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Abstract— Current research and development programs in 

aviation are promoting new technological advances to make 

electrical systems cheaper, lighter and more reliable. Mono-

Inverter Dual-Permanent Magnet Synchronous Motor 

(MIDPMSM) systems tend to share the static converters in 

electro-mechanical systems by connecting motors in parallel. 

However several studies have shown that the efficiency of this 

configuration is lower than those with a traditional Mono-

Inverter Mono-PMSM configuration, especially when unequal 

load torques are applied. In this paper, we propose an efficiency-

optimized control method for MIDPMSM systems which has been 

designed using rigorous, mathematical calculations. The 

determinacy, stability, and optimal efficiency of the system, which 

are essential in an aviation application, are explained in detail. 

This new control structure is simple making current single PMSM 

systems easy to upgrade to support the MIDPMSM system. The 

experiment has demonstrated not only feasibility, but also 

significant improvements in performance. 

 
Index Terms— Dual-Permanent Magnet Synchronous 

Machine, Efficiency. 

 

I. INTRODUCTION 

As modern electronic technology improves, the aviation 

sector is increasingly attentive to the concept of “More Electric 

Aircraft” [1]. An electric power system can usually provide 

much better flexibility and diagnosis is easier than with 

mechanical systems such as those using hydraulic and 

pneumatic power. This will lead to reductions in weight and 

maintenance costs. 

In a control system, the actuator is the key element that 

converts energy (electric, hydraulic, pneumatic, etc.) to 

mechanical motion. The PMSM is the most widely-used 

system because it has proved to be particularly efficient in 

areas such as high power density and because it has a good 

dynamic performance [2]. An actuator system is constructed 

by coupling a PMSM with an inverter (Fig. 1). Through 

modulating the switching state of the inverter, the desired 

position, speed and torque can be obtained.  

Multiple actuators are often assigned to drive the same object, 

such as an elevator, a spoiler or a flap in aeronautical 

applications. This evenly distributes the drive force on a long, 

thin control surface thereby increasing the effective 

aerodynamic force and reducing structural weight. In these 

situations, the speed and position of each actuator must be 

synchronous. Due to the “auto-pilot” characteristic of PMSM, 

its speed and position are always synchronous with the 

electrical frequency applied. Connecting PMSMs in parallel 

creates a dependency in speed and position between the two 

machines but reduces the weight and complexity of the control 

electronics. This type of configuration is illustrated in Fig. 2 

with two PMSMs.  

Although these machines have the same speed and position, 

they must be subjected to different load torques. As a 

fundamental feasibility test [3] has demonstrated, the ability to 

control independent torques comes from the electrical angle 

displacement between two machines. Some research [4]-[8] 

has used “equivalent machine” techniques which transform the 

two machines into a single machine by taking the average 

speed, position and current values. Among them [7] have 

proposed a more advanced “mean and difference” technique 

optimizing the transient performance. On the other hand, the 

“master slave” technique [8] only controls the machine with a 

higher load torque at each instant while the other one is left 

open loop. Model Predictive Control (MPC) is now very 

popular and it is also envisaged for MIDPMSM. [9]-[12] 

propose Optimal Predictive Torque Control (OPTC) which 

handles this system directly using optimal voltage vector 

prediction. It transforms the control problem into an 

optimization problem by minimizing a cost function which 

takes both torque reference and system efficiency into account 
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Fig. 1 Structure of a 2-level 3-phase inverter connected to a PMSM  

Fig. 2 A 2-level 3-phase inverter driving 2 PSMSs in parallel 
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at the same time. 

Meanwhile, the efficiency problem is important for real 

applications. Articles [13] and [14] have shown that the 

efficiency of the MIDPMSM system without optimization can 

be very low (about 40%) while for a single-machine system the 

efficiency is usually very high (> 90%) by applying an MTPA 

(Maximum Torque Per Ampere) strategy. Optimization for 2 

machines is more complex because it is impossible to set the 

stator flux perpendicular to both machines’ rotor flux at the 

same time. [15] gives an analytical analysis in optimal 

efficiency by maximizing the ratio between total torque and 

total current. But its actual optimal point can be calculated only 

by using the numerical method. In [16] the optimal operating 

point is analytically calculated by the steady state model. Id1 

is used to bring the system to the calculated point. [17] has 

designed a controller by positing the existence of steady state 

solution. One redundant degree of freedom can be used to bring 

the system to the optimal efficiency state. But it lacks stability 

of analysis and its optimal point is obtained using the 

exhaustive method. 

The purpose of this paper is to propose a comprehensive yet 

simple efficiency-optimal controller solution to the 

MIDPMSM system. System controllability, determinacy and 

stability limitations of this controller are studied and proved. 

Moreover, an analytical calculation of the optimal point is 

given. During the experimental part, its feasibility and stability 

are verified; its efficiency is better than existing control 

strategies.  

II. STEADY STATE MODEL OF AN MIDPMSM SYSTEM 

The model of an MIDPMSM system must be defined before 

proceeding to its analysis. In this paper a non-salient pole 

PMSM is considered. This assumption means the sinusoidal 

electromotive force, negligible magnetic losses and cogging 

torque and the magnetic circuit operates in the linear region. 

To simplify the analysis, two machines are presumed to be 

identical and operate at the same speed in steady-state. 

However, this may not be the case as the speed of each machine 

may vary during a transient. Both machines are powered by the 

same voltage system so the steady-state speeds are the same. 

In transient mode, the speeds may be different, especially if the 

load torques are different. Defining the d axis of a d-q frame 

aligns with the flux of the rotor, the steady state model of 

machine 1 can be expressed as follows: 

[
𝑉𝑑1
𝑉𝑞1

] = [
𝑅𝑠 −𝐿𝑠𝜔𝑒
𝐿𝑠𝜔𝑒 𝑅𝑠

] [
𝐼𝑑1
𝐼𝑞1
] + [

0
𝜔𝑒𝜑𝑝

] (1) 

where: 

Vd, Vq: Stator Voltage. 

Id, Iq: Stator Current. 

Ls: Stator windings inductance. 

φp: Permanent magnets flux. 

Rs: Stator resistance. 

ωe: Electrical speed. 

For machine 2, V⃗⃗ dq  must be mapped into its coordinate 

since there is electrical angle displacement between the two 

machines. To define θd = θ2 − θ1 , where θ1  and θ2 

correspond to the electrical angle of each machine, the steady 

state model for machine 2 can be expressed as: 

[
𝑐𝑜𝑠 𝜃𝑑 𝑠𝑖𝑛 𝜃𝑑
−𝑠𝑖𝑛 𝜃𝑑 𝑐𝑜𝑠 𝜃𝑑

] [
𝑉𝑑1
𝑉𝑞1

] = [
𝑅𝑠 −𝐿𝑠𝜔𝑒
𝐿𝑠𝜔𝑒 𝑅𝑠

] [
𝐼𝑑2
𝐼𝑞2
] + [

0
𝜔𝑒𝜑𝑝

] (2) 

Then the model of the MIDPMSM system can be obtained 

through merging (1) and (2). The steady-state model of the 

MIDPMSM system is shown in (3). 

[

1 0
0 1

𝑐𝑜𝑠 𝜃𝑑 𝑠𝑖𝑛 𝜃𝑑
−𝑠𝑖𝑛 𝜃𝑑 𝑐𝑜𝑠 𝜃𝑑

] [
𝑉𝑑1
𝑉𝑞1
] = [

𝑅𝑠 −𝜔𝑒𝐿𝑠 0 0
𝜔𝑒𝐿𝑠 𝑅𝑠 0 0
0 0 𝑅𝑠 −𝜔𝑒𝐿𝑠
0 0 𝜔𝑒𝐿𝑠 𝑅𝑠

]

[
 
 
 
𝐼𝑑1
𝐼𝑞1
𝐼𝑑2
𝐼𝑞2]
 
 
 
+ [

0
𝜔𝑒𝜑𝑝
0

𝜔𝑒𝜑𝑝

] (3) 

III. PROPOSED CONTROL STRATEGY 

A. System determinacy and controller architecture 

An undetermined system is difficult to analyse because its 

behaviour is unpredictable. It must first be considered in the 

controller design phase because it affects the structure of the 

controller. The steady-state model (3) shows that the 

MIDPMSM system has two input variables (Vd1, Vq1) and six 

state variables (Iq1 , Iq2 , Id1 , Id2 , θd , ωe). Amongst them 

the torque and speed (Iq1, Iq2, ωe) are defined by external 

requirements. They must be treated as known variables in (3). 

Thus in (3) there are 5 unknown variables left but only 4 

equations available. As described in [17], the input voltage 

remains undetermined (solution number is infinity) unless the 

controller chose an additional variable under control amongst 

Id1 , Id2  or θd  so that the input voltage is determined 

(solution number is finite).  

This additional controlled variable can be used to bring the 

system to its efficiency-optimal state if it is set to the same 

value as when it is in the optimal state. Here θd is selected as 

the controlled variable. The steady-state mode (3) can be 

rewritten in the non-homogeneous linear equation form (shown 

in (4)). 

[

−𝑅𝑠 0 1 0
−𝜔𝑒𝐿𝑠 0 0 1
0 −𝑅𝑠 𝑐𝑜𝑠 𝜃𝑑 𝑠𝑖𝑛 𝜃𝑑
0 −𝜔𝑒𝐿𝑠 −𝑠𝑖𝑛 𝜃𝑑 𝑐𝑜𝑠 𝜃𝑑

] [

𝐼𝑑1
𝐼𝑑2
𝑉𝑑1
𝑉𝑞1

] =

[
 
 
 
 
−𝜔𝑒𝐿𝑠𝐼𝑞1

𝑅𝑠𝐼𝑞1 + 𝜔𝑒𝜑𝑝
−𝜔𝑒𝐿𝑠𝐼𝑞2

𝑅𝑠𝐼𝑞2 + 𝜔𝑒𝜑𝑝]
 
 
 
 

 (4) 

Its corresponding solution is: 

{
  
 

  
 𝐼𝑑1 =

𝐴𝑦 − 𝐵

𝑍2𝑥
−
𝐶

𝑍2

𝐼𝑑2 =
𝐴 − 𝐵𝑦

𝑍2𝑥
−
𝐶

𝑍2

𝑉𝑑1 = y(𝑅𝑠𝐼𝑑2 −𝜔𝑒𝐿𝑠𝐼𝑞2) − 𝑥(𝑅𝑠𝐼𝑞2 + 𝜔𝑒𝐿𝑠𝐼𝑑2 + 𝜔𝑒𝜑𝑝)

𝑉𝑞1 = x(𝑅𝑠𝐼𝑑2 − 𝜔𝑒𝐿𝑠𝐼𝑞2) + y(𝑅𝑠𝐼𝑞2 + 𝜔𝑒𝐿𝑠𝐼𝑑2 +𝜔𝑒𝜑𝑝)

 (5) 

where 
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{
 
 
 

 
 
 𝑍 = √𝑅𝑠

2 + (𝜔𝑒𝐿𝑠)
2

𝐴 = 𝑍2𝐼𝑞1 + 𝑅𝑠𝜔𝑒𝜑𝑝

𝐵 = 𝑍2𝐼𝑞2 + 𝑅𝑠𝜔𝑒𝜑𝑝

𝐶 = 𝐿𝑠𝜔𝑒
2𝜑𝑝

𝑥 = 𝑠𝑖𝑛 𝜃𝑑
𝑦 = 𝑐𝑜𝑠 𝜃𝑑

 (6) 

Fig. 3 shows the proposed controller block diagram. The 

controller consists of two blocks: master motor controller and 

θd regulator. The master controller only controls machine 1. 

Machine 2 is left open loop. In the master controller, a regular 

vector current controller is used. Space Vector Modulation [18] 

(SVM) generates the desired voltage vector. The Iq1 

reference is given by a PI speed controller. The Id1 reference 

is given by the θd regulator. The principle of the controller is 

to: 

1) Calculate the optimal steady-state through θd. 

2) Obtain the system state by (5). 

3) Set Id1
∗  to the same value as that in the optimal state. 

Steps 2 and 3 are processed by the θd  regulator. This 

method uses θd to calculate the optimal system state because 

taking θd as a known variable makes the state solution of (3) 

linear and unique. This property simplifies the analysis and 

results greatly. Moreover, the state is set by Id1  which is 

easier to implement.  

B. Stability 

However, it must be proved beforehand that the Id1 set can 

drive the system only to the given state (that the response is 

unique). 

This precondition is linked to the solution condition of an 

MIDPMSM system for a given Id1 and its stability. Here a 

graph-based demonstration is given to illustrate this. The 

corresponding mathematical proof can be found in the 

Appendix. 

Firstly, the solution condition is analyzed. Fig. 4(a) shows the 

Id  current response with respect to θd  when machine 1 is 

more loaded, A>B in (6). It is easy to identify that for a given 

Id1, there are always two possible θd located in the negative 

plane and the positive plane respectively. Fig. 4(b) shows the 

curve of Id1  when machine 2 is more loaded; it has a 

hyperbola shape. Obviously, either Id1  is in the upper or 

lower plane, there are at most two possible θd. The extreme 

values (shown as red point in Fig. 4(b)) are: 

𝜃𝑑
𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 = ±cos−1 (

A

𝐵
) 𝐴 < 𝐵 (7) 

In the second step, the stability of machine 2 must be studied 

because it operates in open-loop mode. It can only converge to 

a stable steady state. The proof of stability is based on the 

conclusion of [8]. Defining the angle between voltage vector 

 

   
(a) (a) (a) 

   

(b) (b) (b) 

Fig. 4 Typical curve of Id response respect to θd. Fig. 5 Typical curve of δ response respect to θd. Fig. 6 Typical curve of system efficiency respect to 

θd under different speed and torque. 

 

Fig. 3  Block diagram of proposed controller 

 

 

Master motor 

Current 

Controller 

PI 
𝐼𝑞1
∗  
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𝐼𝑑1 𝐼𝑞1 
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SYSTEM 

E 

𝑆𝐵 
𝑆𝐶 
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and the back-EMF vector as δ, for a general PMSM its stable 

region is: 

−𝜋 + 𝛼 < 𝛿 < 𝛼 (8) 

where α＝ tan−1
ωeLs

Rs
 in a forward rotating situation. Fig. 5(a) 

shows δ  angle of each machine with respect to θd  when 

machine 1 is more loaded (A>B). The red dotted line represents 

the critical α angle. If focus is on machine 2, its stability is 

achieved when δ2  is below the red dotted line. It is 

represented as the green area in the various figures. Fig. 5(b) 

shows the curve when machine 2 is more loaded (A<B). The 

stable region is (− cos−1 (
A

B
) , 0) ∪ (cos−1 (

A

B
) ,

π

2
) . The 

intersecting points between δ2  and α  coincide with the 

extreme points of Id1 in Fig. 4(b). It shall be noticed that in 

the right part of this stable region, which is (cos−1 (
A

B
) ,

π

2
), 

motor 1 is open-loop instable. Controller for motor 1 must be 

capable of manipulating the master motor under instable 

condition. Otherwise, this part must not be considered as a 

valid stable region. 

The analysis of the solution condition illustrates that for a 

given Id1, there are at most two corresponding steady states. 

And only one of these corresponds to the given state. But if 

stability is taken into account, only one steady state remains. 

The conclusion is represented in Fig. 7. θd
1  and θd

2  represent 

the two possible solutions for a given Id1 respectively. It is 

easy to identify that, in each case, only one stable solution is 

available. It can therefore be concluded that the precondition 

only holds true when θd
∗  is in the stable region, which is: 

𝜃𝑑
∗ ∈ {

(− 𝑐𝑜𝑠−1 (
𝐴

𝐵
) , 0) ∪ (𝑐𝑜𝑠−1 (

𝐴

𝐵
) ,
𝜋

2
) 𝐴 < 𝐵

(0,
𝜋

2
) 𝐴 ≥ 𝐵

 (9) 

C. Efficiency Optimization 

The efficiency is optimized by minimizing the loss of Joules 

from the motor. It can be expressed as: 

𝑃𝑗𝑜𝑢𝑙𝑒 𝑙𝑜𝑠𝑠 = 𝑅𝑠(𝐼𝑞1
2 + 𝐼𝑞2

2 + 𝐼𝑑1
2 + 𝐼𝑑2

2) (10) 

Because the torques are determined externally, Joule loss due 

to Iq cannot be reduced; Joule loss due to Id must be reduced 

to increase the efficiency. Defining a cost function as 

𝑠𝑢𝑝𝑝𝑙𝑒𝑚𝑒𝑛𝑡𝑎𝑟𝑦 𝑗𝑜𝑢𝑙𝑒 𝑙𝑜𝑠𝑠 = 𝑅𝑠 ∙ (𝐼𝑑1
2 + 𝐼𝑑2

2) (11) 

Refer back to (5), θd  is the only degree of freedom that 

minimizes this cost function. The analytical solution of the 

optimal θd  can be obtained using the Lagrange multiplier 

method.  

Insert (5) into (11), the cost function can be rewritten as 

𝑓(𝑥, 𝑦) = (
𝐴𝑦 − 𝐵

𝑍2𝑥
−
𝐶

𝑍2
)
2

+ (
𝐴 − 𝐵𝑦

𝑍2𝑥
−
𝐶

𝑍2
)
2

 (12) 

As sin θd = x and cos θd = y, this cost function must be 

subjected to constraint (13). 

𝑔(𝑥, 𝑦) = 𝑥2 + 𝑦2 = 1 (13) 

Then Lagrange multipliers can be used to identify the 

extreme point of (12), which are the candidates for being the 

optimal θd. 

𝐿(𝑥, 𝑦, 𝜆) = 𝑓(𝑥, 𝑦) + 𝜆(𝑔(𝑥, 𝑦) − 1) (14) 

Making partial derivation of (14), which is shown below,  

𝜕𝐿(𝑥, 𝑦, 𝜆)

𝜕𝑥
= 8𝐴𝐵𝑦 − 2(𝑦 + 1)(𝐵𝐶 − 𝐴𝐶)𝑥 + 2𝜆𝑍4𝑥4 − 4(𝐴2 +𝐵2) = 0

𝜕𝐿(𝑥, 𝑦, 𝜆)

𝜕𝑦
= 4𝐴𝐵 − 2(𝐵𝐶 − 𝐴𝐶)𝑥 − 2𝜆𝑍2𝑦𝑥2 = 0

𝜕𝐿(𝑥, 𝑦, 𝜆)

𝜕𝜆
= 𝑥2 + 𝑦2 − 1 = 0

 (15) 

the optimal θd  is one of the solutions of (15). Finally, a 

quartic function (16) can be obtained. 

𝑥4 + 𝛼𝑥3 + 𝛽𝑥2 + 𝛾𝑥 − 𝛽 = 0 (16) 

where 

{
  
 

  
 𝛼 =

4𝐶(𝐵3 − 𝐴3)

4𝐴2𝐵2 + (𝐵𝐶 − 𝐴𝐶)2

𝛽 =
4(𝐵2 − 𝐴2)2

4𝐴2𝐵2 + (𝐵𝐶 − 𝐴𝐶)2

𝛾 =
4𝐶((𝐴 − 𝐵)(𝐴 + 𝐵)2)

4𝐴2𝐵2 + (𝐵𝐶 − 𝐴𝐶)2

 (17) 

this equation can be solved using the Ferrari method, similar to 

[19]. Fig. 6 shows a typical curve of system efficiency with 

respect to θd . It illustrates the efficiency of the system at 

different speeds whilst the torque speed remains constant. 

Judging from Fig. 6, there are two extreme points in the left 

and right panel respectively. It can be concluded that, amongst 

0 −𝑐𝑜𝑠−1 (
𝐴

𝐵
) 𝑐𝑜𝑠−1 (

𝐴

𝐵
) 

𝜋

2
 

𝜋

2
 

When A < B 

𝜃𝑑
1 range 𝜃𝑑

2 range 

Stable 

0 −𝑐𝑜𝑠−1 (
𝐴

𝐵
) 𝑐𝑜𝑠−1 (

𝐴

𝐵
) 

𝜋

2
 

𝜋

2
 

𝜃𝑑
1 range 𝜃𝑑

2 range 

Stable 

0 𝜋

2
 

𝜋

2
 

When A>B 

𝜃𝑑
1 range 𝜃𝑑

2 range 

Stable 

Fig. 7 Illustration of proof 
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these four solutions, there are two real solutions and two 

complex solutions. The real solutions are related to the two 

extreme points. The optimization procedure is defined as: 

1) Calculate A, B, C using (6). 

2) Calculate 𝛼, 𝛽, 𝛾 using (17). 

3) Calculate the solutions of (16). 

4) Ignore the two complex solutions. For the two real solutions, 

use (5) to calculate the corresponding Id  current and 

compare their cost function value. 

5) Set the optimal θd = sin−1 x. 

IV. EXPERIMENT AND COMPARISON 

An experiment was carried out to verify the feasibility and to 

illustrate the performance of the proposed controller. The 

experimental bench is illustrated in Fig. 8. Three PMSMs were 

used. PMSM 1 and PMSM 2 are the experimental motors, they 

are identical. Each of them is equipped with a position encoder 

to measure rotor position and current sensors. The motor 

located between them is used as a controllable load torque 

generator. It is connected to a commercial PMSM controller 

and its torque can be configured by imposing a current. Each 

of the three PMSMs is connected to a linear ball screw actuator 

and drives its own axis. In this experiment, the axis of PMSM 

1 was rigidly connected to the axis of the generator. As the 

optimization processes and stability determination relays on 

correct observation of torque and speed, when any one of the 

motors is stopped, its torque cannot be estimated (output torque 

always smaller than static friction). To start the motors 

correctly, the Master-Slave strategy is used because it uses θd 

to determine their torque relationship directly. Once their 

mechanical speed is higher than 5rad/s, the optimization 

processes are executed. The parameters of the machine are 

given in TABLE I. 

 

A. Stability demonstration 

Fig. 9 demonstrates the precondition obtained in section III. 

A ramp-shaped reference θd 
∗ changing from −

𝜋

6
 to 

𝜋

6
 is put 

into the θd  regulator. Judging from the current response, 

machine 1 is more loaded (A>B) therefore the stable region is 

(0,
𝜋

2
). In Fig. 9(a), when θd

∗  is in the stable region, the θd 

response follows. When θd
∗  is in an unstable region, the 

response remains in the stable region. Fig. 9(b) demonstrates 

this principle. If a reference in an unstable region is given 

(indicated as θd
∗ ), the θd  regulator will generate a 

corresponding Id1
∗ . But the slave machine will converge to the 

θd in the stable region having the same Id1
∗ . 

 
Fig. 8 The configuration of the experimental bench 

 
(a) 

 
(b) 

Fig. 9 Demonstration of stability conclusion 

 

 
Fig. 10 Results of efficiency test 
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B. Efficiency test 

Fig. 10 shows the experiment results of the efficiency test. 

During the experiment, the two machines were first put in 

steady speed operation. Then, an external load torque was 

applied to machine 1 in order to test the system transient, its 

robustness, and its efficiency in the case of different load 

torque. Its shape is shown in Fig. 11. The load torque was not 

applied to machine 2. 

Fig. 10 shows the corresponding θd response (green curve). 

The blue curve is the optimal θd realtime calculated during 

execution. It follows the reference well confirming the 

effetiveness of the θd  regulator. The oscillations of θd  are 

linked to the mechanical imperfections of the system and in 

particular to a periodic variation of the friction.  

Moreover, as the objective is to optimize efficiency, it is 

interesting to compare the new proposed control strategy with 

other strategies. The efficiency is calculated as  

𝜂 =
𝜔𝑒𝜑𝑝(𝐼𝑞1 + 𝐼𝑞2)

𝜔𝑒𝜑𝑝(𝐼𝑞1 + 𝐼𝑞2) + 𝑅𝑠(𝐼𝑑1
2 + 𝐼𝑞1

2 + 𝐼𝑑2
2 + 𝐼𝑞2

2 )
 (18) 

As tested in [13];[14], master slave is the best efficiency 

strategy. Now we take this reference to test our new proposal. 

The result is shown in Fig. 12. The blue curve represents the 

estimated maximum efficiency obtained by the optimization 

procedure; it is calculated by the estimated Id1  and Id2 

through (5). 

𝜂𝑡ℎ𝑒𝑜𝑟𝑦 =
𝜔𝑒𝜑𝑝(𝐼𝑞1 + 𝐼𝑞2)

𝜔𝑒𝜑𝑝(𝐼𝑞1 + 𝐼𝑞2) + 𝑅𝑠(𝐼𝑑1
2 + 𝐼𝑑2

2 + 𝐼𝑞1
2 + 𝐼𝑞2

2 )
 (19) 

The red curve shows the efficiency of the new strategy. The 

black curve is that of the master slave. It can be concluded that 

the new control strategy provides even higher efficiency. 

Meanwhile the efficiency of the new strategy is almost the 

same as the estimated theoretical efficiency. This proves the 

correctness of optimization process. 

V. CONCLUSION 

In this paper an efficiency optimized controller for an 

MIDPMSM system is proposed. The analysis of the existence 

of a steady state solution has given out the design guideline to 

the controller structure. The use of the intermediary variables 

θd greatly simplifies the optimization process and the stability 

criterion. Moreover, the analytical solution of the maximum 

efficiency operation point is given so that the costly 

computational numerical method can be avoided. The 

experiment has proved these criteria and the effectiveness of 

the optimization. 

Above all, the controller structure is simple. Regular 

controllers for a single PMSM system can be easily upgraded 

to support parallel PMSM just by adding a few blocks without 

modifying the controller itself. But there is still room for 

improvement. Open-loop efficiency optimization is used here 

which relies heavily on the accuracy of system parameters. 

These parameters may change when the system is in operation. 

It would be interesting to implement a closed loop optimization 

to make it robust. 

APPENDIX 

The proof assumes that: 

 The rotational speed is positive. 

 Both machines operate as motor, which means A and B 

in (6) are positive. 

A. Situation of 𝜃𝑑 with respect to 𝐼𝑑1 

In the first step, the situation of θd with respect to Id1 will 

be studied. Recalling the expression of θd with respect to Id1. 

𝐼𝑑1 =
𝐴 𝑐𝑜𝑠 𝜃𝑑 − 𝐵 

𝑍2 𝑠𝑖𝑛 𝜃𝑑
−
𝐶

𝑍2
 (20) 

Defining the value range of θd  as (−
π

2
,
π

2
) , cos θd  and 

sin θd in (20)) can be replace by 

 
Fig. 11 Load torque applied to machine 1 

 
Fig. 12 Comparison of performance between different controllers 

TABLE I 

PARAMETERS OF PMSM 

Symbol Description Value 

𝑽𝒅𝒄 Voltage of the DC bus 30V 

𝑰𝒏 Nominal Current 4.3A 

𝑷𝒏 Nominal Power 913W 

𝒇𝒅𝒆𝒄 Current Control frequency 10 kHz 

𝑹𝒔 Stator resistance 1.25Ω 

𝑳𝒔 Cyclic inductance 1.65 mH 

𝝋𝒑 
Amplitude of the flux due to the 

magnets 
0.039 Wb 

𝑵𝒑 Number of pairs of poles 4 

𝑲𝒄 Torque constant 0.32 Nm/A 
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{𝑐𝑜𝑠 𝜃𝑑 =
√1 − 𝑘2

𝑠𝑖𝑛 𝜃𝑑 = 𝑘
 (21) 

Then (20) can be transferred into a quadratic equation respect 

to k. After arrangement, the equation becomes: 

((𝐼𝑑1𝑍
2 + 𝐶)2 + 𝐴2)𝑘2 + 2(𝐼𝑑1𝑍

2𝐵 + 𝐵𝐶)𝑘 + 𝐵2 − 𝐴2 = 0 (22) 

The corresponding solution of k is shown below. 

{
 
 

 
 𝑘1 =

−(𝐼𝑑1𝑍
2 + 𝐶)𝐵 + 𝐴√𝐴2 − 𝐵2 + (𝐼𝑑1𝑍

2 + 𝐶)2

(𝐼𝑑1𝑍
2 + 𝐶)2 + 𝐴2

𝑘2 =
−(𝐼𝑑1𝑍

2 + 𝐶)𝐵 − 𝐴√𝐴2 − 𝐵2 + (𝐼𝑑1𝑍
2 + 𝐶)2

(𝐼𝑑1𝑍
2 + 𝐶)2 + 𝐴2

 (23) 

If (23) are real solutions, this means the discriminant under 

the square root should be greater or equal to zero. It can be 

expressed by the inequality in (24). 

𝑍4𝐼𝑑1
2 + 2𝐶𝑍2𝐼𝑑1 + 𝐶

2 + 𝐴2 − 𝐵2 ≥ 0 (24) 

(24) can be seen as a quadratic function with respect to Id1. 

Since Z2  is always positive, this quadratic function has an 

open up-shaped curve. Obviously, when there is no intersection 

between the curve and the x axis (or Id1 axis in this case), (23) 

is always satisfied. When there are two intersections, the 

solution is  

(−∞, 𝑟1] ∪ [𝑟2,+∞) (25) 

Thus it is necessary to discuss the discriminating relationship 

which is:  

∆= 4𝑍2(𝐵2 − 𝐴2) (26) 

1) ∆< 0 

This is equivalent to A>B, which means machine 1 is more 

loaded. In this situation (24) is always satisfied. This represents 

the situation in Fig.5(a).  

2) ∆≥ 0 

In this case the solution of (22) is 

𝐼𝑑1 ∈ (−∞,
−𝐶 − √𝐵2 − 𝐴2

𝑍2
) ∪ (

−𝐶 + √𝐵2 − 𝐴2

𝑍2
, +∞) (27) 

This represents the situation in fig.5 (b). It is easy to calculate 

the critical θd. 

𝜃𝑑
𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 = ±cos−1 (

𝐴

𝐵
) (28) 

To summarise, for each given Id1 reference, depending on 

the torque relationship of the two machines, there are two 

possible θd  located in (−
π

2
, 0) and (0,

π

2
) respectively. If 

Id1  reference is in (−∞,
−2C−√B2−A2

Z2
), there are two possible 

θd  in (−
π

2
, − cos−1 (

A

B
))  and (− cos−1 (

A

B
) , 0) 

respectively. Otherwise if Id1 is in (
−2C+√B2−A2

Z2
, +∞), the two 

possibilities would be in (0, cos−1 (
A

B
))  and  

(cos−1 (
A

B
) ,

π

2
).  

In conclusion, for a given Id1 , there are at most two 

corresponding θd . When A > B , there are always two 

solutions. When A < B , there are two solutions when Id1 

satisfies (27).  

B. Stable region 

When δ is defined in (−
π

2
,
π

2
), it is interesting to compare 

the tangent values of δ2 and α directly. 

𝑡𝑎𝑛 𝛿2 = −
𝑉𝑑2
𝑉𝑞2

<
𝐿𝑠𝜔𝑒
𝑅𝑠

 (29) 

Refer to (1), we can replace Vd2  and Vq2  with the 

expression respect to the current, which is: 

−
𝑉𝑑2
𝑉𝑞2

= −
𝑅𝑠𝐼𝑑2 − 𝐿𝑠𝜔𝑒𝐼𝑞2

𝐿𝑠𝜔𝑒𝐼𝑑2 + 𝑅𝑠𝐼𝑞2 + 𝜔𝑒𝜑𝑝
<
𝜔𝑒𝐿𝑠
𝑅𝑠

 (30) 

Both sides of (30) must multiply Vq2Rs  to cancel the 

fraction. Rs  is a positive number. Thus, the value of Vq2 

must be specified. Regarding the assumption, Vq2 is always 

greater than zero, which is equivalent to (31). 

𝐼𝑑2 > −
𝑅𝑠𝐼𝑞2 + 𝜔𝑒𝜑𝑝

𝐿𝑠𝜔𝑒
 (31) 

Taken the precondition (31) into consideration, the solution 

of (30) is: 

𝐼𝑑2 > −
𝐶

𝑍2
 (32) 

The final result is determined by the Intersection of (31) and 

(32). They have the same sign so it is necessary to compare the 

constant term in the right side of them, which is −
𝑅𝑠𝐼𝑞2+𝜔𝑒𝜑𝑝

𝐿𝑠𝜔𝑒
 

and −
𝐶

𝑍2
, to determine the final result. Making subtract 

between them, the result is: 

−
𝑅𝑠𝐼𝑞2 +𝜔𝑒𝜑𝑝

𝐿𝑠𝜔𝑒
− (−

𝐶

𝑍2
) = −

(𝑅𝑠
3 + (𝜔𝑒𝐿𝑠)

2𝑅𝑠)𝐼𝑞2 + 𝑅𝑠
2𝜔𝑒𝜑𝑝

𝐿𝑠𝜔𝑒(𝑅𝑠
2 + (𝜔𝑒𝐿𝑠)

2)
 (33) 

Obviously (33) is smaller than zero if the assumptions are 

taken into account. This means that the constant term in the 

right side of (31) is smaller than (32). Thus, the stable region 

should be (32).By replacing Id2 in (32) with the equation in 

(6), the stable region respect to θd is determined by (34). 

𝐴 − 𝐵 𝑐𝑜𝑠 𝜃𝑑
𝑍2 𝑠𝑖𝑛 𝜃𝑑

> 0 (34) 

Discussion on sin θd  should be made. When sin θd > 0, 

which corresponds to θd ∈ (0,
π

2
) , Z2 sin θd  can be 

multiplied without changing the sign of (34). (34) becomes: 

𝑐𝑜𝑠 𝜃𝑑 <
𝐴

𝐵
 (35) 

In this situation, relationship between A and B must 

discussed. The result is shown in (36). 
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{
(𝑐𝑜𝑠−1 (

𝐴

𝐵
) ,
𝜋

2
) 𝐴 < 𝐵

(0,
𝜋

2
) 𝐴 ≥ 𝐵

 (36) 

On the other hand, when sin θd < 0, which corresponds to 

θd ∈ (−
π

2
, 0), (34) becomes: 

𝑐𝑜𝑠 𝜃𝑑 >
𝐴

𝐵
 (37) 

Its solution is: 

{(− 𝑐𝑜𝑠
−1 (

𝐴

𝐵
) , 0) 𝐴 < 𝐵

∅ 𝐴 ≥ 𝐵

 (38) 

Merging (36) and (38), the stable region of θd  can be 

obtained. 

{
(− 𝑐𝑜𝑠−1 (

𝐴

𝐵
) , 0) ∪ (𝑐𝑜𝑠−1 (

𝐴

𝐵
) ,
𝜋

2
) 𝐴 < 𝐵

(0,
𝜋

2
) 𝐴 ≥ 𝐵

 (39) 
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