (from

dilute, 5% volume concentration to semi-dilute regime, 20%). We investigated a range of parameters that

spans from suspensions of iso-dense particles to highly inertial particles in a granular flow, while considering

particle to cylinder diameter ratios of 5 and 10.

The flow response is described by characteristic properties such as vortex shedding frequency or wake

recirculation length. Flow regimes with iso-dense particles can be rationalized by means of mixture material

properties while we observe a progressive transition to granular flow for inertial particles. Drag and lift

forces acting onto the cylinder are presented in time and frequency domains and the physical analysis is

based on the respective hydrodynamic and particle collision contributions.

Keywords: Lattice-Boltzmann method, Dispersed Two Phase Flow, High Performance Computing, Rigid

Body Dynamics

1. Introduction

Dispersed two-phase flows are a widespread fluid dynamics situation that is encountered in various

industrial (petroleum or nuclear engineering, concrete, food products, cosmetics and pharmacy) and natural

processes (river flow, avalanches, dust storms) and even in biological fluids like blood. Suspensions of non-

Brownian particles and granular flows are known to exhibit intricate behavior in response to shear flows. A5

large portion of today’s energy transformation still relies on burning fossil fuels. Pulverized coal combustion

is a gas-solid flow, that has been intensively studied to improve numerical predictions [1]. These simulation

methods can be used to enhance efficiency of burners and boilers, such as the circulating fluidized bed [2, 3].

There have been recent efforts to compute small scale models with a few thousands particles by means of
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direct numerical simulation (DNS) [4, 5]. Particulate flows are also found in environmental engineering, such10

as sediment transport and dune formation in riverbeds [6] or erosion processes in geomorphological patterns

[7].

Dragging a plow in soil [8, 9], and mixing particles with an impeller [10, 11] are situations involving a

moving obstacle in a granular medium. Predicting the forces experienced by the object and the flow around

it is an important issue. This has been commonly investigated for single phase fluids, but these issues15

remain mostly open in the case of a granular medium or particulate flowing suspensions. For industrial

applications, such as filtration and coagulation of aerosols, slurry transport, the interstitial viscous fluid

may have a major effect on the flow structure and the results interactions with the obstacle. The shape

of a circular cylinder is obviously very generic for such situations. For fibrous filtration systems (fibers

are typically cylindrically shaped). The presence of cylinders occurs also in two-phase flow reactors in oil20

refineries, during dip coating processes [12, 13], and in so-called fog harvesting when liquid films are formed

on the collecting wires [14]. Sediment transport around anchoring apparatus [15] is another example of

particulate flows around cylindrical shape obstacles [16]. The rheological characteristics of flowing materials

have a strong influence on the drag force, which can thus be very different from single phase fluids. The

geometric configuration of a cylindrical object embedded in a granular flow or particulate suspensions is of25

fundamental interest to probe the rheology [17] of those two-phase systems. In medical research, red blood

cells can be modeled by extending the numerical model to allow interfaces to deform. A combination of the

Lattice Boltzmann Method (LBM), immersed boundary method and finite element method has been used

to simulate blood flow through an array of cylindrical obstacles [18].

The insights gained by particle resolved simulations can help to improve closure models such as the dis-30

crete particle method (DPM), where the size of particles is typically much smaller than the computational

grid, and the two fluids model (TFM), where both fluid and solid phases are represented as a continuum.

In large scale industrial applications this Eulerian-Eulerian approach is usually the only viable option due

to the high computational demands of particle resolved methods. We are aiming at providing information

on the flow response due to the presence of particles by means of numerical simulations. The flow around a35

cylinder is one of the most generic flow configurations and it is well documented for the single phase configu-

ration. By adding solid particles into the fluid we want to understand the interplay between fluid transport,

particle inertia and collisions among individual particles as well as with the obstacle.This information is

particularly relevant because the flow contains regions of particle impact in front of the obstacle and shear

layers in the wake.40

Granular flows around obstacles have been studied experimentally [19], [20] and numerically [21]. The

granular phase in our simulations is resolved with a discrete element method (DEM) and tested against

granular flow experiments [22] and numerical simulations [23, 24]. The physics changes when considering
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liquids instead of air as the carrying fluid (density ratio becomes close to unity for most solid materials), as45

shown by experiments of grain-water flows around a cylinder [25]. The presence of liquid (wet granular flow)

modifies significantly the flow behavior compared to granular media in the same situation [22]. Indeed, for

dry granular flows the interaction between the cylinder and the surrounding particles is mediated by normal

impact and multibody friction contacts. Two-dimensional simulations of a sphere towed at constant velocity

into smaller spherical grains without gravity have shown the presence of a dense granular cluster in front50

of the moving object [26]. The drag force exerted by the grains on the moving obstacle increases linearly

with particle concentration and no divergence is observed while approaching dense packing. In addition

to the drag, added-mass force have been evidence in 2D simulations of dry granular matter experiencing

surrounding flow oscillations ([27]) If the density ratio between particles and fluid is high and the suspension

is sufficiently dilute, there are only few interactions among particles and the fluid flow is unaffected by the55

presence of particles. Under these assumptions it is relevant to use one-way coupling model of interaction

between fluid and solid phases [28, 29, 30].

In this study, we make use of a fully-coupled approach, where fluid-particle and particle-particle interac-

tions plus the feedback effect of particles on the fluid flow are simulated. Numerical simulations using Lattice60

Boltzmann Method (LBM) have been conducted for suspension over an obstacle at Reynolds numbers well

below the onset of unsteadiness [31]. They observed that isolated finite size particles released inside the re-

circulating wake region migrate towards a stable limit cycle at the boundary between wake and free stream.

At low concentration, the wake remains depleted of particles. At higher particle density the limit cycle

becomes unstable due to the particle’s increased inertia [32]. Eventually this process will deplete the wake65

of particles, especially for particles of larger size. With many particles the hydrodynamic interactions and

collisions among flowing particles can cause trajectory fluctuations which lead to an exchange of particles

between the wake and the free stream.

Gravity is neglected to focus on the effect of particle inertia on the flow structure. The relation between

fluid flow velocity and terminal settling velocity due to gravity strongly depends on the particle size and70

density ratio. For iso-dense particles, gravity obviously has no role. Let’s consider the example of a solid-

liquid suspension composed of water for the carrying fluid and a typical flow Reynolds number of 100. For

particles smaller than 50 microns in diameter even iron particles have settling velocity corresponding to less

than 2% of the fluid velocity. For glass and iron particles with 100 microns diameter, the ratio goes up to

15%. The only case, for which gravity may have a drastic effect, is when density ratio raises up to 100 (or75

even higher, for liquid-gas or solid-gas flows).

Our work will utilize the two-phase particle resolved LBM coupled with a discrete element method to

investigate this generic configuration over a wide range of Reynolds numbers and particle inertia to highlight
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the specific response of the fluid-solid mixture around an obstacle. We will test the applicability and limits80

of the assumption that a suspension can be interpreted as an equivalent Newtonian fluid whose viscosity

and density depend on particle loading in the range of dilute to semi-dilute regime.

The paper is organized as follows. One section is dedicated to the presentation of the numerical methods

together with validations for single and two-phase flows. This section contains the details on our numerical

setup. Then, simulation results are analyzed by varying the Reynolds number of the flow yielding both85

steady and unsteady flows. The effect of the particulate volume concentration is investigated over dilute and

moderately concentrated regimes up to 20% volume concentration. Simulations are compared to experiments

from literature and a discussion section details the transition from hydrodynamic to granular flow response

and specific contributions to the drag. The paper is closed by the conclusion section.

2. Numerical methods and validation90

2.1. Lattice-Boltzmann method

The Lattice Boltzmann Method (LBM) is a mesoscopic approach that can recover the macroscopic physics

of the Navier-Stokes equations under certain conditions. Discretizing the lattice Boltzmann equation gives

a statistical description of fictive particles colliding and propagating on a Cartesian lattice along a discrete

set of velocities. The distribution function fα(cα,x, t) corresponds to the probability density of particles95

moving at velocity cα in lattice direction α of a cell with cell center position x at time t. For all following

simulations, the so-called D3Q19 stencil [33] with 19 discrete velocities cα, α ∈ 0...18 is used. The algorithm

for solving the lattice Boltzmann equation can be divided into a collision step

f̃α(x, t) = fα(x, t) + Ωα(x, t), (1)

with the collision operator ωα and the relaxation frequency τ , and a subsequent streaming step

fα(x + cα∆t, t +∆t) = f̃α(x, t) (2)

that propagates the updated set of distribution functions to neighboring cells x + cα∆t and advances the100

simulation by time step ∆t. During the collision the distribution functions are relaxed towards the local

equilibrium

f
eq
α (u, ρ) = wαρ(1 +

cα ⋅ u

c2s
) + (cα ⋅ u)2

2c4s
−

u ⋅ u

2c2s
) , (3)

where wα are the stencil specific lattice weights (see [33]) and cs is the lattice speed of sound. More

specifically, we use a formulation of the equilibrium distribution, which is suitable for small deviation from

the reference pressure ρ0 = ρ − ρ
′ and better approximates the incompressible flow equations [34]:105

f
eq
α (u, ρ) = ωα (ρ + ρ0 [

cα ⋅ u

c2s
) + (cα ⋅ u)2

2c4s
−

u ⋅ u

2c2s
]) . (4)
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Macroscopic values are recovered as moments of the distribution functions

ρ = ∑
α

fα, u =
1
ρ∑

α

cαfα, (5)

and the relaxation frequency is connected to the fluid kinematic viscosity

ν = c
2
s (τ −

1

2
) (6)

in the Navier-Stokes equations. For our simulations of particle-laden flow around a cylinder, we employ the

classic single relaxation time (SRT) collision operator

Ω
BGK
α = −

1
τ (fα − f

eq
α ) (7)

proposed by Bhatnagar, Gross and Krook (BGK) [35].110

Preliminary tests have been conducted with the two relaxation times (TRT) model [36]. Distribution

functions are split into symmetric and antisymmetric parts

f
±
α =

1

2
(fα ± fᾱ) , f

eq±
α =

1

2
(f eqα ± f

eq
ᾱ ) (8)

with ᾱ denoting the inverse direction, i.e. cᾱ = −cα. The TRT collision operator can be written as

Ω
TRT
α = −

1

τ+
(f+α − f

eq+
α ) − 1

τ−
(f−α − f

eq−
α ) (9)

and involves the two distinct relaxation times τ+, τ−. While τ+ is responsible for the kinematic fluid viscosity

ν = c
2
s (τ+ − 1

2
), the second relaxation time τ− can be chosen in a way that improves accuracy and stability.115

The relation between these two is the so-called "magic parameter"

Λ = (1
2
− τ

+) (1
2
− τ

−) . (10)

Setting Λ = 3/16 has been shown to produce the correct velocity profile for the Poiseuille flow when using

bounce-back boundary schemes [37], whereas the best stability in a generic simulation can be achieved via

Λ = 1/4 [38]. For a comprehensive description of derivation and implementation of the LBM we refer to

Krüger et al. [39].120

Forces due to particle laden flows on the cylinder (which will be discussed in the following sections)

have been simulated with both SRT an TRT model for the three particle materials (i.e. hydrogel, glass

and iron) and two distinct Reynolds numbers (i.e. 50 and 150). We can observe weak variations of the

different contributions to the drag and lift forces acting on the cylinder. TRT induces slightly higher drag

from particle collisions, but lower drag from fluid resulting in a relative difference of the total suspension125

flow lower than 2%. The largest difference is lower than 5% for the case with iron particles and Reynolds

equal to 150. Differences in the RMS of the lift coefficient are slightly higher from 3 to 6%). The values of

the Strouhal numbers for the comparison between SRT and TRT stand within 1% difference except for the

case with iron particles at Reynolds equal to 50 where it is 4%.
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2.2. Momentum exchange method130

Due to the kinetic nature of the LBM, momentum exchange between fluid and solid phases can be

computed in a straightforward manner. The underlying idea is that mass components streaming into the

boundary causes a momentum influx, while mass components streaming out of the boundary causes a

momentum outflux. At the same time a no-slip condition has to be satisfied at the solid surface. The

interface coupling is based on [40] and has been improved by [41]. In our configuration, solid particles,135

as well as the steady cylinder, are explicitly mapped into the domain as solid moving or fixed obstacles.

The boundary treatment is executed for every discrete direction or link between fluid and solid nodes. The

boundary condition along the fluid-solid interface is derived from a bounce back scheme

fᾱ(x, t +∆t) = f̃α(x, t) − 2
wα

c2s
ρu(xb, t) ⋅ cα, (11)

which is extended by a term that takes the velocity u(xb, t) on the exact boundary location xb = x+ cαδα

into account (u(xb, t) is zero for a fixed obstacle but equal to the solid body velocity for a moving particle).140

The variable δα is the relative distance between the cell center and the exact surface position. To achieve

second order accuracy, we use the central linear interpolation (CLI) [36] given by

fᾱ(x) = f̃α(x) + κ0 (f̃α(x − cα) − f̃ᾱ(x)) − αwα

c2s
ρu(xb) ⋅ cα, (12)

with the coefficients κ0 = (1 − 2δα)/(1 + 2δα) and α = (1 + 2δα). This interpolation scheme uses subgrid

information to smoothen the staircase approximation of the particle shape. It also involves the population

at the node x−cα which is located one cell further away from the particle boundary. The interaction force is145

the difference between instreaming and outstreaming mass components multiplied with the relative velocity

between fluid and solid phases. It is calculated as

F
αf−s(xb, t) = (∆x)3

∆t
[(cαf−s

− u(xb, t))f̃αf−s
(x, t) − (cᾱf−s

− u(xb, t))fᾱf−s
(x, t +∆t)] (13)

for every direction αf−s that links a fluid with a solid cell [40, 42]. Summing up the contributions over all

fluid-solid links gives us the total force

F f−s(t) = ∑
xb

∑
αf−s

F
αf−s(xb, t) (14)

and torque150

T f−s(t) = ∑
xb

∑
αf−s

(xb −Xp) × F
αf−s(xb, t) (15)

acting on a spherical particle with its center at position Xp. Therefore, both translational and rotational

motions of the particles are simulated. Due to the motion of a particle through the static computational

grid, the domain mapping has to be adjusted. When a cell that was filled with fluid in the previous time

step is now occupied by a particle, the cell status is simply changed to solid. In the case of a cell turning
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into a fluid cell, the missing distribution functions need to be reconstructed. They are set to the equilibrium155

distribution f
eq
α (ρ,u), using the particle velocity up and an average density ρ of surrounding fluid cells.

Additional information on this implementation can be found in Götz [43] or Bartuschat [44]. There are

alternative approaches available, i.e. different formulations of the boundary condition and sophisticated

algorithms for reconstructing missing distribution function of empty cells [45, 46].

160

To validate our method we investigate the particle’s unsteady response to an external oscillatory force

F ext = 3πµdu0 sin(ωt), where ω/2π is the oscillation frequency, u0 is a constant vector and µ is the dynamic

fluid viscosity. A single finite-size sphere is embedded in a viscous fluid at rest with no gravity present. The

theoretical particle velocity can be obtained by solving the Maxey-Riley equation [47]

mp

dup

dt
= − 3πdρfν (up − uf) +mf

Duf

Dt
+
mf

2
(
Duf

Dt
−
dup

dt
)

−
3

2
d
2
ρf

√
πν ∫

t

t0

1√
t − τ

(
dup

dτ
−
duf

dτ
) dτ,

(16)

following the approach of Wang et al. [48]. Eq. (16) is only valid for the Stokes regime (Re ≪ 1) and does165

not incorporate the Faxén terms in added mass, drag and history force contributions. For particle laden

flow around a cylinder, although the Reynolds number considering particle diameter and slip velocity with

the flow is small (below 10), the Reynolds number considering the cylinder diameter and inflow velocity is

moderate (from 10 to 200).

The resulting oscillating motion of the particle is expressed as170

up(t) = αu0 sin(ωt + φ), (17)

with amplitude α and phase shift φ. When the particle is embedded in a quiescent fluid, the analytic

solution gives a relation between the amplitude of external oscillatory forcing (written as F (t) = F̂ eiωt) and

the particle velocity as

F̂ = ûp [(mp +
1

2
mf)iω + 3πµd(1 + δe

iπ/4)] eiφ. (18)

The terms on the right hand side of eq. (18) correspond respectively to particle inertia, added mass, steady

drag and unsteady history forces. The contribution of Basset history force is important when the particle-175

to-fluid density ratio is low to moderate (typically below 10). The amplitude and phase shift of the particle

velocity are presented in Fig. 1 for particle-fluid density ratios ρp/ρf up to 5 with ψ2
= ωd

2/ν. The purely

viscous contribution of the hydrodynamic force (in the absence of added mass term) is also plotted. The

dimensionless frequency ψ2 can be interpreted as a Stokes number corresponding to the ratio of the particle

relaxation time to the fluid oscillation time scale. It is also the square of the ratio of the particle diameter180

to the Stokes layer thickness due to unsteady diffusion of momentum. The cubic simulation domain spans

10 particle diameters and is periodic in all directions.
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Our fluid-solid-coupling approach delivers good results for a resolution of d/∆x = 20, but exhibits a slight

overestimation of amplitude and significant underestimation of the phase shift for d/∆x = 10. Indeed, for

high ψ2, the Stokes layer is too thin to be accurately resolved. The deviation is stronger for smaller particle185

density and faster oscillation. It is clear that LBM predictions become gradually closer to the theoretical

prediction while particle density is increased because the relative contribution of unsteady Basset drag

reduces.
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Figure 1: Amplitude and phase shift of external force to particle velocity. ψ
2
= ωd

2/ν is the dimensionless frequency. The

resolution is given by the number of lattice cells per particle diameter d/∆x.

2.3. Granular collision modeling

Whenever an overlap between two particles is detected, a collision response needs to be modeled. A well190

established method for resolving collisions is the Discrete Element Method (DEM) [49, 50]. There are many

variants of the DEM with complex physics modeling. Here, the so-called soft-sphere approach is used to

compute the repulsive force for two spheres or a sphere and the cylinder. The penetration distance ϵ should

be kept small in comparison to the particle diameter to ensure numerical stability and physical relevance

[51]. The normal contact force195

F
n
c = max(0, knϵ − γnun) (19)

is modeled based on a linear spring-dashpot system with normal spring stiffness kn, normal damping co-

efficient γn and relative velocity in normal direction un =
n

∥n∥ ⋅ (ui − uj). Here, ui and uj correspond to
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n

ui

uj

F n

F n

F t

F t

ϵ

mi

mj

Figure 2: Scheme showing two colliding spherical particles

the velocity of particle i and particle j, respectively. Fn
c is restricted to positive values to avoid attractive

forces and added to all interacting objects through positive summation. The computation of friction laws is

specific for static and dynamic friction. Coulomb’s friction law F
t
c = µF

n
c is only applicable for two particles200

in contact, moving with a substantial relative tangential velocity. In the model of Haff and Werner [52] the

force component F t
c at low tangential velocity is interpreted as a shear damping model

F
t
c = −min(µFn

c , γtut) (20)

with µ denoting the Coulomb friction parameter, γt denoting the tangential damping coefficient and ut =

∥ (ui − uj) − un
n

∥n∥∥ denoting the relative velocity in tangential direction. The Coulomb friction sets the

upper limit for friction forces in this approach. Contact parameters, such as spring stiffness kn and damping205

coefficient

γn = −2
√
mijkn

ln e√
π2 + ln2 e

(21)

are related to the coefficient of restitution e and the effective mass mij =
mimj

mi+mj
between particle i and

particle j [53]. The time span of a typical collision

Tc =
2πmij√

4mijkn − γ2n
(22)

can be estimated following [54].

The particle motion is integrated in time with a first-order semi-implicit Euler method. The particle210

velocity v̇p =
F
mp

is updated by using the total force F , which is obtained from fluid-solid interaction and

collision. The angular acceleration ẇp =
T
I

depends on the total torque T and the moment of inertia of a

sphere I = md
2/10.

The coefficient of restitution is a material property related to the elasticity of a collision between two

objects. The values for the materials used in this study are found in Tab. 1. Normal and tangential damping215
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coefficients are assumed equal γt = γn. When interacting with a fixed obstacle, corresponding to the cylinder,

the effective mass mij is equal to the particle mass only. Choosing a value for Tc will determine stiffness

and damping coefficients via Eq. (21). In order to accurately resolve a solid collision, the granular time step

∆tG is commonly set about an order of magnitude smaller than the time step of the fluid solver ∆t. We use

a sub-stepping strategy to reduce the computational cost, while hydrodynamic force and torque are kept220

constant for a number Nsub = ∆t/∆tG of sub-intervals.

0.10 0.30 0.50 0.70 0.95

e

1.0

1.5

2.0

2.5

c D
,G

Wassgren et al.
D/d=5, Kn=1
D/d=5, Kn=10
D/d=10, Kn=1
D/d=10, Kn=10

10
−1 10

0
10

1

Kn

1.0

1.5

2.0

2.5

c D
,G

Boudet & Kellay
D/d=5
D/d=10

Figure 3: Left: Granular drag coefficient as function of coefficient of restitution e without intersticial fluid (dry granular flow);

solid line: prediction by Wassgren et al. [23]. Right: Granular drag coefficient as function of Kn for steel spheres (e=0.93);

solid line: best fit of experiments by Boudet & Kellay [22].

Granular drag coefficient depends mainly on the particulate Knudsen number

Kn =
d

6
√
2Θ∞D

(23)

but also on material properties. The drag coefficient of a cylinder of diameter D experiencing granular flow

cD,G =
FD,p

1/2ρpΘ∞u
2
∞(D + d)Lz

(24)

is calculated from the drag force FD,p, which is made dimensionless by using the particle density ρp and

diameter d, the upstream solid volume fraction Θ∞ and velocity u∞.225

Wassgren et al. [23] presented a theoretical derivation of the expected drag coefficient for different coefficients

of restitution e. Their prediction for a uniform, non-interacting stream of particles cD,G = 4 (e + 1) /3 is

depicted in Fig. 3 (left) together with our simulations of frictionless particles. The prediction becomes more

accurate as the Knudsen number increases, due to fewer inter-particle collisions taking place. The relation
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between drag coefficient and Knudsen number has been investigated by Boudet & Kellay [22]. In their230

experiments, they used an aluminum cylinder in combination with steel spheres (e = 0.93), for cylinder to

particle diameter ratios D/d = 27, 110 and glass beads at D/d = 92. The line in Fig. 3 (right) represents their

best fit over all experimental results. Our simulations do not follow the curve exactly but show the same

trend. Simulations with and without friction did not show much difference. Even though these experiments

were conducted with very small particles compared to the cylinder size d≪ D, we did not find a significant235

difference between size ratio 10 and 5 in our computations including friction.

2.4. Wet collision modelling

The particle laden flow conditions of this study are characterized by low impact Stokes numbers of

particles onto the cylinder

Stkimp =
(ρp + ρf/2)u∞d

9µ
, (25)

hence fluid drainage before contact has a significant contribution to collisions. Particle interactions are240

strongly affected by hydrodynamic interaction and lubrication forces, which causes a reduction in the post-

collision rebound velocity. Including the calculation of short range hydrodynamic interactions into the

algorithm, as discussed in [55], is numerically costly. For the configuration of a particle-laden flow around

an obstacle, collisions are likely to occur in front of the cylinder and in shear layers in the wake region, where

particles have considerable relative velocities. In front of the cylinder, the collision configuration is close to245

particle contact at a stagnation point. When approaching an obstacle, the particle motion strongly depends

on its size compared to the boundary layer thickness. The dynamics of iso-dense particles in a stagnation

point flow has been carefully studied by [56]. The simulation cost for resolving short distance hydrodynamics

corresponding to fluid drainage becomes excessively high. Therefore, numerical models have to be employed

for coarse grids, which are only able to resolve far-field interactions. The immersed boundary method is250

supplemented by a hybrid approach including lubrication correction and soft-sphere collision model for the

solid contact [57]. The lubrication correction is based on a two-body analytic solution and must be tuned in

order to prevent an overestimate of hydrodynamic repulsion (part of the hydrodynamic interaction is already

accounted for on the coarse mesh and this effect could be double-counted with the lubrication correction, see

[58], [51]). We model the occurrence of wet collisions by using an effective rebound coefficient in the DEM255

simulations. For our numerical setting, we have chosen a grid discretization d/∆x = 10 in order to resolve

long range hydrodynamics and we make use of effective rebound coefficient for the effect of fluid drainage

before solid contact (similarly to [59]).

The effective coefficient of restitution

eeff = edry exp (−
β

Stkimp
) , (26)
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Material Density g cm
−3

edry,p−p edry,p−c µs,p−p µd,p−p µs,p−c µd,p−c

Hydrogel 1 0.05 0.1 0.01 0.01 0.5 0.1

Glass 2.5 0.68 0.68 0.9 0.4 0.9 0.4

Iron 7.8 0.4 0.55 1.1 0.15 0.7 0.5

Table 1: DEM material parameters used in this study.

with β = 35, is calculated [60] from the restitution coefficient without the presence of fluid edry and the260

impact Stokes number Stkimp, which characterizes fluid drainage.

Three different sets of material properties will be utilized that resemble three materials commonly used in

experimental suspension flows. Hydrogel particles are iso-dense in water, while glass and iron are considered

inertial. The corresponding parameters for the rigid body dynamic solver can be found in Tab. 1.

To test our assumption that wet collisions can be modeled via an effective rebound coefficient, we place a265

particle of diameter d/∆x = 10 in a numerical domain that spans 16 diameters in streamwise direction and 6

diameters in cross-stream and spanwise direction. A constant velocity condition uin = u∞ is set at the inlet,

constant pressure at the outlet and the domain is periodic in the other two spatial directions. The particle

is fixed in space and a preliminary simulation is run until the drag force on the particle has converged to

make sure that the flow field is steady. Then a second particle is placed in the domain upstream of the270

fixed particle at a distance of 8 diameters streamwise and half a diameter in cross-stream direction. This

moving particle is set to the free-stream velocity up = u∞ such that it will travel downstream and collide

with the fixed particle at an oblique angle. We repeat this simulation with three different configurations.

First, the dry coefficient of restitution is used for the calculation of collision parameters; secondly, the

effective coefficient of restitution is used and finally, the dry coefficient of restitution is used together with275

the lubrication correction.

The lubrication force is implemented according to Ladd & Verberg [61]:

F
lub
ij = −

6πµ(rirj)2

(ri + rj)2
n

∥n∥un (
1

∥n∥ − ri − rj
−

1

∆c
) , (27)

where ri, rj are the radii of sphere i and j, respectively and ∆c is the cut off distance, at which it is

assumed that the hydrodynamic interaction is fully recovered and the lubrication model will be disabled. A

value of ∆c = 2/3∆x is recommended independently of the sphere size. We impose a minimal gap size of280

(∥n∥ − ri − rj) = min(1 × 10
−5
, (∥n∥ − ri − rj)) to avoid exceedingly high repulsive forces.

From Fig. 4, we can evaluate the role of fluid drainage due to lubrication correction before solid contact.

There is a net reduction of the particle velocity before the DEM solver for solid contact is operating. Using

the effective rebound coefficient provides a good prediction of wet particle collision for a lower CPU cost.

Both longitudinal and transverse velocities before and after contact are correctly reproduced without using285

the lubrication correction which physical effect is accounted for by the effective restitution coefficient which
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Figure 4: Time evolution of the velocity components (left: streamwise velocity ; right: cross-stream velocity) of a moving

iron particle experiencing a collision with a fixed particle. Particle Reynolds number is Rep = 10, impact Stokes number

is Stkimp = 9.2. Dotted line: simulation with the dry restitution coefficient (edry = 0.4). Dashed line: simulation with

dry restitution coefficient and lubrication correction. Dot-dashed line: simulation with the effective restitution coefficient

(eeff = 0.009) and no lubrication.

depends on the impact Stokes number.

2.5. Numerical settings

The cylinder has length Ly, the uniform inlet velocity is equal to the upstream velocity uin = u∞ and

the fluid has density ρf . The simulation domain size spans 40 cylinder diameters in streamwise direction,290

24 cross-stream, and 5 spanwise.

Four physical parameters from the classical, single phase von Kármán vortex street are extracted and

used to validate our computational methods. The vortex shedding frequency f is characterized by the

x

z y

Lx = 40D
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=
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Lz = 24D
periodic
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Figure 5: Schematic presentation of the simulation domain.
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Re cD Lr/D
20 2.134 0.94

50 1.45 2.92

100 1.123 6.08

150 0.979 9.14

Table 2: Steady single phase cylinder flow parameters from our simulations (see Fig. 6 for validation with data from literature).

Strouhal number

St =
fD
u∞

, (28)

fluid drag FD and lift FL forces are reduced to the dimensionless coefficients295

cD =
FD

(1/2) ρfu2∞DLz

(29)

and

cL =
FL

(1/2) ρfu2∞DLz

, (30)

respectively. The recirculation length Lr is defined as the streamwise extent of the region behind the

cylinder, in which the fluid flows upstream. It is computed from the time averaged flow field and normalized

by the cylinder diameter D. We employ the single relaxation time model (BGK) for the suspension flow

around a cylinder because it provides sufficiently good results and is computationally faster. The simulation300

results we obtained are documented in Tab. 2, 3 and a comparison with reference experiments and numerical

computations is found in Fig. 6. Our simulation results are in very good agreement with reference data from

literature. The Strouhal number is slightly above the reference data due to the staircase shape of the cylinder

imposed by the LBM discretization but the discrepancy is always below 1%. The mean recirculation length is

adequately reproduced by our simulations. Simulations are started with a steady flow and it takes some time305

for the velocity perturbation to grow in the linear regime before the onset of wake instability yielding vortex

shedding. Information on the steady recirculation length is gathered for each Reynolds number (although

above the threshold of vortex shedding) by measuring the wake length before the oscillatory instability sets

in. The same procedure is used to measure the drag coefficient before vortex shedding (steady flow) and

after wake instability (unsteady flow). Our simulations results stand among the literature data in Fig. 6,310

top right panel.

Particles are seeded at the domain inlet at random locations with the same velocity as the surrounding

fluid uin. The number of particles seeded per time step is

ṅ =
uinΘA

Vp
, (31)

where A = LyLz is the cross section area and Vp = πd
3/6 is the particle volume, is set in order to achieve the

desired solid volume fraction Θ . The domain is periodic in cross-stream (z) and spanwise (y) directions and315
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Re St cD cL,RMS Lr/D
50 0.127 1.489 0.045 2.42

60 0.139 1.451 0.100 2.04

80 0.156 1.401 0.177 1.64

100 0.168 1.374 0.241 1.40

150 0.187 1.357 0.382 1.04

Table 3: Unsteady single phase cylinder flow parameters from our simulations (see Fig. 6 for validation with data from

literature).

a constant pressure boundary condition is applied on the outlet to mimic a free exit of fluid. Non-reflective

boundary conditions are not required because under current flow conditions, vortices leaving the domain

are not expected to be strong enough to cause stability problems or unphysical behavior. Particles will be

removed from the computation when their volume is entirely outside of the fluid domain. The fixed cylinder

is always assigned the properties of glass material.320

The initial transient of the simulation is assumed to be completed once drag force, lift force RMS and

recirculation length have reached a constant average value. From then, temporal signals and mean flow fields

are recorded for 20 periods of the expected vortex shedding oscillation. The instantaneous fluid velocity

is recorded at three points that are located one diameter in cross-stream (z) and 1, 5, 20 diameters in

streamwise (x) direction away from the cylinder center in order to evaluate the vortex shedding frequency325

through fast Fourier transform. This is an unambiguous procedure for single phase flows since there is one

distinct shedding frequency, but the introduction of particles creates noise in the velocity spectrum. At flow

states close to the bifurcation, it becomes difficult to decide whether or not a flow is unsteady. We declare

a configuration to be unsteady if we can find one distinct peak in the frequency spectrum which amplitude

is at least twice more than the other peaks.330

For accuracy reasons we want particles to be resolved with at least 10 d/∆x, so to achieve a ratio of

D/d = 5 the cylinder needs to have 50 cells per diameter. The dimensionless frequency of particle oscillation

due to vortex shedding in the wake of the cylinder can be estimated as ψ2
= 2π StkRe (d/D)2 which ranges

from 1 to 5 for D/d = 5 and is always below 1.25 when D/d = 10. To ensure that the boundary conditions

have no influence on simulation results, the domain size in each spatial direction has been varied to find335

the dimensions at which global flow parameters remain constant. The effects of the size of the simulation

domain and the spatial discretization have been tested on a reference case of particle laden flow (see Tab. 4).

We observe less than 1% variations of the Strouhal number or the drag and lift coefficients.

The numerical setup allows accurate results while keeping the simulation cost adequate to run on su-

percomputing facilities. The code used for this study is waLBerla [62], an open-source C++ multiphysics340

software framework (more validations on particulate flows are available in [63]). It can be used as a toolbox

15



50 75 100 125 150

Re

0.12

0.13

0.14

0.15

0.16

0.17

0.18

0.19

St

This study
Williamson
Norberg

20 40 60 80 100 120 140 160

Re

1.0

1.2

1.4

1.6

1.8

2.0

2.2

c D

This study (steady)
This study (unsteady)
Dennis Chang (steady)
Wieselsberger (unsteady)
Jayaweera (unsteady)
Tritton (unsteady)
Persillon Braza (unsteady, 2D)

50 75 100 125 150

Re

0.05

0.10

0.15

0.20

0.25

0.30

0.35

c L
,R

M
S

This study
Norberg

20 30 40 50 60 70 80 90 100

Re

1

2

3

4

5

6
L

r
/
D

This study
Dennis Chang
Coutenance Bouard

Figure 6: Single phase flow past a circular cylinder: Top/left - Dimensionless vortex shedding frequency; top/right - drag

coefficient; bottom/left - R.M.S. of lift coefficient; bottom/right - wake recirculation length under steady regime.

for designing various types of applications such as LBM computations [64]. waLBerla was designed from

the ground up for high-performance computing on massively parallel clusters [65]. The framework is based

on a block-structured domain partitioning in order to achieve extreme scalability and node level performance

[66]. The total number of lattice cells amounts to 600M and at the highest solid volume fraction of 20%345

there are more than 220,000 particles simultaneously resolved inside the domain.

The computational speed of LBM algorithms is typically measured in Million Lattice Updates Per Second

(MLUPS) i.e., the number of cell updates every second. For single phase, we achieve 5620 MLUPS on 600

cores with Intel Cascade Lake 6248 architecture of the Jean Zay supercomputer [67]. When introducing

Lagrangian particles into the domain, the algorithm has to treat collisions, particles boundary conditions350

and refill missing distribution functions which slows down the performance to 1580 MLUPS at 20% volume

fraction. To complete a typical simulation of 200,000 time steps, corresponding to a size ratio D/d = 5,

a total of 3660 (resp, 13030) CPU hours are required at Θ = 0% (resp., 20%). The relation between
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Lx/D Ly/D d/∆x St cD cL,RMS

40 24 10 0.1401 1.392 0.100

80 24 10 0.1401 1.386 0.098

40 48 10 0.1401 1.383 0.099

40 24 15 0.1417 1.396 0.099

Table 4: Effect of domain size and mesh discretization for particle-laden flow properties. The fluid Reynolds number is Re = 80

and the volume concentration of iso-dense particles (D/d = 5) is Θ = 10%.

particle volume fraction and computational speed is depicted in Fig. 7. These numbers do not include post

processing routines. The number of lattice cells for simulations at size ratio D/d = 10 amounts to 4,800M355

with over 1.76 million of particles inside the computational domain at 20% solid volume fraction. These

larger computations were performed on the OCCIGEN supercomputer [68] with Intel Haswell E5-2690V3

architecture using 4,800 cores.
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Figure 7: Computational performance measured in MLUPS per core utilized for an increasing number of particles inside the

domain.

3. Results

3.1. Iso-dense particles (hydrogel)360

By introducing rigid spherical particles into the fluid, a specific response of the flow is expected relative to

the solid volume concentration. A simple model of particle induced flow modification is based on the concept

of effective physical properties for the mixture. The stiffness of particles allows them to resist compression

and elongation generating hydrodynamic perturbations in the flow field which dissipate additional energy.

At higher volume fraction, particle interactions such as lubrication effects and solid contact come into play.365

Close to maximum solid packing volume fraction, hydrodynamic stresses are dominated by friction forces.
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As we investigate flow up to 20% volume concentration, this will not be the case for this study, except

possibly for very localized regions in the vicinity of the cylinder. There is a number of correlations for

estimating the effective suspension viscosity, namely Einstein [69], Batchelor & Green [70], Dougherty &

Krieger [71], Hsueh & Becher [72], Eilers [73]. For this study we employ Eilers’ equation with Θmax = 0.64370

corresponding to random assembly of spheres at close packing density

µeff = µ0 (1 +
2.5Θ

2(1 −Θ/Θmax)
)
2

. (32)
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Figure 8: Dimensionless shedding frequency (Strouhal number) as function of Re, Θ. Closed symbols: unsteady flow; open

symbols: steady flow.

The dimensionless shedding frequency St is represented as color map over the flow Reynolds number

Re and solid volume fraction Θ in Fig. 8. Filled symbols indicate unsteady flow states and possibly vortex

shedding, whereas open symbols and white area represent steady flow states. When increasing the particle375

volume fraction, the effective suspension viscosity increases causing flow oscillations to reduce. When ac-

counting for the suspension viscosity by using an effective Reynolds number Reeff =
ρfu∞L

µeff
, the contour lines

of St become vertical indicating similar flow states for constant Reeff , corresponding to the behavior of an

equivalent fluid. When all data are gathered on a single plot, they collapse onto a master curve matching

the single phase flow results in Fig. 9 using the effective viscosity of the suspension. This shows that the380

major role of finite-size iso-dense particles is to enhance viscous damping due to non-deformability of solid

particles in regions of high strain rate.

For the single phase flow the transition between steady and unsteady flow is marked by the critical

Reynolds number Recrit(Θ = 0) ≈ 48. The presence of particles triggers instabilities in the flow field, which

is why we can find flow unsteadiness at sub-critical Reynolds numbers Reeff < Recrit(Θ = 0). These flows385

oscillate at lower frequency than the minimum vortex shedding frequency found in single phase flows St <

St(Θ = 0,Re = Recrit), but the cylinder is not necessarily shedding vortices. Local vorticity production at the
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Figure 9: Strouhal number as function of Reeff for various volume concentrations Θ in colored symbols. Filled black squares

stand for single phase flow.

top and bottom of the cylinder is not intense enough for the Kelvin-Helmholtz instability of the shear layer

to set in. The wake is weakly meandering periodically without occurrence of roll-up that yields alternative

vortex shedding typically observed in the von-Karman street. At Reynolds numbers Reeff > Recrit(Θ = 0)390

the classic vortex shedding is observed again.

In the unsteady regime, the averaged recirculation zone is shrinking as vortex shedding intensifies. The

evolution of recirculation length for different Re and Θ is shown in Fig. 10. Due to the effect of effective

viscosity a suspension can return to steady flow, which causes wake length to follow the trend seen in Fig. 6.

When transforming the plot to effective parameters, all lines collapse onto a mastercurve that follows the395

steady single phase evolution up to Recrit and the unsteady single phase curve beyond. Haddidi et al. [31]

have shown a depletion of particles in the recirculating wake for Reynolds numbers well below the onset of

unsteadiness. We can observe a similar behavior in our simulations at Re = 50, where the concentration

of particles in the wake is low. Simulations of iso-dense particles in a confined channel using a suspension

balance direct-forcing immersed boundary model (SB-FD-IBM) by Dbouk [74] also yield a depletion of400

particles in the wake region, which is in agreement with our results. In their configuration, the onset of

vortex shedding in terms of Reynolds number is delayed due to the confinement by the walls. In contrast

to our approach the vortices are void of particles in their Eulerian simulations. This behavior indicates that

particle-particle interactions play an important role in transporting finite size particles towards the vortex

center for unsteady regime.405

Using effective viscosity collapses all the simulation results onto the single phase flow evolution for cylinder

drag and lift coefficients. Fig. 11 reveals a slight drag underprediction for high solid volume fraction as well

as high Reynolds numbers. For suspensions below Recrit, the single phase lift coefficient RMS is equal to

zero but nonzero fluctuations are found in the signal for two-phase flows due to the random collisions of

particles on the surface of the cylinder. A rolling average with window length of T/10 corresponding to the410

period T of minimum Strouhal number Stmin = 0.12 was applied to smooth out random fluctuations.
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flow snapshots at Θ = 10% and Reeff = 38, 114 colored by fluid velocity magnitude and particles are represented as black

points. Point size is not representative of actual particle size.

The effective viscosity correlation used here is derived from experiments of suspensions with small particle

diameter compared to the cylinder d≪ D. It was not obvious that they can hold true for a diameter ratio

of D/d = 5. To investigate the effect of particle size, we double the cylinder and domain sizes but keep

the previous particle diameter to achieve D/d = 10 while maintaining the particle resolution of 10 lattice415

cells per diameter. As shown in Fig. 12, the drag coefficient remains unchanged. However, the recirculation

length evolution is closer to the single phase flow data in the region close to the onset of unsteady flow.

3.2. Glass particles

The material we investigate now is composed of glass particles, which have a relative density ρ∗ = ρp/ρf =

2.5. Increasing the material density means particles will have more inertia and less tendency to follow the420

flow streamlines when approaching the cylinder. We recall that gravity is not considered. The effect of

inertia is not accounted for in the effective viscosity model and can have an impact on the flow rheology,

especially in the wake zone and in high shear stress regions at top and bottom of the cylinder. Contour lines

of the dimensionless shedding frequency in Fig. 13 reveal a slight inclination to higher Reeff at increasing

volume fraction. Similarly to hydrogel, there is a sub-critical region where the flow is unsteady but not425

shedding vortices. Other quantities like drag and lift coefficients, recirculation zone length abide to the

predicted collapse on the single phase curve, except for points at the higher Reynolds numbers, which show

a slight deviation. It should be noted that the Reynolds number Reeff =
ρeffu∞L

µeff
, as well as the drag and lift

coefficient ceff =
F

ρeffu
2
∞A/2 , now have to incorporate the suspension’s effective density ρeff = (1−Θ)ρf +Θρp

which is different from fluid density and evolves with particle volume concentration.430

Glass has similar density than sand and all features we observed in our simulations are relevant to
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Figure 11: Drag and lift RMS coefficients as function of Re. Closed symbols: unsteady flow; open symbols: steady flow.

sediment transport in water. Inertia starts to come into play while effective density reaches 1.3 for volume

fraction Θ = 20%. This leads to slight discrepancy between the particle resolved simulations and mode

prediction for the effective mixture.

3.3. Iron particles435

At even higher relative density of ρ∗ = 7.8 we observe the failure of effective viscosity modeling due to

significant inertia effect. Strouhal contour lines are heavily skewed with many simulations at high volume

fraction showing flow oscillations without vortex shedding or with vortices developing further downstream,

as we will see later. Suspension drag coefficients in the supposedly unsteady regime are deviating away from

the single phase unsteady curve towards the steady curve. This response is due to the increased inertia of440

particles, which deviates particle trajectories from fluid streamlines and inhibits the flow from developing

its inherent flow structure. Similar to Fig. 14, suspension recirculation length above Reeff = Recrit(Θ = 0)
is drifting away from the single phase unsteady curve and is approaching the steady curve. Lift RMS is

strongly dampened compared to single phase unsteady flow highlighting the damping of vortex shedding.

In this regime, particles impact the cylinder with significant momentum. The Stokes number charac-445

terizing the particles is now sufficiently large to prevent the particles from following the fluid elements and

the wake region remains depleted of particles. This is consistent with the simulation results of [32] which

showed that when particle inertia is increased the limit cycle of particle trajectories in the wake region

becomes unstable. Although those simulations were carried out for a single particle, here we observed the

same response of the particle laden flow for many particles interacting in the wake region.450
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Figure 13: Strouhal number and drag coefficient of a suspension with glass particles. Closed symbols: unsteady flow; open

symbols: steady flow.

4. Discussion of contributions to the drag force

The reliability of effective fluid prediction for the three different materials is summarized in Fig. 15 by

relating the suspension drag coefficient to its single phase value at corresponding Reeff . If the suspension

is unsteady - even if it is not vortex shedding - we relate it to the unsteady single phase drag, otherwise

we compare it to the steady drag coefficient. Hydrogel and glass suspensions are close to the ideal line,455

where the model prediction matches the suspension drag exactly. However, with iron particles there is an

overestimate for steady cases and an underestimate for unsteady cases.

From our simulations, we can extract separately the contribution to the drag force which is exerted by

the fluid phase and the rest which is caused by particle collisions transferring momentum to the cylinder. We

added another suspension material with particles of relative density ρ∗ = 100 to approach if it approaches460
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Figure 14: Strouhal number and drag coefficient of a suspension with iron particles. Closed symbols: unsteady flow; open

symbols: steady flow.
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the response of a granular flow in a gas (ρ∗ ≫ 1). Fig. 16 shows the suspension’s particle contribution as a

granular coefficient, revisiting eq. (24). Increasing the relative density brings the drag particle contribution

closer to a dry granular flow. At high Reynolds number the effect of fluid viscosity is low, thus the fluid has

less resistance against particles and more of their momentum is being transferred onto the cylinder through

collisions. This is especially true for the case of iron and ρ
∗
= 100 but opposite for hydrogel. Additionally,465

the particle contribution at high density ratios follows the trend of increased drag at high Knudsen number,

whereas hydrogel suspension shows the opposite trend. There are two main distinctions in the flow structure

that can be made responsible for these observations. One is that low density ratio suspensions are more

easily prone to unsteady vortex shedding while particles are following fluid pathlines and the other one

is the formation of a bow shock, typically observed for granular flows at high solid volume fraction. The470
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occurrence of bow shock in front of the cylinder points out the strong decorrelation of fluid and particles

motion in the wake. The bow shock is formed due to the rebound of particles on the curved shape of the

cylinder. Particle trajectories are deflected and progressively entrained by the fluid stream (the entrainment

rate is controlled by the particle Stokes number).
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Figure 16: Contribution to the drag of particle collisions for different suspensions compared to granular drag coefficient.

Finally we give an overview on the ratio between fluid cD,f,sus and solid cD,p,sus drag contributions of475

suspensions with different materials and how they compare to the equivalent single phase fluid or granular

flow respectively. The particle contribution cD,p,sus in Fig. 17 is small for iso-dense particles but grows

with increasing density ratios. As particle inertia increases, the impact Stokes number increases and yields

stronger momentum transfer through collisions in front of the cylinder. For suspensions of hydrogel and

glass particles, the drag coefficient is equal to the single phase cD,sp at corresponding effective Reynolds480

number. The same estimate is valid for iron but only in the steady regime. When Reeff > Recrit(Θ = 0) a

suspension of iron particles can neither be described as an effective single phase steady nor unsteady flow,

nor as granular media. At high density ratios the particle influence on the drag force dominates, but the

fluid part cannot be neglected. The equivalent fluid model is no longer applicable, instead the suspension

drag is approximately equal to the pure granular drag cD,g.485

The observations on the drag also manifest in the local distribution of particles in the instantaneous

flow field, showed in Fig. 18. The fluid viscosity is kept constant while the density ratio changes, leading to

different Stokes numbers Stk =
τpu∞

D
with τp =

(ρp+ρf /2)d2

18µf
. This definition of the particle relaxation time

accounts for particle inertia and added-mass effect but assumes Stokes drag force acting on the particles.

In our case, the slip velocity is at maximum 20% of the mean flow velocity Fig. 21 yielding a maximum490

particle Reynolds number of 6. For most of our simulation cases, the particle Reynolds number is below 1

and Stokes drag is a good estimate for the particle relaxation time.

We can identify four unique flow states. Hydrogel particles are uniformly distributed throughout the

flow, even in vortex regions. On the other hand, glass particles at Stk = 1 yield vortices depleted of particles.

For low Stokes numbers Stk ≤ 1 no bow shock is present. For the heavier iron particles we observe that495
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Figure 17: Fluid cD,f,sus and particle cD,p,sus contributions to suspension drag coefficient compared to single phase drag cD,sp,

granular drag cD,g . All values are taken from suspensions with Θ∞ = 20% solid volume. Single phase drag coefficient at

Re > 200 is an extrapolation from obtained simulation results.

vortex shedding is spatially delayed downstream due to the formation of a weak bow shock. The wake region

and vortices are largely depleted of particles. When the Stokes number increases further to Stk > 10, the

wake is completely free of particles and an apparent bow shock is visible similar to dry granular flow. Vortex

shedding is stalled or delayed so far that it is outside of the simulation domain.

Shi et al. [29] conducted numerical studies of one-way coupled particle laden flows around a cylinder500

for high density ratios ρ∗ = 1000 and low volume fraction Θ = 10
−6. The bow shock observed in their

simulations is wider than ours and fluid vortex shedding is not inhibited by particle inertia, since the fluid is

not influenced by the presence of particles (one-way coupling simulations which are unphysical at moderate

particle concentration). Similarly the results of Luo et al. [30] show unsteady vortex shedding for Stokes

numbers up to 100. They examined dilute flows with high density ratios and a one-way fluid-particle coupling,505

where only Stokes drag force is considered. In agreement with our results, there is a depletion of particles in

vortex regions and an extended recirculation zone for Stk > 1. The work of Jalali [24] contains snapshots of

computations from granular flows that show a bow shock comparable to the one in our simulation involving

high-density particles.

5. Eulerian statistics of particle-laden flows510

Averages of Eulerian quantities were formed after the transient period to reach steady or periodic regimes.

Fig. 19 shows the fields of mean fluid velocity for particle laden flows with hydrogel and iron particles at two

different effective Reynolds numbers. While the flow fields look similar at Reeff = 30 for the two different

materials, there is a clear difference at Reeff = 80. With hydrogel the wake region is oscillating at Reeff = 80,

leading to vortex shedding which on average corresponds to a shorter mean length of the recirculation region.515

With iron particles which are more inertial the flow instability is suppressed and the wake remains steady

yielding a small increase of the recirculation zone.
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Figure 18: Snapshot of particle positions and vorticity field at constant volume fraction Θ∞ = 20% and fluid Reynolds number

Re = 150. Hydrogel (Stk = 0.5): top/left; Glass (Stk = 1): top/right; Iron (Stk = 2.8): bottom/left; ρ∗ = 100 (Stk = 33.5):
bottom/right.

Time averaged spatial distributions of the particle concentration are presented in Fig. 20 and relative

velocity between particles and fluid are shown in Fig. 21. When interpreting the global response of the

particulate flow in terms of effective viscosity, the underlying assumption is that the effective suspension520

viscosity is uniform throughout the flow. However, the effective viscosity is depending on the local particle

concentration, which is non-uniform (Fig. 20). There is an accumulation of particles near the stagnation

point in front of the cylinder and a lower concentration in the recirculation zone. The accumulation in

front plays a major role on the effective flow features because this region is characterized by both large

strain rate and larger particle concentration, therefore larger viscous damping. We observe an increased525

particle volume fraction along the edges of the recirculation zone for the non-oscillating wake (Fig. 20 left),

whereas the recirculation zone is shortened for the oscillating wake (Fig. 20 top, right). For a suspension with

hydrogel particles at Reeff = 80, we find an accumulation of particles that are stuck right behind the cylinder.

The spiralling motion of particles inside the wake at Reeff = 30 transports particles outwards towards the

limit cycle [32]. On the other hand, flow oscillations at Reeff = 80 and particle collisions in presence of shear530

layers at the edge of the wake can cause particles to enter the recirculation zone. These two mechanisms are

prominent for low particle inertia. At high particle inertia (Fig. 20 bottom), the bow shock is clearly visible

and its influence increases at high Reynolds numbers corresponding also to high particle Stokes number.

The particle depleted region extends simultaneously and particle and fluid are loosely coupled after cylinder
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The relative velocity between particle and fluid (Fig. 21) is large at the stagnation point in front of the

cylinder, where particles are moving very slowly due to frictional contact with the cylinder. The spatial

extension of this low particle velocity region is increasing upstream when particle inertia is increased due to

the progressive formation of the particle bow shock. At the edge of the recirculation zone, where we observe

a non-uniform distribution of particles in the averaged flow fields, there is also a high relative velocity. Other540

regions with high relative velocity are the centers of the recirulation zone but interpretation can be flawed

because these regions are almost free of particles .

6. Conclusion

This study utilizes efficient capabilities of the LBM to simulate particle-laden flows. Particle resolved

simulations allow to investigate the unsteady response of particulate flows around a circular cylinder. To545

validate the computational model several configurations have been tested, such as single phase flow past

a cylinder, granular drag coefficients and particle response to unsteady and shear forces. Our LBM-DEM

delivers high accuracy since it is based on geometrically resolved moving bodies, while remaining sufficiently

efficient to perform large simulations with hundreds of thousands of particles in decent computation time

on a supercomputer. We decided to not account for gravity in order to disentangle the effects of mean slip550

velocity due to gravity from the inertia of particles.
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The predicted global flow parameters using an effective viscosity are well recovered for iso-dense and

slightly inertial particles (typically glass beads in water) at a cylinder sphere diameter ratio equal to 5.

Decreasing the particle size relative to the cylinder did not significantly change the drag coefficient and

recirculation length predictions, except for points close to the onset of unsteady vortex shedding. We555

observe that steady wake is depleted of iso-dense particle as previously observed in microfluidic experiments

while higher Reynolds flows are unsteady and von-Karman vortices are populated with particles because

their Stokes number is low. Increasing particle inertia shows that the simple modeling of dispersed two-phase

flows with mixture physical properties is not adequate to predict the drag force experienced by the cylinder.

Suspensions with relative density higher than 2.5 are more complex to describe due to the interplay560

between hydrodynamic and granular effects. In the steady regime, suspension flows exert a drag force

similar to an equivalent fluid, but in the unsteady regime the evolution of the drag coefficient neither follows

the prediction based on an equivalent fluid, nor as a granular flow. Inertia of particles forces them to

cross the flow streamlines, leading to a stabilization of the wake zone depleted of particles and delaying the

development of vortices. This yields global flow parameters to evolve in an intermediate regime between565

unsteady and steady response. We have observed that the spatial distribution of particles is depending
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on the Stokes number characterizing the response time of particles. When Stokes number is equal to one

or larger, the vortices are depleted of particles. Further simulations and experiments will be necessary to

better predict flow parameters with a composite law including both hydrodynamic and granular features of

suspensions at moderate relative densities.570

At specific density ratios of O(100) or higher, the suspension largely resembles a granular flow, and a bow

shock is present. The onset of von-Karman street is delayed. Drag coefficients are closer to the prediction

for a dry granular material, even though the fluid contribution cannot be completely neglected.
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