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Analytical harmonic current model for a Permanent Magnet Assisted Synchronous Reluctance Motor (PMa-SynRM) fed by PWM inverter
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This paper presents an analytical model to compute the current harmonics of a PMa-SynRM fed by PWM inverter. Voltage signal expressions are deduced and the machine parameters are provided by an analytical nonlinear model of the machine. The current signal was compared with a nonlinear Simulink model, giving satisfying results.

Introduction

Permanent magnet synchronous motors are used in many applications due to their high performance and torque density. Among the different types of synchronous motors, the PMa-SynRM combines these advantages with those of the reluctant motor that are linked to cost reduction, since a large part of the motor torque is generated by its saliency, and therefore the amount of permanent magnets can be reduced, or less powerful and cheaper ones can be used [START_REF] Reddy Bonthu | Performance Review of Permanent Magnet assisted Synchronous Reluctance Traction Motor Designs[END_REF]. Another characteristic of the PMa-SynRM is that it enables sensorless control during starting and low speed operation [START_REF] Armando | Accurate Modeling and Performance Analysis of IPM-PMASR Motors[END_REF].

Usually PMa-SynRMs have rotors with a complex geometry and therefore FE (Finite Elements) softwares are often used for modeling, but in this case, the simulation time is very significant. Analytical models have been developed, the model presented in [START_REF] Prieto | Analytical model for a saturated Permanent Magnet Assisted Synchronous Reluctance Motor[END_REF] takes into account the saturation of the magnetic material, details of rotor geometry and represents the machine adequately. But, as synchronous motor is usually powered by an inverter, it is also necessary to model its effects on the motor. Harmonics created by the inverter affect the current supply signals and generate additional losses in the iron, magnets and copper of the motor. These losses can be significant as shown in [START_REF] Payza | Investigation of Losses for a Concentrated Winding High-Speed Permanent Magnet-Assisted Synchronous Reluctance Motor for Washing Machine Application[END_REF] and must be also taken into account at the moment of the design of the system. This paper proposes a complete analytical model for a PMa-SynRM fed by PWM inverter. Firstly, the studied system will be briefly presented as well as some principles of the SVPWM technique that are important for the development of the equations. Secondly, the improved dq model of the machine proposed by [START_REF] Neumann | Improved dq model and analytical parameters determination of a Permanent Magnet Assisted Synchronous Reluctance Motor (PMa-SynRM) under saturation using frozen permeability method[END_REF] will be presented, in this model saturation and cross magnetization effects are considered which allow a better representation of harmonics. And then analytical expressions of the current harmonics are deduced from the improved dq model and analytical expressions of the voltage signal.

The analytical model is validated by means of the comparison of currents curves with a numerical model in Simulink, where the machine is represented by a flux cartography to take into account the nonlinearity of the steel sheet.

SVPWM technique

The analyzed system constitutes of a PMa-SynRM fed by a two-stage inverter with six bidirectional switches (six associations of IGBT transistors and diodes).

The control of the switches is done by the Space Vector Pulse Width Modulation (SVPWM) technique, with the control signals of the switches at the bottom (S'u, S'v and S'w) being complementary to those of the top (Su, Sv and Sw) of the converter. The motor is a PMa-SynRM with U-shaped flux barriers filled with NdFeB permanent magnets.

The six switches of the inverter generate 8 different voltage combinations, called switch states. These voltage values in the Clark reference frame become six vectors (v1, v2, …, v6) separated by 60 degrees and two null vectors (v0 and v7) [START_REF] Holmes | Pulse Width Modulation for Power Converters[END_REF], as shown in Fig. 1.a. The region between two adjacent vectors is called sector and is numerated from i=1 to 6. The main idea of SVPWM method is to determine the application time of each switch state in a PWM period (TPWM) according to the control signal profile (Fig. 1.b) to reach the desired output voltage (Vr). The time of application of each state (T1, T2, T3, T4, T5, T6) is known and is listed in Table I for each sector i as a function of Vr. 

Improved dq model and motor's magnetic parameters determination

The analytical model of PWM harmonics will be obtained through the representation of the machine in a dq reference frame. The classic dq model of the machine in the Park referential is described as in [START_REF] Reddy Bonthu | Performance Review of Permanent Magnet assisted Synchronous Reluctance Traction Motor Designs[END_REF].

𝑣 𝑑 = 𝑅𝑖 𝑑 + 𝐿 𝑑 𝑑𝑖 𝑑 𝑑𝑡 -𝜔 𝑠 𝐿 𝑞 𝑖 𝑞 𝑣 𝑞 = 𝑅𝑖 𝑞 + 𝐿 𝑞 𝑑𝑖 𝑞 𝑑𝑡 + 𝜔 𝑠 (𝜆 𝑑 𝑝𝑚 + 𝐿 𝑑 𝑖 𝑑 ) (1) 
In this model, the permanent magnet's magnetic flux presents only one component oriented according to the d-axis and it is computed by means of a simulation at no-load condition. In terms of inductances, only the self-apparent inductances are considered and they are determined as in [START_REF] Armando | Accurate Modeling and Performance Analysis of IPM-PMASR Motors[END_REF]. The magnetic flux generated by Id is assumed to be the difference between the no-load magnet flux and the total flux in the d-axis.

𝐿 𝑑 = 𝜆 𝑑 -𝜆 𝑑 𝑝𝑚 𝐼 𝑑 𝐿 𝑞 = 𝜆 𝑞 𝐼 𝑞 (2) 
With the saturation of the machine's magnetic material, all these assumptions are no more valid. Cross magnetization effects need to be taken into account and the inductances have to be calculated at each operation point. Reference [START_REF] Neumann | Improved dq model and analytical parameters determination of a Permanent Magnet Assisted Synchronous Reluctance Motor (PMa-SynRM) under saturation using frozen permeability method[END_REF] proposes an improved dq model described in (3) and based on [START_REF] Pouramin | A preliminary study of the effect of saturation and cross-magnetization on the inductances of a fractional-slot concentrated-wound interior PM synchronous machine[END_REF] and [START_REF] Zarate | Extended DQ model of a Permanent Magnet Synchronous Machine by including magnetic saturation and torque ripple effects[END_REF], in which cross magnetization is considered through the q-axis component of the magnet flux (λq pm ) and also through the crossing apparent inductances (Mqd and Mdq).

𝑣 𝑑 = 𝑅𝑖 𝑑 + 𝐿′ 𝑑 𝑑𝑖 𝑑 𝑑𝑡 + 𝑀′ 𝑑𝑞 𝑑𝑖 𝑞 𝑑𝑡 -𝜔 𝑠 (𝐿 𝑞 𝑖 𝑞 + 𝑀 𝑞𝑑 𝑖 𝑑 + 𝜆 𝑞 𝑝𝑚 ) (3) 𝑣 𝑞 = 𝑅𝑖 𝑞 + 𝐿′ 𝑞 𝑑𝑖 𝑞 𝑑𝑡 + 𝑀′ 𝑞𝑑 𝑑𝑖 𝑑 𝑑𝑡 + 𝜔 𝑠 (𝜆 𝑑 𝑝𝑚 + 𝐿 𝑑 𝑖 𝑑 + 𝑀 𝑑𝑞 𝑖 𝑞 )
The parameters L'd, L'q, M'dq and M'qd associated with the dynamic term di/dt represent the incremental inductances and are defined as in (4), these parameters differ significantly from the apparent inductances as saturation increases [START_REF] Stumberger | Evaluation of saturation and crossmagnetization effects in interior permanent-magnet synchronous motor[END_REF].

𝐿 𝑑 ′ = Δ𝜆 𝑑 ∆𝐼 𝑑 | 𝐼 𝑞 =𝑐𝑠𝑡 𝐿 𝑞 ′ = Δ𝜆 𝑞 ∆𝐼 𝑞 | 𝐼 𝑑 =𝑐𝑠𝑡 𝑀 𝑑𝑞 ′ = Δ𝜆 𝑑 ∆𝐼 𝑞 | 𝐼 𝑑 =𝑐𝑠𝑡 𝑀 𝑞𝑑 ′ = Δ𝜆 𝑞 ∆𝐼 𝑑 | 𝐼 𝑞 =𝑐𝑠𝑡 (4) 
Reference [START_REF] Neumann | Improved dq model and analytical parameters determination of a Permanent Magnet Assisted Synchronous Reluctance Motor (PMa-SynRM) under saturation using frozen permeability method[END_REF] presents step by step the methodology to calculate these parameters using a non-linear analytical model of the machine in which the frozen permeability method (FPM) [START_REF] Chen | Reluctance Torque Evaluation for Interior Permanent Magnet Machines Using Frozen Permeability[END_REF] was implemented. This technique consists in fixing the magnetic state (permeability) of the machine to the operating point, and then proceed to the computation of the parameters.

Analytical harmonic current model

This chapter presents the equations of the analytical harmonic model and its methodology. To do so, some assumptions are done:

1. The machine is connected in a star configuration 2. The back electromotive force (Back EMF) is considered sinusoidal 3. At t=0s, the voltage of the phase U reaches its peak: the signal is even 4. The electrical period of the fundamental of the voltage signal is considered a multiple (N) of 6 of the switch period as shown in equation ( 5)

= 6 × 𝑁 × 𝑃𝑊𝑀 (5) 
The expressions of harmonic currents are obtained step by step from the construction of different equations.

Initially, fully analytical expressions are deduced for the three-phase voltage signal as a function of the desired voltage Vr, switch period (TPWM), sector (i) and DC voltage (UDC). These expressions are then represented in the dq reference frame.

Secondly, the improved dq model of the machine presented previously in equation ( 3) is solved in order to find the current expressions (Id and Iq). Finally, the inverse Park transform is applied to obtain the current in the three-phase system. Machine's parameters such as coil resistance, apparent inductances, incremental inductances and magnetic flux of permanent magnet are output data of the motor analytical model that uses the FPM.

Voltage expressions

The three-phase voltage expressions are determined by means of the Fourier series according to equation [START_REF] Holmes | Pulse Width Modulation for Power Converters[END_REF]. For the sake of simplicity, only the expressions involving the phase U will be shown. For the phases V and W, the reasoning is the same just by subtracting 120 and 240 degrees in the phase of the signal.

𝑉 𝑢 (𝑡) = 𝑐 + ∑ 𝑎 𝑛 cos 𝑛𝜔𝑡 + 𝑏 𝑛 sin 𝑛𝜔𝑡 ∞ 𝑛= (6) 
Since the voltage signal has no DC component and is even, the coefficients c0 and bn are zero. Therefore an can be determined as in equation [START_REF] Pouramin | A preliminary study of the effect of saturation and cross-magnetization on the inductances of a fractional-slot concentrated-wound interior PM synchronous machine[END_REF].

𝑎 𝑛 = * ∑ ( ∫ 𝑉 𝑢 (𝑡). cos (𝑛 𝜋 𝑡) . 𝑑𝑡 𝑖𝑇 (𝑖-)𝑇 ) 𝑖= (7) 
For a sector i, remembering the assumption number 4, the integral has to be calculated N times for each TPWM interval term. By generalizing and developing the expression [START_REF] Pouramin | A preliminary study of the effect of saturation and cross-magnetization on the inductances of a fractional-slot concentrated-wound interior PM synchronous machine[END_REF] according to the information of Table I, an can be analytically expressed by the equation [START_REF] Zarate | Extended DQ model of a Permanent Magnet Synchronous Machine by including magnetic saturation and torque ripple effects[END_REF]. 

𝑎
Where the coefficients Ji and Ki are functions of the sector i as shown in [START_REF] Stumberger | Evaluation of saturation and crossmagnetization effects in interior permanent-magnet synchronous motor[END_REF].

𝐽(𝑖) = √3 cos ( 𝜋 3 (𝑖 - 1 )) + cos ( 𝜋 3 (𝑖 - 1 )) (9) 
𝐾(𝑖) = -√3 cos ( 𝜋 3 (𝑖 - 7 )) + cos ( 𝜋 3 (𝑖 - 7 ))
T0,i represents expressions for application times for the null vectors, T1,i corresponds to the application time of the vectors v1, v3 and v5 in their respective sectors and T2,i represents the application time of the vectors v2, v4 and v6 in their respective sectors. These application times can be expressed as in [START_REF] Chen | Reluctance Torque Evaluation for Interior Permanent Magnet Machines Using Frozen Permeability[END_REF]. Knowing the Fourier coefficient an, the equations ( 6) and ( 7) are completed. It is therefore necessary to apply the Park transform to the Vu,Vv and Vw expressions to obtain the Vd et Vq as shown in [START_REF] Lipo | Performance Calculations of a Reluctance Motor Drive by dq Harmonic Balance[END_REF]. 

(𝑖) = 𝑆𝑊 𝑈 𝐷𝐶 * (( 1 + (-1) 𝑖+ ) * ( √6𝑉 𝛼 ((𝑗 -1) 𝑆𝑊 + 𝑆𝑊 ) -√ 𝑉 𝛽 ((𝑗 -1) 𝑆𝑊 + 𝑆𝑊 )) + ( 1 + (-1) 𝑖 ) * (√ 𝑉 𝛽 ((𝑗 -1) 𝑆𝑊 + 𝑆𝑊 ))) (10) 
Where θ= θ0 + ωt, and θ0 and ω are the initial position and speed (electrical values) of the rotor, k is the coefficient of the Park transform, and Vd0, Vq0, Vndϒ, Vndσ,Vnqϒ,Vnqσ depend on the Fourier coefficients.

System of equations solution

To solve the system of equations ( 3) for the currents Id and Iq, it is assumed that each voltage harmonic generates a harmonic of the same rank in the current, this method is called dq Harmonic Balance and was introduced by [START_REF] Lipo | Performance Calculations of a Reluctance Motor Drive by dq Harmonic Balance[END_REF] and reproduced by [START_REF] Jannot | Steady state performance computation of a synchronous machine using harmonic resolution[END_REF]. Therefore, the solution will have a format as shown in [START_REF] Jannot | Steady state performance computation of a synchronous machine using harmonic resolution[END_REF]. 

Replacing the expressions ( 11) and ( 12) in ( 3), the problem can be divided in two systems, one for the continuous dq components [START_REF] Chen | A High-Fidelity and Computationally Efficient Model for Interior Permanent-Magnet Machines Considering the Magnetic Saturation, Spatial Harmonics, and Iron Loss Effect[END_REF] and another for the harmonics (14). Therefore, expressions for Id0, Iq0, In dσ, In dϒ, In qσ, In qϒ were determined by solving these two linear systems shown below.

[ 𝑉 𝑑 + 𝜔𝜑 𝑞 𝑝𝑚 𝑉 𝑞 -𝜔𝜑 𝑑 𝑝𝑚 ] = [ 𝑅 -𝜔𝐿 𝑞𝑑 -𝜔𝐿 𝑞 𝜔𝐿 𝑑 𝑅 + 𝜔𝐿 𝑑𝑞 ] [ 𝐼 𝑑 𝐼 𝑞 ] (13) 
[

𝑉 𝑛𝑑𝛾 𝑉 𝑛𝑑𝜎 𝑉 𝑛𝑞𝛾 𝑉 𝑛𝑞𝜎 ] = [ 𝑅 -𝜔𝐿 𝑞𝑑 -3(𝑛 -1)𝜔𝐿 ′ 𝑑 𝜔𝐿 𝑑 -3(𝑛 -1)𝜔𝐿 ′ 𝑞𝑑 3(𝑛 -1)𝜔𝐿 ′ 𝑑 𝑅 -𝜔𝐿 𝑞𝑑 3(𝑛 -1)𝜔𝐿 ′ 𝑞𝑑 𝜔𝐿 𝑑 -𝜔𝐿 𝑞 -3(𝑛 -1)𝜔𝐿 ′ 𝑑𝑞 𝑅 + 𝜔𝐿 𝑑𝑞 -3(𝑛 -1)𝜔𝐿 ′ 𝑞 3(𝑛 -1)𝜔𝐿 ′ 𝑑𝑞 -𝜔𝐿 𝑞 3(𝑛 -1)𝜔𝐿 ′ 𝑞 𝑅 + 𝜔𝐿 𝑑𝑞 ] [ 𝐼 𝑛𝑑𝛾 𝐼 𝑛𝑑𝜎 𝐼 𝑛𝑞𝛾 𝐼 𝑛𝑞𝜎 ] (14) 
Finally, the inverse Park transform is applied to Id and Iq expressions in order to determine the threephase currents.

Validation of analytical model

Numeric model

A numerical model was developed in Simulink/Matlab for means of comparison, its general scheme is shown in Fig. 2. The SVPWM technique and the inverter were implemented by Simulink block functions.

To represent the machine in a more precise way in Simulink/Matlab, the method presented in [START_REF] Jannot | Steady state performance computation of a synchronous machine using harmonic resolution[END_REF] was implemented for the PMa-SynRM. This method consists of carrying out FE simulations with different levels of current components Id and Iq and retaining the values of the coils magnetic flux components λd and λq. So, two maps of the flux components as a function of the current components λd(Id,Iq) and λq (Id,Iq) are built and illustrated in Fig. 3.a. These first cartographies are then inverted to obtain current maps as a function of the flux Id (λd, λq) and Iq (λd, λq) as shown in Fig. 3.b, which are implemented in the Simulink by means of a lookup table. The inputs of the motor block λd and λq are obtained by integrating the voltage supply components as shown in Fig. 3 and equation (15). By means of the cartographies, the corresponding d,q currents are determined and the inverse Park transform is applied in order to obtain the three-phase currents signals with the harmonic components due to the PWM supply. 

Comparison of results

The analytical model was compared to the Simulink model by employing a fundamental and switching frequency of 50Hz and 3kHz respectively, DC bus voltage of 540V, reference voltage of 100Vrms and the sum of the equation ( 6) goes from 1 to 1000. The motor parameters present in the improved dq model are listed in table II. To analyze the current harmonics, the Fourier transform is applied to the current signal obtained by the two models. The PWM harmonics are around the multiples of the sampling frequency, the more relevant ones are presented in Fig. 5.

The first spectrum shows the harmonics of the current signal from Fig. 4.b. The next ones, Fig. 5.b and Fig. 5.c, correspond to operating points with higher current levels of 22.5 and 30 Arms. According to this analysis, the model remains representative regardless the current level, even under saturation conditions, bearing a constant average error of 17% for all tested current levels. The error does not increase with the saturation due to the improved dq model incorporated into the analytical expressions, which is able to reproduce the correct behavior of the motor. The harmonics obtained by the analytic model were also evaluated by employing the Total Harmonic Distortion (THD) of the current curves. The THD is calculated according to its definition in equation ( 16) and the results are presented in table III. The largest difference between the two models corresponds to 12 % for 15Arms.

Table III: THD of current signal

Current level (Arms) Analytical model Simulink model Error 15 0,028 0,025 12% 22,5 0,022 0,021 6% 30 0,021 0,020 7%

Conclusion

The analytical equations and their assumptions were presented by introducing the development of the analytical voltage expressions in three phase and dq reference frame, the improved dq model and, in sequence, the current harmonics.

The analytical model was validated by means of comparison with a Simulink model of the THD and the harmonics amplitude of the current signal, providing satisfying results and bearing an "instantaneous" computational time, i.e. it does not need iterative steps and hence it is largely faster. This gain in speed is interesting not only in a simulation perspective, but also to optimization applications that usually need to perform a high number of simulations and thus require a large computation time.

The model proved also to be precise for different current levels, therefore robust to the effects of saturation, thanks to the representativeness given to the machine parameters in the dq model incorporated in the equations.

𝐻𝐷 = √∑(𝑖 𝑘 𝑟𝑚𝑠 )

𝑖 𝑟𝑚𝑠 (16)
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 1 SVPWM schematic: (a) represents the switch states and sectors and (b) presents the control signal profile

  = 𝑆𝑊 -(𝑖) -(𝑖)

  ∑ 𝑉 𝑛 𝑑𝛾 cos(3(𝑛 -1)𝜔𝑡) + 𝑉 𝑛 𝑑𝜎 sin(3(𝑛 -1)𝜔𝑡) +∞ 𝑛= 𝑉 𝑞 + ∑ 𝑉 𝑛 𝑞𝛾 cos(3(𝑛 -1)𝜔𝑡) + 𝑉 𝑛 𝑞𝜎 sin(3(𝑛 -1)𝜔𝑡) +∞ 𝑛= ]

  ∑ 𝐼 𝑛 𝑑𝛾 𝑐𝑜𝑠(3(𝑛 -1)𝜔𝑡) + 𝐼 𝑛 𝑑𝜎 𝑠𝑖𝑛(3(𝑛 -1)𝜔𝑡) +∞ 𝑛= 𝐼 𝑞 + ∑ 𝐼 𝑛 𝑞𝛾 𝑐𝑜𝑠(3(𝑛 -1)𝜔𝑡) + 𝐼 𝑛 𝑞𝜎 𝑠𝑖𝑛(3(𝑛 -1)𝜔𝑡) +∞ 𝑛= ]

Fig. 2 :

 2 Fig. 2: Scheme model for comparison

Fig. 3 :

 3 Fig. 3: Cartography: (a) λd (Id,Iq) and λq (Id,Iq) (b) Id (λd,λq) and Iq (λd,λq)

Fig. 4 :

 4 Fig. 4a and Fig. 4b compare the voltage and three-phase current of the two models, zoom of the signals are shown in the same figure.The curves of the two models overlap, meaning that the analytical expressions found for the harmonics generated by the inverter are correct. The peaks in the voltage curve in the analytic model are due to the Gibbs phenomenon. Comparison between (a) voltage and (b) current curves from Simulink and Analytical models. On the left, one period of the waveform, on the right, the highlighted parts

Fig. 5 :

 5 Fig. 5: PWM current harmonics obtained by analytical and Simulink models at the operating point of (a) 15 Arms (b) 22.5 Arms and (c) 30Arms

Table I : Time applications of switch states

 I 

	= ( √	3 𝑉 𝑟𝛼 -= √ 𝑉 𝑟𝛽 1 √	𝑉 𝑟𝛽 ) 𝑃𝑊𝑀 𝑈 𝐷𝐶	𝑃𝑊𝑀 𝑈 𝐷𝐶	= ( √ = (-√ 3 𝑉 𝑟𝛼 + 3 𝑉 𝑟𝛼 + √ 1 1 √	𝑉 𝑟𝛽 ) 𝑉 𝑟𝛽 )	𝑃𝑊𝑀 𝑈 𝐷𝐶 𝑈 𝐷𝐶 𝑃𝑊𝑀	𝑃𝑊𝑀 𝑈 𝐷𝐶 1 √ = √ 𝑉 𝑟𝛽 = (-√ 3 𝑉 𝑟𝛼 -𝑉 𝑟𝛽 )	𝑃𝑊𝑀 𝑈 𝐷𝐶
		i=1				i=2			i=3
	= (-√ = -√ 𝑉 𝑟𝛽 3 𝑉 𝑟𝛼 + 1 √	𝑉 𝑟𝛽 ) 𝑃𝑊𝑀 𝑈 𝐷𝐶	𝑃𝑊𝑀 𝑈 𝐷𝐶	= (-√ = ( √ 3 𝑉 𝑟𝛼 -3 𝑉 𝑟𝛼 -√ √ 1 1	𝑉 𝑟𝛽 ) 𝑉 𝑟𝛽 )	𝑃𝑊𝑀 𝑈 𝐷𝐶 𝑈 𝐷𝐶 𝑃𝑊𝑀	= -√ 𝑉 𝑟𝛽 = ( √ 3 𝑉 𝑟𝛼 + 1 √	𝑃𝑊𝑀 𝑈 𝐷𝐶 𝑉 𝑟𝛽 )	𝑃𝑊𝑀 𝑈 𝐷𝐶
		i=4				i=5			i=6

Table II : Motor parameters

 II 

	R	Ld	Lq	Mdq	Mqd	L'd	L'q	M'dq	M'qd	λd pm	λq pm
	(Ω)	(mH)	(mH)	(mH)	(mH)	(mH)	(mH)	(mH)	(mH)	(Wb)	(Wb)
	0.1	8.71	39.1	1.69	1.71	11.9	4.73	-1.5	-1.2	0.51	-0.13
	In relation to the Simulink model, the PWM parameters are the same and the flux cartography covers
	an operation from -40 to 40A.