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Abstract: The Shallow Water model (SWM) provides a simplification of the Navier–Stokes model
(NSM) for stratified flows over a topography when the depth of the fluid layer is small compared
to the horizontal scale of the flow. Nevertheless, the application of SWM is limited to the case of
slowly variable bottoms and fails in describing the fluid flow over steep obstacles. In this work,
we propose to extend the applicability of SWM when the topography is no longer slowly variable
with space, by replacing the topography with an “apparent bottom”. This methodology is tested
for the laminar flow of a two-layer fluid over a semi-circular cylinder. Sixteen different steady
configurations are investigated in order to assess the influence of the Froude number and the blocking
factor corresponding to the ratio between the obstacle height and the fluid layer normal height. Here,
the apparent bottom required for SWM is obtained by enforcing the liquid height profile to be the
one obtained from full resolution (NSM).

Keywords: fluid flow; Shallow Water model; apparent bottom

1. Introduction

The Shallow Water model (SWM) is largely used to describe the dynamics of stratified
flows such as air and water in open channel flows, lakes and oceans, or atmospheric flows,
where the air is decomposed into several layers [1,2]. The SWM is derived from the Navier–
Stokes model (NSM) in the limit of small fluid layer depth compared to the horizontal
scale of the flow. Thus, the approximation is valid only when the boundary layer is slowly
variable. The SWM fails to describe the flow over abrupt obstacles, which we will call
“macro-rugosities” in contrast to wall rugosities that can be modeled by “wall-laws”.

Examples of turbulent flow over macro-rugosities include atmospheric boundary layer
over an urban canopy or mountain, which often leads to Lee waves generation [3–6]. The flows
of lava [7], ice-sheets [8] or debris avalanches [9], instead, are examples of environmental
flows in the laminar regime. The simplest model describing these kind of flows is the one
derived in [10].

The problem of a two-layer flow over an abrupt topography has been studied in [11–16],
where the “topography” is normally represented by a semi-circular cylinder. The free
surface inviscid flow over this geometry has been subjected to a large number of theoretical
studies, such as [17,18].

The fluid and semi-cylindrical obstacle interaction takes a variety of forms, depending
on the normal (upstream) Froude number

Fn =
Un√

ghn cos θ
(1)

and the blocking factor

α =
H
hn

(2)

Appl. Sci. 2022, 12, 2476. https://doi.org/10.3390/app12052476 https://www.mdpi.com/journal/applsci

https://doi.org/10.3390/app12052476
https://doi.org/10.3390/app12052476
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/applsci
https://www.mdpi.com
https://orcid.org/0000-0002-9387-326X
https://orcid.org/0000-0002-1777-9415
https://orcid.org/0000-0002-4945-7445
https://doi.org/10.3390/app12052476
https://www.mdpi.com/journal/applsci
https://www.mdpi.com/article/10.3390/app12052476?type=check_update&version=2


Appl. Sci. 2022, 12, 2476 2 of 16

where H is the maximum obstacle height, hn is the initial undisturbed layer depth, Un is
the velocity of the initial undisturbed fluid layer and θ is the bottom slope.

Assuming non-viscous flow and horizontal bottom, a theoretical curve for the trans-
critical transition has been derived in [4,19] and is given by

α = 1− 3
2

F2/3
n +

1
2

F2
n . (3)

This solution is shown in Figure 1 (solid lines). Under the lower branch, the flow is
sub-critical in the entire domain while it remains super-critical above the upper branch.
In the interval delimited by the two branches, different configurations of trans-critical flow
can be observed.
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Figure 1. Diagram of the 16 numerical experiments for α ∈ {0.2, 0.4, 0.6, 0.8} and
Fn ∈ {0.25, 0.75, 1.25, 1.75}. Theoretical critical curve α = 1 − (3/2) F2/3

n + (1/2) F2
n in plain

lines. Circles (©): sub-critical regimes. Diamonds (�): super-critical regimes. Squares (�):
trans-critical regimes. Up-triangles (4). Down-triangles (5).

The phase diagram shown in Figure 1 had been first derived numerically in [4] and
successively verified through experiments in other works, e.g., [20], for high Reynolds
Number flows. Many different regimes have been found experimentally for two-layer
flows [20–25], three-layer flows [19], or flows with a continuous density gradient [26].

The two-layer turbulent flow over a semi-cylindrical obstacle has been also studied
numerically using the Volume of Fluid Method (VOF) and the standard k− ε turbulent
model in [27–29], the CLEAR-VOF method and a large eddy simulation (LES) in [30], and
an interface-tracking algorithm for computation of the free-surface with a moving grid
in [31].

Most of the works on stratified flows consist of investigating the evolution of a free-
surface when the bottom is known a priori. However, in many problems that are currently
of interest, the position and the fluid velocity on the free-surface are given, but the shape
and location of the solid bottom are unknown a priori. These free-surface problems are
called indirect problems. The indirect problem can be solved using minimization techniques
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which are able to predict all the different shapes and positions of the bottom and solve
iteratively the system with the boundary integral method. This is the basis of the minimal
high method [32,33], the extremal pressure method [34,35], the extremal energy method [36],
and the minimal kinetic energy method [37].

Inverse problems have been extensively investigated, since it is not always possible to
retrieve the correct parameters for the predictions. Methods used in the literature include
an approach to estimate the open boundary conditions subject to tidal waves [38], stochastic
approach based on the measure theory [39], estimation of the bottom topography using
a simplified one-dimensional barotropic model [40], Dual Integral Porosity model [41],
Variational Data Assimilation [42], lubrication type model for generalized Newtonian
fluids equation combined with the Variational Data Assimilation formulation [43], 1D
hydraulic models [44], Proper Orthogonal Decomposition [45] and depth specific electrical
conductivity [46].

In this work, we present a novel methodology to resolve the inverse problem via a
“multi-scale” approach. In particular, we use the results of NSM to infer the parameters
of the SWM. We introduce a fictitious surface: the “apparent-bottom” (AB), which is
the bottom that corresponds to a given position of the free-surface in the SWM. This
methodology shows how a steep topography should be transformed, in order to obtain
reliable predictions of a stratified flow with the SWM.

The free-surface data have been generated from the simulation of two-layer flows,
obeying the NSM, for different blocking factors and Froude numbers. It is also suggested
that the “apparent bottom”, i.e., the transformed steep topography, is a function of the
local velocity variance β and the local friction factor λ. For a slowly variable topography,
these parameters are approximately constant, and the results of the SWM and NSM are
comparable, whereas in the case of a steep topography, neglecting the change of these
parameters limits the predicting power of SWM.

In Section 2, both NSM and SWM are presented and both the profile shape factor
β and dissipation parameter λ are defined. The configuration, the boundary conditions
and the numerical scheme for the simulations are presented in Section 3. The systematic
comparison of the steady states of both NSM and SWM is performed in Section 4 for the
sixteen values of the couple (Fn, α). An analysis of both β(x) and λ(x) is performed in
Section 5, followed by the computation of the apparent bottom for the sixteen cases.

2. The Navier–Stokes and the Shallow Water Models
2.1. Navier–Stokes Model (NSM)

A stratified flow of a heavy and light fluid with densities ρ1 and ρ2, respectively,
is modeled with the NSM. The VOF Method, introduced in [47], is used to describe the
stratified flow in this study. The volume fraction γ ∈ [0, 1] is thus used to track the free
surface of the heavier fluid such that γ = 1 is the heavier fluid and γ = 0 is the lighter
fluid, the average density being defined by

ρ = ρ1γ + ρ2(1− γ). (4)

We consider a two-dimensional domain and the equations are solved in the (x, z)
coordinate system, whose axis z is perpendicular to the bottom wall outside the obstacle
and is rotated clock-wise by an angle θ with respect to the gravitational axis. The bottom is
defined by the equation z = Z(x) where Z(x) = 0 everywhere except at the semi-cylindrical
obstacle of radius H.

The volume averaged velocity field, whose components are u and w, obey the mass
conservation equation

∂u
∂x

+
∂w
∂z

= 0 (5)

and the momentum equations read
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ρ

(
∂u
∂t

+ u
∂u
∂x

+ w
∂u
∂z

)
= −∂p

∂x
+ ρg sin θ + 2σ κ n̂x +

∂

∂x

[
2µ

∂u
∂x

]
+

∂

∂z

[
µ

(
∂u
∂z

+
∂w
∂x

)]
(6)

ρ

(
∂w
∂t

+ u
∂w
∂x

+ w
∂w
∂z

)
= −∂p

∂z
− ρg cos θ + 2σ κ n̂z +

∂

∂x

[
µ

(
∂u
∂z

+
∂w
∂x

)]
+

∂

∂z

[
2µ

∂w
∂z

]
(7)

where p is the pressure, g is the gravitational acceleration, σ is the surface tension and µ is
the dynamic viscosity of the mixture defined by

µ = µ1γ + µ2(1− γ). (8)

The evolution of the volume fraction γ, according to [47], is given by the following
transport equation

∂γ

∂t
+ u

∂γ

∂x
+ w

∂γ

∂z
= 0 . (9)

The free surface S of the heavier fluid can be defined as:

S = {(x, z) ∈ Ω : γ(t, x, z)− 0.5 = 0} (10)

whose normal is defined as
n̂ = ∇γ (11)

and the curvature

κ = −1
2

(
∂nx

∂x
+

∂nz

∂z

)
. (12)

Surface tension σ is included in the numerical simulations to regularize the interface
but the sensitivity of the results presented here is negligible with respect to this force. We
assume that S is sufficiently smooth to be described by the equation z = Zs(t, x).

2.2. Shallow Water Model (SWM)

When ρ1 is large compared to ρ2, which we assume here, the vertical integration of
the Navier–Stokes equations over the heavy layer leads to the Shallow Water equations.
We define the heavier fluid depth h and the mean longitudinal velocity U as:

h(t, x) = Zs(t, x)− Z(x) (13)

and

U(t, x) =
1

h(t, x)

∫ Zs(t,x)

Z(x)
u(t, x, z)dz . (14)

The pressure is assumed to be hydrostatic,

p(t, x, z) = p2 + ρ1g cos θ(Zs(t, x)− z) (15)

and p2, the pressure of the lighter fluid, is constant. Integrating Equations (5)–(7) on the
vertical axis z and taking into account the surface boundary conditions, we obtain the SWM

∂h
∂t

+
∂

∂x
(Uh) = 0 , (16)

∂

∂t
(Uh) +

∂

∂x

(
β U2h + g cos θ

h2

2

)
= −gh cos θ

∂Z
∂x

+ gh sin θ − 3νλ
U
h

, (17)

where ν = µ1/ρ1 is the kinematic viscosity, β, which measures the variance of the velocity
profile, is defined by:

β(t, x) =
1

U2(t, x)h(t, x)

∫ Zs(t,x)

Z(x)
u2(t, x, z)dz , (18)
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and λ, which measures this momentum dissipation, is defined by:

λ(t, x) = −1
3

h
U

∫ Zs(t,x)

Z(x)

[
∂2u
∂x2 (t, x, z) +

∂2u
∂z2 (t, x, z)

]
dz . (19)

In the case of a laminar flow on a flat bottom, one obtains β = 1.2 and λ = 1. The
departure from these values can be due to the adjustment of the flow to a non vanishing
topography Z(x).

For a given mass flux q, we, respectively, denote hn and Un, the height and the mean
velocity of the normal flow defined by the relations q = hnUn

0 = ghn sin θ − 3ν
Un

hn
.

(20)

This solution corresponds to the steady flow on an infinite inclined plane, characterized
by a balance between gravitational acceleration and viscous dissipation.

The local Froude number F(t, x) is defined by

F =
U√

gh cos θ
. (21)

When β(t, x) and λ(t, x) are prescribed, the Shallow Water Equations (16) and (17) are
hyperbolic and the two wave velocities read

V± = βU

(
1 + β

2
±
√

1− β

2
+

1
F2

)
. (22)

Steady solutions are such that h(x), U(x) β(x) and λ(x) satisfy the ordinary differen-
tial equation(

1− β F2
) dh

dx
= tan θ − dZ

dx
− F2

(
dβ

dx
+

3ν λ

q

)
with q = h U constant. (23)

The critical condition is thus obtained for F = β−1/2 for both wave propagation
and backwater curves. In the present SW simulations both the β and λ parameters are
considered constant and equal to 1. Since the flow under investigation is laminar, it can be
argued that this choice for the β parameter is incorrect. Nevertheless, this is due to the fact
that a β 6= 1 will allow the SW to be Galilean invariant.

3. Numerical Simulations of a Laminar Flow over an Obstacle
3.1. Configuration with a Half Cylinder

We consider a topography Z(x) describing a bump in the form of a semicircular cross-
section whose axis is orthogonal to the mean flow. The radius of the section is denoted
by H.

We consider the following control parameters: the normal Froude number Fn, the
blocking factor α, the slope angle θ and the normal Reynolds number

Rn =
q
ν

. (24)

The equilibrium (20) implies Rn tan θ = 3 F2
n . We define a “geometrical Reynolds

number” Rg through the relation

Rg =

√
g H H

ν
= 3 Fn α1.5 (cos θ)−1/2 (sin θ)−1 . (25)
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This parameter would be constant in a real experiment where both θ and q could be
varied with g (gravity), H (obstacle) and ν (fluid) being fixed quantities. In this study, we
fix Rg = 26 and explore the sixteen cases obtained by choosing α ∈ {0.8, 0.6, 0.4, 0.2} and
Fn ∈ {0.25, 0.75, 1.25, 1.75}. The relations (20) and (25) with Rg = 26 provide the values of
Rn and θ as functions of Fn and α, as computed in Table 1. For these cases, the maximum
value of Rn, obtained for F = 1.75 and α = 0.2, is of the order of 500. Thus, the flow can be
considered as laminar for these numerical experiments.

Table 1. Normal Reynolds numbers Rn and bottom slope angles θ in degrees as function of the Froude
number Fn and blocking factor α for the chosen value Rg = 26 of the geometrical Reynolds number.

(Rn, θ) α = 0.8 α = 0.6 α = 0.4 α = 0.2

Fn = 0.25 (9, 1.18◦) (14, 0.77◦) (26, 0.42◦) (73, 0.15◦)
Fn = 0.75 (27, 3.54◦) (42, 2.30◦) (77, 1.25◦) (218, 0.44◦)
Fn = 1.25 (45, 5.89◦) (70, 3.83◦) (128, 2.09◦) (363, 0.74◦)
Fn = 1.75 (63, 8.22◦) (98, 5.36◦) (180, 2.92◦) (509, 1.03◦)

For the following simulations, we have imposed ρ1 = 1000 kg·m−3, µ1 = 1 Pa·s
for the heavier fluid and ρ2 = 1 kg·m−3 µ2 = 14.8 Pa·s for the lighter fluid in order
to have the same density and viscosity ratios as those of water and air. The domain
considered is 50 times larger than the obstacle height H and 12 times higher. The details of
the computational grid are shown in Figure 2.

Figure 2. Computational grid around the obstacle.

3.2. Boundary Conditions

Only two boundary conditions are required for the SWM, since it is made up of two first
order partial differential equations. At the inlet, we impose the flow rate q = U(t, xin) h(t, xin).
We suppose that the inlet height hn = h(t, xin) is given by Equation (17) when the local
Froude number is smaller than 1, but is fixed to its actual value when Fn ≥ 1 (critical regime
with no return to the fluvial regime). At the outlet, we impose a zero-gradient condition
when the local Froude number is smaller than 1, but we let h obey Equation (16) when
Fout ≥ 1.

Imposing boundary conditions for the NSM is more complex. We again suppose that
the inlet height hn = h(t, xin) is given by Equation (17) when the local Froude number is
smaller than 1, but is fixed to its actual value when Fn ≥ 1. For the velocity, we impose the
inlet boundary conditions
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u(t, xin, z) =


uin(z) =

3 q
2 hn

z
hn

(
2− z

hn

)
if z ≤ hn,

uin(z) = uin(hn) =
3 q

2 hn
if z > hn,

and w(t, xin, z) = 0 . (26)

At the outlet, we impose an advective boundary condition for the velocity field, which
is equivalent to implicitly assuming an equilibrium between the friction and hydrostatic
pressure. Zero-gradient conditions are assumed for the volume fraction at every boundary.

3.3. Numerical Scheme

In this paper, the VOF system is solved with the OpenFOAM CFD Toolbox, which
is widely used in the CFD Community [48,49]. The interFoam solver, available for the
two-phase VOF calculations, has been modified in order to incorporate the desired Froude-
dependent boundary conditions. The developed code allows to solve Equations (5)–(9) via
the PISO algorithm.

For the simulation of the SWM, we use a CENTRAL UPWIND discretization scheme
for hyperbolic problems as given in [50,51]. The fourth order Runge-Kutta method (RK4)
is used to advance the solution in time. The method has been implemented in a FOR-
TRAN, used in the CFD community [52], code and the fields are initialized from the
OpenFOAM results.

4. Comparison of Surface Heights between NSM and SWM

In this section, we compare the steady solutions of the NSM with those of the SWM.
The comparison is made in terms of the free surface height Zs. In each figure, we present
the results at different equilibrium Froude number Fn, which plays the most important part
in the determination of the flow regime. Every figure is divided into four sub-figures which
shows the influence of the blocking factor α at a given Fn.

4.1. Case Fn = 0.25

The heavier fluid level profiles of the steady solutions of both NSM and SWM for the
case Fn = 0.25 are displayed in Figure 2. These are the cases in which there is the best
match between the two models. The presence of the obstacle causes a local diminution
of pressure which is compensated by the acceleration of the fluid. The fluid acceleration
causes a contraction of the free-surface as well. The slope is low and the depth h is almost
constant, so the free surface is mostly parallel to the bottom except near the obstacle.

The results of both models are in good agreement for α = 0.4 and α = 0.2. The main
differences between the two models consist of the position and amplitude of the minimum
depth. The NSM predicts that the minimum is not located at the top of the obstacle, but
is shifted downstream and lowered. From the SWM point of view this is as if the NSM
would “see” the obstacle move from its original position. Besides this, on the heavier liquid
surface, there are secondary oscillations which are completely damped out at a distance of
almost 5 heights from the obstacle center. These are the Stokes-waves seen in [53–56], but
in our case, since we deal with a highly viscous fluid, they are muffled at a short distance
from their source.

4.2. Case Fn = 0.75

In Figure 3, the results for the depth h(x) calculated at Fn = 0.75 are presented. In this
case, a downstream hydraulic jump can be observed in the SW results. Its distance from
the obstacle increases with decreasing α. For α = 0.2 (Figure 4d), the hydraulic jump
is not visible, because the domain is not long enough. It must be remembered that the
comparison is made on equal Fn and different α but not on equal Reynolds number Rn,
which influences the dissipation and, therefore, the position of the hydraulic jump. In the
NSM, the hydraulic jump is clearly smoothed over the stream-wise direction, probably due
to a local viscous dissipation which is not accounted for in the SWM.
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Figure 3. Free surface height Zs(z) computed by Navier–Stokes (dotted) and Shallow Water (plain
black) model for Fn = 0.25 and (a) α = 0.8, (b) α = 0.6, (c) α = 0.4 and (d) α = 0.2.
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Figure 4. Free surface height Zs(z) computed by Navier–Stokes (dotted) and Shallow Water (plain
black) model for Fn = 0.75 and (a) α = 0.8, (b) α = 0.6, (c) α = 0.4 and (d) α = 0.2.

It must be noted that the depth in the SWM is higher than the one in NSM. This is
because, during the transient period, a bore propagates downstream the obstacle. This
phenomenon has been observed in [4,57]. The bore height depends on the flow rate, or,
at a given Froude number, on the parameter α. Comparing the results of the NSM with
the SWM, we can see that the agreement is higher for low values of the blocking factor. In
general, the profile predicted by the NSM is smoother as compared to the SWM.

4.3. Case Fn = 1.25

In Figure 5, the case of Fn = 1.25 is analyzed. In this case, we still have a hydraulic
jump in the SWM. The difference from the previous case is that, here, the hydraulic jump is
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located upstream the obstacle. For this case the SWM gives a typical trans-critical curve,
with a sub-critical flow upstream the obstacle and a super-critical flow downstream. In
the transient period, a bore is departed from the obstacle upstream, but in this case, at a
certain distance from the weir, which grows with decreasing α, the bore stops as observed
in [4,57]. In Figure 5d, this is not visible because the domain is probably not long enough
and the bore can get out. The results of the NSM are very different. In fact, for all the
blocking factors, the Zs profile has the typical shape of the super-critical case, and no jump
is observed. The free-surface follows the bottom profile and, approaching the obstacle,
it rises rather than falling, while moving away from the obstacle it falls instead of rising
unlike in the sub-critical case.
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Figure 5. Free surface height Zs(x) computed by Navier–Stokes (dotted) and Shallow Water (plain)
model for Fn = 1.25 and (a) α = 0.8, (b) α = 0.6, (c) α = 0.4 and (d) α = 0.2.

4.4. Case Fn = 1.75

The last case analyzed here is Fn = 1.75. The results shown in Figure 5a–c are not
much different from those obtained for Fn = 1.25 but the distance between the bore and the
obstacle, in the SWM, is smaller and the height of the bore, higher. This is due to the fact
that, for a given flow rate, the higher the Froude number upstream a hydraulic jump, the
lower it is downstream. At the obstacle, the motion becomes trans-critical and downstream
the equilibrium depth is reached earlier. During the transient simulation, a bore departing
from the obstacle travels upstream and stops at a certain distance from it.

The last case, depicted in Figure 5d is different, the motion is completely super-critical
and no hydraulic jump is observed. The free-surface Zs is parallel to the bottom upstream
and downstream and follows the obstacle shape showing the maximum height at the top of
the obstacle. This is in agreement with the theoretical critical curve displayed in Figure 1,
in which we can see that for Fn = 1.75 and α = 0.2 there are no hydraulic jumps. The
NS model results are similar to those obtained for Fn = 1.25 in terms of Zs at least. The
free-surface profile has the typical super-critical shape, but looking at Figure 6d, we realize
that the results deviate significantly from the SWM.

The free-surface predicted in the NSM, is much lower and wider as compared to the
SWM. It looks like the NSM “sees” the obstacle wider and lower than what it actually is.
The maximum of Zs does not correspond to the maximum of the obstacle. This was true in
the previous case as well, but here it is more evident.
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Figure 6. Free surface height Zs(x) computed by Navier–Stokes (dotted) and Shallow Water (plain)
model for Fn = 1.75 and (a) α = 0.8, (b) α = 0.6, (c) α = 0.4 and (d) α = 0.2.

5. Enhanced Parametrization for the SW Model
5.1. Analysis of the Parameters λ and β

The results presented above show how the prediction of the simple SW model can
differ from those of the complete NS one. The cause of this discrepancy must be sought in
the approximation made to simplify the model. These approximations concern the terms
β(t, x) and λ(t, x), considered equal to 1 in the SW model. Now, these parameters can
actually be explicitly predicted from the full NSM simulations. In order to understand why
the results of the two models differ, thus we report in Figures 7 and 8, respectively, the β
and λ parameters as functions of the streamwise coordinate, for the different values of Fn
and α. Each figure has four subplots in which four curves obtained at different blocking
factors and same equilibrium Froude numbers are compared.

The parameter β, is the variance of the velocity profile plus 1, as defined in Equation (18).
It is therefore equal to 1 when the variance is null, i.e., for a flat profile. A fluid in turbulent
motion presents a logarithmic mean velocity profile whose variance is of order 5%, so that
approximating β equal to one is acceptable. However, when a viscous fluid is studied,
this approximation is not suitable anymore. The velocity profile of a Newtonian fluid
with a free boundary is a half parabola, whose variance is 20%, leading to β = 1.2. This
value is valid for the unperturbed flow but, in the proximity of the weir, the profile and
consequently β can change.

In Figure 7, the pattern of the factor β is shown. Far from the obstacle the fluid reaches
the equilibrium state, and so β reaches the value 1.2 for the considered laminar flow. The
distance at which the equilibrium is reached depends on both α and Fn. The smaller the α,
the less β changes. This is obvious because having a smaller blocking factor is equivalent
to having a smaller obstacle. On the other hand, the bigger the α, the more the velocity
profile, and so β, changes, with two pics prior and after the obstacle, the maximum being
always located downstream the obstacle. This increase in β can be associated with the two
circulation cells downstream and upstream the obstacle. Moreover, a minimum value of
β is obtained at the top of the obstacle, with a value β ' 1. At this position, the velocity
profile is therefore close to a bulk flow, i.e., a flat velocity profile.

The other parameter λ, defined in Equation (19), is the ratio between the wall friction
of the flow and the wall friction of the equilibrium state, which is equal to one if the bottom
is smooth. λ is equal to 1 if the laminar flow reaches its equilibrium profile. Nevertheless,
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if the fluid flows over a rough bottom, the resulting motion can be complex, leading to
vortices and secondary flows which reduce the similarity between the NS and SW model,
that is only valid under the assumption of slowly variable bottom.

In Figure 8, the pattern of λ is shown. As for β, far upstream and downstream
the obstacle, the equilibrium value, λ = 1 is reached. The non-dimensional dissipation
parameter λ has, for all the considered cases, the following shape: it approaches 1 for
x → ±∞, has two minima at the beginning and end points of the obstacle and a maximum
slightly upstream the top of the obstacle.
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Figure 7. Shape factor β(x) at different blocking factors: α = 0.8 (dotted), α = 0.6 (dash dotted),
α = 0.4 (dashed) and α = 0.2 (plain). (a) Fn = 0.25, (b) Fn = 0.75, (c) Fn = 1.25 and (d) Fn = 1.75.
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Figure 8. Dissipation factor λ(x) at different blocking factors: α = 0.8 (dotted), α = 0.6 (dash dotted),
α = 0.4 (dashed) and α = 0.2 (plain). (a) Fn = 0.25, (b) Fn = 0.75, (c) Fn = 1.25 and (d) Fn = 1.75.
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5.2. Apparent Bottom for the SW Model

Since there does not seem to be a simple way to parameterize β and λ to enhance the
SW model in the present configuration, we choose β = 1 and λ = 1, which is the common
assumption in the SW model, and seek to adjust an “apparent bottom” denoted by Za(x).
We thus consider the SW system q = Ua ha

Ua
dUa

dx
+ g cos θ

dha

dx
= −g cos θ

dZa

dx
+ g sin θ − 3ν

Ua

h2
a

. (27)

where ha(x) and Ua(x) are the new variables in response to the apparent bottom Za.
Knowing the steady surface height Zs(x) computed from the NS model, we want to adjust
Za(x) in order to satisfy the constraint Zs(x) = Za(x) + ha(x). The apparent bottom is thus
the solution of the equations Za = Zs − ha

dha

dx
=

g
q2

(
cos θ

dZs

dx
− sin θ

)
h3

a +
3 ν

q
.

(28)

The shape of the apparent bottoms Za(x) are displayed in Figure 9 for the 16 considered
configurations. All these shapes are smoother than the actual semi-circular profile and
exhibit a maximum located downstream the actual one. The apparent bottom solution
clearly captures the main features of the free-surface, derived from the NS model, which
are disregarded in the SW model close to the obstacle. In particular, the obtained apparent
bottom roughly incorporates both the actual obstacle and the complex flow cells induced
by its presence. FromEquation (28), we can see that the slope of the apparent bottom
is proportional to the slope of the free-surface. Since for this combination of Froude
numbers and blocking factors the free surface profile is wavy, in agreement with [53–56],
this explains the apparent bottom pattern in Figure 8a–c. The concept of apparent bottom
seems, however, more intuitive for the case Fn = 1.75 since regular bumpy shapes are
observed in Figure 8d.
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Figure 9. Apparent bottom Za(x) at different blocking factors: α = 0.8 (dotted), α = 0.6 (dash dotted),
α = 0.4 (dashed) and α = 0.2 (plain). (a) Fn = 0.25, (b) Fn = 0.75, (c) Fn = 1.25, (d) Fn = 1.75.
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6. Conclusions

We have compared the steady solutions of a two phase flow on a titled bottom with a
semi-circular obstacle for both the 2D Navier–Stokes (NS) equations and the Shallow Water
(SW) equations. For constant values of the geometrical Reynolds number Rg = 26 and
the lower fluid viscosity ν, different values of the angle θ and the flux discharge q have
to be chosen in order to explore 16 values of the couple (Fn, α) while keeping the normal
Reynolds number Rn small enough to ensure that the flow remains laminar.

The numerical simulations have shown that the sharpness of the obstacle is responsible
for the existence of hydraulic jumps and trans-critical regimes for the SW model that were
not observed for the NS model. This rapid variation of the bottom is also responsible for
departure of the velocity profile from the parabolic shape, that exists far upstream and
downstream the obstacle, which has been quantified due to the departure of β(x) and λ(x),
respectively, the velocity variance and dissipation parameters, from their asymptotic values.

The physical reason behind the differences between the SW and NS results is the static
pressure modeling. In the SW model, the pressure is considered o be hydrostatic, as in
Equation (15). This approximation is reasonable, however around a rough topography
the static pressure departs from hydrostatic values. Because in first approximation, the
total pressure, i.e., static plus dynamic, is constant, this significantly affects the fluid kinetic
energy around the obstacle. This is reflected in both the changes in β(x) and λ(x). In
particular, the dissipation increases sharply upstream the obstacle, while the kinetic energy
increases downstream it. The increase dissipation around the obstacle and the increased
velocity gradient, i.e., velocity variance, both prevent the occurrence of hydraulic jumps in
the NS model.

We have shown that the SW model could give better prediction of stratified flows
over macro-rugosities by replacing the topography with a smoother, apparent bottom. The
determination of the apparent bottom is based on an exact match between the free surface
height of both the NS and SW equations, which constitutes the main advantage of this
approach, since NS is a more reliable model than SW, as well as its novelty. However,
in an attempt to reproduce the Stokes waves, for a certain range of Froude numbers
and blocking factors, this procedure adds further bumps on the bottom. This makes the
shape of the apparent bottom more complex than the original topography, which is an
undesirable feature.

The main conclusions of this work are quantified as follows:

• The SW and the NS model give different results in the presence of a sharp topography;
• The two models differs most for supercritical conditions, i.e., F > 1;
• The local velocity profile variance β(x) and the local dissipation coefficient λ(x) have

been deemed responsible for the diferences between the two models;
• The apparent bottom obtained from Equation (28) is able to reproduce free-surface profiel;
• However, this procedure is highly sensitive to any ripples at the interface and the

apparent bottom shape is very complex, especially in subcritical (F < 1) flows.

Further studies are required to remove the additional rugosities by imposing artificial
constraints on the regularity of the apparent bottom. This would lead to a systematic
determination of an apparent bottom for different types of “macro-rugosities”. Furthermore,
this study is limited to a two-dimensional, highly viscous flow. Future investigation should
deal with more realistic, three-dimensional turbulent flows.

Author Contributions: A.B. was responsible for developing the FORTRAN SW code and running the
NS Simulations with OpenFOAM. O.T. and L.L. supervised the work and advised on the definition
of apparent bottom. All the authors contributed equally in drafting the paper. All authors have read
and agreed to the published version of the manuscript.

Funding: This research was funded by Fondation Sciences et Technologies pour l’Aéronautique et
l’Espace (AGREMEL) and Computational Science ltd (001).

Institutional Review Board Statement: Not applicable.



Appl. Sci. 2022, 12, 2476 14 of 16

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Acknowledgments: This work is done within the framework of STAE project AGREMEL. The
publications fee has been funded by Computation Science ltd.

Conflicts of Interest: The authors declare no conflict of interest. The founding sponsors had no role
in the design of the study; in the collection, analyses, or interpretation of data; in the writing of the
manuscript, and in the decision to publish the results.

Abbreviations
The following abbreviations are used in this manuscript:

AB Apparent Bottom
Fn Upstream (normal) Froude number
Fout Downstream (outlet) Froude number
F Local Froude number
g Gravitational acceleration [m/s2]
H Maximum obstacle height [m]
h Heavy fluid depth [m]
ha Heavy fluid depth for the apparent bottom configuration [m]
hn Upstream (normal) layer depth [m]
LES Large Eddy Simulation
n̂ Normal vector of the Free surface [1/m]
nx Axial component of the normal vector of the Free surface [1/m]
ny Vertical component of the normal vector of the Free surface [1/m]
NSM Navier–Stokes Model
p Static pressure [Pa]
p2 Static pressure in the light fluid [Pa]
Rg Geometrical Reynolds number
q Flow rate per unit width [m2/s]
S Free surface
SWM Shallow Water Model
t Time [s]
U Mean longitudinal velocity [m/s]
Ua Mean longitudinal velocity for the apparent bottom configuration [m/s]
Un Upstream (normal) velocity [m/s]
u Axial volume averaged velocity field [m/s]
uin Axial volume averaged velocity at the inlet [m/s]
V Wave velocity [m/s]
VOF Volume Of Fluid method
w Vertical volume averaged velocity field [m/s]
x Axial coordinate [m]
xin Axial coordinate at the inlet [m]
z Coordinate normal to the bottom wall [m]
Z(x) Bottom profile [m]
Zs(x) Free-surface profile [m]
α Blocking factor
β Velocity profile variance plus 1
γ Volume fraction of the heavier fluid
κ Curvature of the free surface [1/m2]
λ Dimensionless momentum dissipation
θ Bottom slope [rad]
σ Surface tension [Pa·m]
µ Dynamic viscosity of the mixture [kg/(m·s)]
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µ1 Dynamic viscosity of the heavy fluid [kg/(m·s)]
µ2 Dynamic viscosity of the light fluid [kg/(m·s)]
ν Kinematic viscosity of the heavy fluid [m2/s]
ρ Density of the mixture [kg/m3]
ρ1 Density of the heavy fluid [kg/m3]
ρ2 Density of the light fluid [kg/m3]
Ω Coordinates domain
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