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Camille Castera
CNRS - IRIT, Université de Toulouse,
Toulouse, France

Abstract

We study the asymptotic behavior of second-order algorithms mixing Newton’s method
and inertial gradient descent in non-convex landscapes. We show that, despite the New-
tonian behavior of these methods, they almost always escape strict saddle points. We
also evidence the role played by the hyper-parameters of these methods in their quali-
tative behavior near critical points. The theoretical results are supported by numerical
illustrations.

1 Introduction

With the ever-growing size of machine learning problems, the design of algorithms for solving
large-scale optimization problems remains a major challenge. In particular, many of these
problems amount to the unconstrained minimization of a so-called loss functions,

min J7(6), (1)
where P € Ny and J: R — R. Throughout this paper, we consider a loss functions J
that is twice continuously differentiable and lower bounded on R”. Lots of efforts are put into
building algorithms exploiting second-order derivatives in frameworks where both storage and
computational cost are limited. In this context, Castera et al| (2021)) recently proposed an
inertial Newton algorithm (INNA) relying only on the computation of first-order derivatives,
making it practical for large-scale applications such as the training of deep neural networks.
One of the assets of this algorithm is that it is built upon the following ordinary differential
equation (ODE), introduced by |Alvarez et al.| (2002)),

d26 dé 9 dé

— ) +a—t)+BVTO)—({t)+ VIO()) =0, forallt>D0. (2)

dt? dt dt
In , VJ and V27 denote the gradient and the Hessian of J respectively, 6 : R, — RF
is a twice continuously differentiable function called solution of the ODE, or trajectory, and «
and [ are non-negative parameters. This ODE, called DIN for dynamical inertial Newton-like
system, echos famous optimization algorithms. Indeed, taking 5 = 0, models the heavy-ball
with friction (HBF) method (Polyak, and is linked to the famous Nesterov’s accelerated
gradient (Nesterov, 1983 Su et al.|[2014). Similarly, when o = 0 the ODE represents an inertial
Newton method (Attouch and Redont, 2001 so overall models a mix between inertial
gradient descent and Newton’s algorithm. Additionally, is relevant to tackle . Indeed,
when the solutions of converge (i.e., when they reach a limit point as t — o0),
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et al.| (2002)) proved that they converge to critical points of J (points where the gradient of J
vanishes), similarly, the accumulation points (the limit of sub-sequences of iterations) of INNA
with vanishing step-sizes yield critical points of J (Castera et al., 2021)).

Yet, in many applications—for example in deep learning—the function J is non-convex,
and may thus posses spurious critical points (critical points that are not local minima). While
it has been proved that gradient descent and HBF are likely to avoid strict saddles (critical
points where V27 has a negative eigenvalue, Goudou and Munier|2009; [Lee et al.|[2016; O’Neill
and Wright|[2019)), vanilla Newton’s method (with unit step-sizes) is however attracted by any
type of critical points, not only minima (see e.g., Dauphin et al|2014)), which is problematic
when solving minimization problems like . Since mixes Newton’s method and HBF, the
following question remains open: are the solutions of DIN—and the INNA algorithm—Iikely
to avoid strict saddle points? The main contribution of this paper is to answer positively
to this question both for DIN and INNA with fixed step-sizes, regardless the choice of the
hyper-parameters > 0 and § > 0. Additionally, we shed light on the link between the
choice of a and 8 and the asymptotic behavior of the solutions of DIN, with in particular the
emergence of spirals when a8 < 1, this gives a better understanding of the role played by these
hyper-parameters. We also provide numerical experiments illustrating our theoretical results.

Main contributions. To summarize, our main contributions are the following:
— Prove that the solutions of DIN avoid strict saddle points for almost any initialization.

— Prove the convergence of INNA with fixed step-sizes to critical points for loss functions
with Lipschitz continuous gradient.

— Provide sufficient conditions such that the limit of INNA is not a strict saddle point, for
almost any initialization.

— Connect the choice of the hyper-parameters a and § and the qualitative behavior of the
solutions of DIN.

— Produce numerical experiments illustrating the theoretical results.

Organization. The rest of the paper is organized as follows. We recall essential notions
and optimality conditions in Section [2 Section [3] states the main results regarding DIN and
introduces key theorems for proving the avoidance of strict saddles (Section[3.1). A study of the
qualitative asymptotic behavior of DIN is carried out in Section 3.2} The reader only interested
in convergence results for the algorithm INNA may skip Section [3|and go directly to Section
where we provide convergence guarantees to local minimizers for INNA. Some conclusions are
finally drawn. We first review the literature related to this work.

Related work. The DIN system was first introduced by |Alvarez et al. (2002) and was then
studied by many, in particular Attouch et al.| (2014, [2016)); Shi et al.| (2018) considered extensions
of DIN where the hyper-parameters a and [ vary over time. As we shall see, a powerful
feature of DIN is that it can be written as a first-order system where the Hessian does not
appear explicitly, this feature was exploited for example by |Castera et al.| (2021); |Chen and
Luo| (2019); |Attouch et al| (2020), these authors also used discretization techniques to build
discrete optimization algorithms from DIN, among which INNA, IPAHD, or HNAG to name a
few. Regarding the effect of the parameters a and 3, |Attouch et al. (2020) recently provided
a global understanding of the link between these parameters and quantitative properties such



as asymptotic rates of convergence, in particular for convex and strongly-convex settings. In
this work we rather study qualitative properties (such as the existence of spiraling solutions)
and consider non-convex landscapes. This analysis is based on the Hartman-Grobman theorem
(Grobman/, 1959; Hartman, 1960)).

Our analysis mainly relies on results from the theory of dynamical systems, and in particular
on the stable manifold theorem (Pliss, 1964} Kelley, 1966]). This theorem can be used to prove
that optimization algorithms are likely to avoid strict saddle points, it has been used for example
by |Goudou and Munier| (2009); |Lee et al.| (2016]); O’Neill and Wright, (2019) for gradient descent
and HBF. Finally, the convergence of INNA with vanishing step-sizes was proved by |Casteral
et al.| (2021) for stochastic optimization, whereas here, we prove the convergence of INNA with
fixed step-sizes for deterministic optimization.

2 Preliminary discussions and definitions

Before analyzing asymptotic behaviors of optimization methods, we recall some fundamen-
tal notions which will be important in what follows. Consider a function g: R” — R twice
continuously differentiable, a point #* € R” is a called local minimizer of g if there exists a
neighborhood of 6* such that g(6*) is the smallest value achieved by ¢ on this neighborhood.
It is a global minimizer if g(0*) is the smallest value achieved by g on R”. Local and global
maximizers are defined similarly considering the largest values of g. We now recall the following
optimality conditions, see for example Nocedal and Wright| (2006)).

Proposition 1 (Optimality conditions). Let g: RY — R be a twice continuously differentiable
function and let 6= € RY . If 0* is a local minimizer of g, then the following holds:

— First-order condition: 0* is a critical point of g, i.e., Vg(6*) = 0.

— Second-order condition: The Hessian matriz V?g(0*) is positive semidefinite. Equiva-
lently, all the eigenvalues of V?g(0*) are non-negative.

Similarly, for any 0* € R, if Vg(0*) = 0 and V%g(0*) is positive definite (or equivalently,
V2g(0*) has only positive eigenvalues), then 0% is a local minimizer of g.

Similar results hold for maximizers but with negativity conditions for the Hessian matrix.
The link between the eigenvalues of the Hessian matrix of the loss function 7 and the nature
of its critical points plays a crucial role in the sequel. We distinguish three types of critical
points:

— Those where the Hessian of J has only positive eigenvalues. From Proposition [I} these
points are local minima.

— The points where the Hessian matrix has at least one negative eigenvalue, which are
referred to as strict saddle points. Such a point cannot be a local minimum, it is either a
maximum or not an extremum.

— The points where the Hessian matrix has only non-negative eigenvalues and at least one
zero eigenvalue, we call them non-strict saddle points. Such points may be maximizers,
minimizers, or neither of them. For example, consider the functions (6;,6,) € R? —
162 + 163 + 0,60, and (6;,6,) € R? — 67 + 63. For both functions, (0,0) is a critical point
and the eigenvalues of their Hessian matrices at (0,0) are 0 and 2. Yet, one can easily
check that (0,0) is a minimizer for the first function and is not an extremum for the
second one. These considerations are illustrated on Figure [1]
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Figure 1: Example of two functions whose Hessian matrices are singular at (0,0). For the
function (61,6,) € R? — 167 + 162 + 6,6, (on the left), the critical point (0,0) is a minimum.
For the function (6y,6;) € R? — 63 + 603 (on the right), the critical point (0,0) is neither a
minimum nor a maximum.

Due to the difficulties raised by the existence of non-strict saddle points, some results of this
paper hold only for Morse functions, defined next.

Definition 1. A twice continuously differentiable function g: RY — R is a Morse function if
for any 0* € RY such that Vg(6*) = 0, the Hessian V*g(0*) has no zero eigenvalues.

Morse functions are functions for which all saddles are strict and other critical points are
minima. Some of the following results are restricted to Morse functions, others are more general,
yet, in every case we will need the following assumption.

Assumption 1. The loss function J in has isolated critical points: for any 0* € RY such
that VJ(0%) = 0, there exists a neighborhood Q C RY of 0* such that 0* is the only critical

point inside €.

This assumption guarantees in particular that J has at most a countable (possibly infinite)
number of critical points. Note additionally that Assumption [1] holds for Morse functions. Let
us now move on to the analysis of DIN.

3 Asymptotic behavior of the solutions of DIN

We recall that 7 : RP — R is a twice continuously differentiable function and that we denote
by VJ and V27 its gradient and its Hessian respectively. Let o > 0 and 3 > 0, as mentioned
in the introduction, a powerful property of is that it is equivalent to the following first-order
system (Alvarez et al., 2002,

1
f ., forallt>0, (3)
B



where (0,7): Ry x R, — RP x RY is differentiable for all # > 0. For a given initial condition
(0o, 10) € RP x RP | we say that a continuously differentiable function (6, 1) is a solution of
if (6(0),4(0)) = (6o, 1) and (3] holds for all ¢ > 0. We say that (6,1) converges if there exists
(0%,¢*) € RY x RY such that (0(t),%(t)) converges to (6*,4*) as t — oo. Since J is twice
continuously differentiable, the existence and uniqueness (with respect to initial conditions) of
the solutions of are granted by the Cauchy-Lipschitz theorem, see |Alvarez et al. (2002]).
In this work, we focus on the asymptotic behavior of the solutions with respect to the initial
conditions.

Necessary condition for being a stationary point. As previously said, one of the main
interests of and hence of in optimization, is that stationary points of the solutions
(where the solutions stabilize) yield critical points of 7. Indeed, a solution (6, ) of (3] reaches
a stationary point of if there exists ¢y > 0, such that %(¢y) = 0 and Cil—zf(to) = 0. This is
equivalent to ©¥(ty) = (1 — af)0(ty) and VT (0(ty)) = 0. Hence, the set of stationary points of
the solutions of is,

S={(0"v") eR xR|VI(") =0, v* = (1—ap)f*}.

Bounded solutions (6, ) of converge to points of S, hence the first coordinate # of a bounded
solution converges to a critical point of J, see Alvarez et al.| (2002); Castera et al.| (2021). We
will thus study the type of stationary points which the solutions of are likely to converge
to, and then study the qualitative asymptotic behavior of these solutions.

3.1 DIN is likely to avoid strict saddle points

We start with our main result regarding the limit (as ¢t — +00) of the solutions of DIN.

3.1.1 Main convergence results

For convenience, we denote by S.o C S the set of stationary points (6*,1*) such that 6* is a
strict saddle point of 7, namely,

Sep = {(9*, ) €S ‘VQJ(H*) has at least one negative eigenvalue} .

Theorem 2. Suppose that Assumption (1] holds for J, then for almost any initialization, the
corresponding solution of does not converge to a point in S—g.

Before proving the theorem, the following corollary is an immediate consequence suited for
practical applications.

Corollary 3. Assume that J is a twice continuously differentiable Morse function. Assume
also that J is coercive (i.e., that limgoo J(#) = +00). Then for any initialization the
associated solution of converges. Moreover, let (0y,10) be a non-degenerate random variable
on RY x RY, and let (0,1) be the solution of initialized at (6y, o) and converging to
(0%,¢*) € RY x RY. Then with probability one with respect to the draw of (6y,0), 0% is a local
minimizer of J .

This corollary states in particular that for a coercive Morse function, we can pick an ini-
tialization sampled from a non-degenerate distribution on R¥ x R, for example a Gaussian or
uniform distribution, and with probability one, the first coordinate of the limit of the solution
(with respect to the initialization) is a local minimizer of 7.
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Proof of Corollary[3 From |Castera et al.| (2021], Section 3.2), the coercivity of J guarantees
that any solution of remains bounded, and thus from |Alvarez et al| (2002), any solution
is converging. Then, the limit of any solution belongs to S. Let (6y,%) be a random variable
sampled from a non-degenerate distribution on R” x RY, by definition the support of the
distribution has non-zero measure. In addition, according to Theorem [2], the set of initializations
such that the solutions of converge to Sg has zero measure. So, almost surely with respect
to the random variable (6, 1), the solution of (3)) initialized at (6y, 1) converges toward S\So.
Finally, since [J is a Morse function, S\ S. is exactly the set of local minimizers. m

Remark 1. We could state a more general (but more abstruse) result than Corollary [4 which
would not require the coercivity assumption but only that the set of initializations such that the
associated solutions of converge has positive Lebesque measure.

We now introduce the main tool to prove Theorem [2; the stable manifold theorem.

3.1.2 The stable manifold theorem

To simplify the notations we introduce the following mapping,

~(a=5)0- - pvI)

G:(# R” x R? ,
(0,4) e R" xR” —(a—%)@—%
so that can be re-written,
d (0(6)) _
T (d’(ﬂ) = G(0(t),¥(t)), forallt>0. (4)

For any (0,1) € R” x R, we also denote by DG(0,v) € R*"*2F" the Jacobian matrix of G at
(0,7). Remark that for any (0,1) € R” x RP, (0,¢) € S <= G(0,v¢) = 0, so the stationary
points of are exactly the zeros of G. We now state the stable manifold theorem which is
the keystone to prove Theorem

Theorem 4 (Stable manifold theorem (Haragus and Iooss, [2010; Perkol, 2013)). Let F: R*" —
R27 be a C* mapping and denote by DF the Jacobian of F, consider the autonomous ODE,

1) = FO(W), for allt >0. (5)

Let ©* € R? such that F(©*) = 0. Let E*¢(©*) be the linear subspace of R*" spanned by the
eigenvalues of DF(©*) with non-positive real part. There ezists a neighborhood 2 of ©* and a
C' manifold W*¢(©*) tangent to E*¢(0*) at ©*—whose dimension is the number of eigenvalues
of DF(©*) with non-positive real part—such that, for any solution © of ,

(i) If ©(0) € W*¢(0*) N Q and for T >0, O([0,T)) C Q, then O([0,T]) C W*(0*). (Invari-

ance)
(i1) IfVt >0, O(t) € Q, then ©(0) € W*(O).

We see why this theorem plays an important role in the proof of Theorem It states
in particular that all the solutions of converging to ©* must enter inside W*¢(©*) after
some time, and that W*¢(©*) has zero measure as soon as DF(©*) has at least one positive
eigenvalue. We will show that this holds true for G and for any point in S.y. Now that we
introduced our main tool, we can prove Theorem [2]
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3.1.3 Proof of Theorem 2]
We state an elementary lemma that will be useful.

Lemma 5. Let « > 0, 8> 0 and A € R. The quantity (o + S\)? — 4\ is non-positive if and

only if af <1 and \ € [2_636 — QV};W, 22335 + 2V}}§O‘B].

Proof of Lemma[j. Let o >0, and 3 > 0, the function A € R — (a+8A)*—4\ = B2\2+2(af—
2)\ + a? is a second-order polynomial in A whose discriminant is 16(1 — «/3). If @8 > 1 this
discriminant is negative thus the polynomial has no real roots and hence is always positive. If
af < 1, then the discriminant is positive and the roots of the polynomial are (Q_ij‘ﬁ ) 4 2v Egaﬂ . O

We now prove Theorem [2]

Proof of Theorem[3. Let (0*,1*) € RY x RY such that G(6*,v*) = 0. We first compute the
eigenvalues of DG(6*,v*), in order to apply Theorem [ to () around (6*, ¢*). By differentiating
GG we obtain the following Jacobian matrix, displayed in four blocks,

—BV2T(0*) — (a—1)Ip —1iI
DG(6*, ") = B (a B %(;‘]P /3) P ﬁli

Y

1
B

where Ip denotes the identity matrix of RP*P. We need to compute the eigenvalues of

DG(0*,4*) and study the sign of their real parts. In particular, we want to show that if
V27 (0) has a (strictly) negative eigenvalue (i.e., (0*,¢*) € S-¢), then DG(6*,1*) has at least
one (strictly) positive eigenvalue, and thus according to Theorem (4] the stable manifold asso-
ciated to (6*,1*) has zero measure.

First, V27 (6*) is real and symmetric, so the spectral theorem states that there exists an
orthogonal matrix V' such that VIV27(6*)V is a diagonal matrix. Thus the matrix,

vT o Voo _BVTV2T(0*)V — (a _ %) I —iIp
DG(6*, 4" _
( 0 VT> (0%, 9%) (o V) ) (a_ %> . i (6)

is a sparse matrix with only 3 non-zero diagonals and whose eigenvalues are the same as those
of DG(0*,¢*). Exploiting the tridiagonal structure, there exists a symmetric permutation
U € R?PX2P__gpecified in in Section [A] of the appendix—such that we can transform ()

into a block diagonal matrix,

M

|5 Vo0
T * * _ .
Mp
where for each p € {1,..., P}, M, is a 2 x 2 matrix defined as follows. Denote by (A\,)pef1,...p}
1 1
o
the eigenvalues of V27 (6*), for all p € {1,..., P}, M, = < . | uptoa
R a —_ = ——
B) 3

symmetric permutation.

The eigenvalues of DG(6*,1*) are obtained by computing those of the matrices M,. Let
p € {1,..., P}, the eigenvalues of M, are the roots of its characteristic polynomial: xas, : X €
R — X? — trace(M,) X + det(M,), which gives for any X € R,

g, (X) = X2+ (a4 BA)X + A

7



This is a second-order polynomial, whose discriminant is,
An, = (a+ BA,)° — 4N, (8)

The eigenvalues of M, depend on the sign of Ay, which is given by Lemma . We now show
that if A, < 0, then M), has a positive eigenvalue.
First assume that Ay, < 0. Lemma [5 states that in this case, we have a3 < 1 and

Ay € 2—af _ QV}@;O‘ﬁ, Z;Q‘B + 2V2§°‘5]. An elementary study of the function x € [0,1] —

52
2 — x — 2¢/1 — x shows however that for 0 < af <1, 2/_3‘3‘5 — 2—%“6 >0, so Ay, < 0 implies
Ap > 0. Thus, we do not need to further investigate the case A m, < 0 since this case never
occurs when A, < 0.

Suppose now that Ay, > 0, then M, has two real eigenvalues,

_ —(atBXp) + \/AMP — —(a+B8Mp) + V (a4BAp)2—4Ap
2

Op,+ =

2 2 2
(@B VAMy  —(a4Bry) |V (atBAp)2—dN,

In this case, assume that A\, < 0. If a + 8\, <0, then o, is a sum of a non-negative and a
positive term, so o, y > 0. If a4B), > 0, then 20, . = —(a+B\,)++/(a + 8),)2 +4(=),) > 0
since 4(—\,) > 0. Overall, we showed that in every case, A\, <0 = 0, > 0. So whenever
there exists p € {1,..., P} such that A\, <0, DG(6*,7*) has at least one positive eigenvalue.

We can now apply the stable manifold theorem. Let (60*,¢*) € S.y. Let an initialization
(6o, 10) such that the corresponding solution (0,) of converges to (6*,1¢*). Denote ¢ :
R” x RF x R — R” x R x R the flow of the solutions of (), so that we have in particular for
all t >0, (0(t),9(t)) = ®((Ao,10),t) and (0, 1) = P((0(t),1(t),—t). Consider the manifold
We¢(6*,¢*) and the neighborhood € as defined in Theorem [l The convergence of (6,v) implies
that there exists ¢, > 0 such that for all ¢ > ¢, (0(¢),%(t)) € Q, so according to Theorem 4]
Vit > to, (0(¢),1(t)) € QNW*(6*,4*). Expressing this in terms of flows, V¢ > t9, ®((0o, v0),t) €
QN W*e(0*,4*) and hence Vt > t,

®<<907w0)7t) S U (I)(QHWSC<9*7¢*)7_k)7 (9)

keN

where the right-hand side in @ corresponds to the union over k£ € N of initial conditions such
that the associated solution has reached Q NW*¢(6*,¢*) at time k. Let

t—-+o0

WO, o) = {(00,%) e R” x RY

(B, 10). £) ——> wmm} |

the set of all initial conditions such that the associated solution converges to (0*,1¢*). According
to @D, we have proved that,

W(0*, %) C | @ (QnW* (6", 4*), —k). (10)

keN

Now, we previously showed that since (0*,¢*) € S_o, DG(6*,1*) has one or more positive
eigenvalues, so according to the stable manifold theorem, the dimension of W*¢(6*, ¢*) is strictly
less than 2P, hence this manifold has zero measure. Due to the uniqueness of the solutions of
, for any k € N, ®(-, —k) is a local diffeomorphism, hence it maps zero-measure sets to zero-
measure sets. Consequently, the right-hand side in is a countable union of zero-measure
sets, so it has zero measure as well, and the same goes for W(6*, ¢*).

8



To conclude the proof of the theorem, by Assumption [I the critical points are isolated so
their number is countable. So U(e* ¥)ES <0 W(6*,1*) is a countable union of zero-measure sets
so it has zero measure. O

Remark 2. Keeping the notations of the proof of Theorem@ we proved that forp € {1,..., P},
if \p < 0 then o, > 0. Looking at the proof, note that we could also show quite easily that
Ap >0 = 0,4+ <0, so for any local minimizer with non-singular Hessian, the associated
stable manifold does not have zero measure. In particular, the stable manifold associated to any
local minima of a twice differentiable Morse functions does not have zero measure.

3.1.4 On the complex eigenvalues of DG

In the proof of Theorem [2| we showed that for any (6*,¢*) € S, if an eigenvalue A, of the
Hessian V.7 (0*) is negative, then the associated discriminant A, is positive and thus the
eigenvalues of DG(0*,1*) are real. Note however that when there exists p € {1,..., P} such
that A\, > 0 (and hence in particular around local minima), we may have Ay, < 0. This is the

2-0f _ 2V1-0aB 2-af 2\/17045]
2 ﬂ2

case whenever af < 1, and A\, € [ — S . When the aforementioned

52
conditions hold, DG(6*,1*) has complex eigenvalues,

_ —(a-;ﬁ)\p) _|_l\/ _AI\/IP o —(a—;,@)\p) +Z.\/4)\p—(o¢+ﬂ/\p)2

Op+ = 2 = 5 . (11)
(BN NV TAMy (a8 VP (atBp)?
Op—=—">5 ~ — 1705  =——>5 ~ —1 5

Overall, we proved that DIN is likely to avoid strict saddle points, and we additionally observed
that around local minima, the Jacobian DG may or may not have eigenvalues with non-zero
imaginary part. The existence of complex eigenvalues may change the qualitative behavior of
the solutions around local minima. Next section is devoted to studying this matter.

3.2 Behavior of the solutions of DIN around stationary points

Accordingly to what we just discussed in Section [3.1.4] we wish to characterize the qualitative
asymptotic behavior of the convergent trajectories of DIN.

3.2.1 The Hartman-Grobman theorem

To this aim, we introduce the Hartman-Grobman theorem.

Theorem 6 (Hartman-Grobman (Perko, [2013))). Consider the following dynamical system,

de

S =F@(), tck (12)
where © : R — R?P, F . R?P — R2?P s C' and denote by DF the Jacobian matriz of F. Assume
that there exists ©* € R?Y such that F(0*) = 0 and DF(©*) has only non-zero eigenvalues.
Then, there exists a neighborhood Q of ©* and a homeomorphism H (a bijective continuous
function whose inverse is continuous) such that, for any Oy € Q, if © is a solution of with

O(0) = Oy, there exists an open interval of time T C R containing 0 such that the function
® = H o O is the solution of

do

dt
with initial condition ®(0) = H(Oy). The homeomorphism H preserves the parameterization
by time (it does not reverse time).

(t) = DF(@")®(t), teT, (13)



This theorem essentially states that, in a neighborhood of a stationary point ©* where
the Jacobian matrix DF(©*) is non-singular the solutions of have a qualitative behavior
similar to those of the linearized system .

3.2.2 Application to DIN

Application of the theorem. Let (§*,¢*) € S be a stationary point of such that #* is a
local minimizer of J and such that V27 (6*) has only non-zero eigenvalues (this is guaranteed
for all local minima if J is a Morse function). Consider the differential equation,

d (o)) 0
E(N )_Da(eﬂp)(i ) teR. (14)

According to Remark [2[ and the proof of Theorem [2 all the eigenvalues of DG(0*,v*) have
strictly negative real parts. So there exists a homeomorphism H and a neighborhood £ of
(0*,4*) on which Theorem [f] holds. In particular, for any initial condition (6o, o) € Q, the
associated solution of converges to (6*,9*) (because the corresponding solution of
converges to (0*,1¢*) and H preserves the parameterization by time).

So for any initialization in (6, ¢g) € 2, the corresponding solution (6,1) of remains in
Q,ie,Vt>0,(0(t),1¥(t)) € Q. Thus we can use the Hartman-Grobman around (6(t), v (t)) for
any t > 0. As a result, for any initialization in (g, 1) € Q, and for all ¢ > 0, the associated

solution (#,v) of reads, (0(t),(t)) = H-1(A(t),¥(t)) where (,1)) is the solution of
with initial condition (6(to), ¥ (te)) = H(6(0),(0)).

We give a more precise expression for this solution. As done in the proof of Theorem 2] we can
diagonalize DG (0*,1*): there exists a matrix Q € R*2F guch that DG(6*,¢*) = QDQ™!,

where D = diag(oy,...,09p), and (0p)q1,. 2py are the eigenvalues of DG(6*,4*). Using the

.....

diagonalization, the solution of is given for all t € R by (%(2) = QetPQ1 (1%(((())))> So

going back to (0,1), we have,
(0(2),%(t)) = H ' (Qe" Q™ H(0(0),%(0))), for all t > 0. (15)

Finally, let any initialization (6, 1) € RY x RY (not necessarily belonging to ), such that
the corresponding solution (6,v) of (), converges to (6*,¢*). Then there exists ¢y > 0 such
that for all ¢t > to, (6(t),1(t)) € Q, and the arguments above apply after .

Form of the solutions. We proved that after some time, a solution (6,1) of that con-
verges to (0*,9*) € S can be expressed with formula (up to a time shift). If a5 < 1 and

all the eigenvalues of V27 (0*) are not in (2_635 — QVEQO“B, Q_B‘Jﬂ + 2 1550‘/3), or if af8 > 1, then
all the eigenvalues of DG(6*,1*) are real so the coordinates of Q~1etP?Q in are sums of
exponential functions decreasing in time.

However, if a3 < 1 and there exists eigenvalues of V27 (6*) belonging to the interval
mentioned above, then there exists eigenvalues of DG(6*,1*) with non-zero imaginary part.

Let p € {1,..., P} such that ), is an eigenvalue of V27 (6*) belonging to the aforementioned

—( -\ —(& 2
( ’;ﬁ/\”) 4§V (atBrp) , and thus

2

interval. From , there exists two complex eigenvalues:
the coordinates of the matrix e!” in contain terms of the form,

—(a+BXp)
e 2 2t (cos(wyt) + i sin(wyt))

10
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where w, = Y————=. So in this setting, and in this setting only, the imaginary parts
of the eigenvalues of DG(6*,1*) generate oscillating terms and the solution of the linearized
model t — Qe!PQ~! (plus initial condition) spirals around (6*,*) as it converges toward it.
This is illustrated on Figure |2 where such a behavior is indeed observed for a (numerically ap-
proximated) solution of (3)). Note finally that w, is a decreasing function of 3, hence increasing

the parameter [ reduces the oscillations.

3.2.3 Numerical illustration of the spiraling phenomenon

Setting. To illustrate the spiraling phenomenon, we consider a simple quadratic function
J: (01,05) € R* — 62 + 2605. This loss function is C*(R?), and for all (61,0,) € R?, it has a
20
0 4
global minimizer is (6*,¢*) = (0,0). Instead of solving exactly (3)), we find an approximate
solution via the discrete algorithm INNA derived from and presented in next section. To
do so, we ran the algorithm with very small step-sizes. The algorithm is initialized at (1,1).
We consider two choices of parameters: (o, ) = (2,0.1) and (o, ) = (2,1). The former
illustrates the case a8 < 1 while the second corresponds to the case where a8 > 1. According
to Section [3.1.4] with the configuration (a, ) = (2,0.1), the range of eigenvalues for which we
should observe spirals is approximately [1,359] so both eigenvalues of the Hessian of 7 lie in
this interval.

constant diagonal Hessian: V27 (6y,0,) = . This is a convex function whose unique

Results. The expected behavior (discussed on Section can be observed on the left of
Figure 2] When aff < 1 (red curve), the trajectory spirals around the critical point (0,0).
On the contrary, the phenomenon does not occur when a3 > 1 (orange curve). Remark also
that when zooming very close to (0,0), the oscillating behavior is still present. Note however
that this qualitative results says nothing about the speed of convergence, as evidenced on
the right of Figure 2l Despite the presence of spirals, the setting where a8 < 1 yields a faster
algorithm both in terms of loss function values and distance to the minimizer. From a theoretical
point of view, the Hartman-Grobman theorem connects the solutions of and those of its
linearized approximation through a mapping which is homeomorphic (hence continuous) but
not necessarily differentiable. As a consequence, the theorem does not guarantee that the speed
of convergence is preserved. Regarding the speed of convergence, we refer to |Attouch et al.
(2020} |2021)) in the convex setting and to |Castera et al.| (2021) for the non-convex case.

Vanishing viscous damping. To finish this section, we empirically investigate the oscillat-
ing phenomenon when using an asymptotically vanishing damping. More precisely, we consider
a viscous damping a(t) that may vary over time, and in particular that progressively decreases
to zero as t — 0o. Such damping has been given a lot of attention after the work of |Su et al.
(2014) who made a connection between Nesterov’s accelerated gradient (Nesterov, 1983) and
a differential equation with a damping proportional to 1/t. As for DIN, if such a damping
is used while keeping [ fixed, we eventually have «a(t)5 < 1 after some time. Our approach
is however purely empirical since the Hartman-Grobman theorem holds only for autonomous
ODE{] (hence with a not decreasing with ¢). In this setting we do observe spirals (see Figure ,
actually, we see on the blue curve that for (a(t), 3) = (2/t,0.1), the spirals are so large that
the algorithm is much slower than it was for fixed values of (a, ). However when taking a

!The theorem can be extended to some non-autonomous ODEs (Palmer} 1973)), which we do not consider
for the sake of simplicity.
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Figure 2: Illustration of the spiral phenomenon discussed in Section on the quadratic
function J: (61, 0s) € R? — 62 4 203. Top-left figure displays the evolution of the iterates on
the landscape of the loss function with two zooms on bottom-left figures. Right figures show
the value of the loss function and the distance to the global minimizer (0,0) as a function of
the iterations.

larger 3 (green curve), these oscillations are damped (although still noticeable), yielding better
performances in terms of speed.

4 Asymptotic behavior of INNA

We now turn our attention to the asymptotic behavior of the algorithm INNA introduced by
Castera et al,| (2021)). Throughout this section we fix & > 0 and 8 > 0 the hyper-parameters of
INNA. The INNA algorithm is originally designed for non-smooth and stochastic applications,
however, in order to study its asymptotic behavior, we consider a simpler framework. We
analyze the algorithm for a loss function J that is twice continuously differentiable and consider
a deterministic version of the algorithm. In this framework, we may use fixed step-sizes: let
~v > 0 be a step-size, in this setting, the INNA algorithm reads,

O =04+ |—(a = 1) — iy — BIT(6))]

(16)
i =k + | —(— 5)0 — %%]

This algorithm is obtained via an explicit Euler discretization of , thus, we may hope the
asymptotic behavior of INNA to be similar to that of the solutions of DIN. Actually, the set of
stationary points of INNA is the same as that of DIN (see Section of the appendix):

S={(0,¢) e R xRF|VT(0) =0, v =(1—ap)d}.

12



In this section, we prove that for almost any initialization, INNA does not converge to strict
saddle points. To this aim we recall the definition of the set S,

Sco = {(9, P) €S ‘VQJ(G) has at least one negative eigenvalue} )

4.1 INNA generically avoids strict saddles

In order to derive results for INNA similar to those for DIN, we will have to carefully choose
the step-size v > 0. To this aim, we need the following assumption.

Assumption 2. There exists Lyvy > 0 such that the gradient V.J of the loss function J s
Ly 7-Lipschitz continuous on RY (with respect to a given norm || - || on RY). In other words,

for any 0; € RY and 0, € R,
VI (01) = VI ()| < Lvgl|6h — 0

This assumption implies that at any point of R”, the eigenvalues of V27 are bounded by
the constant Ly 7. Under this assumption our main result regarding INNA follows.

Theorem 7. Under Assumption[]] and[3, if « > 0 and the step-size 7 is such that,

. (B o V(a+BLys)?—4Lvs
0<y< — —
Y min (2 + QLVJ 2ij 75 )

(17)

—where the right-hand side in is always positive—then for almost any initialization, INNA
does not converge to a point in S—q.

The proof relies on arguments similar to those of Theorem [2| and it thus postponed to
Section [B] of the appendix for the sake of readability. Theorem [7] is particularly relevant if
INNA converges (otherwise the statement is trivial). Next result provides sufficient conditions
so that convergence holds.

Theorem 8. Assume that o > 0. Let (0y,10) € RY x RY and let (Oy, Y )ren be the sequence
generated by INNA initialized at (0o, o). Under Assumption@ if the step-size v is such that,

O<7<min( 2a L 25), (18)

(I+aB)lyy +a?’ a
then the sequence of values (J (0x))ren converges and klim IVT(6r)]]* = 0.
——+00

If in addition the sequence (0y)yen is bounded and Assumption [1] holds, then (0x)ren converges
to a critical point of J .

Remark 3 (Comments on Theorem [g).

— Note that in (18), only the condition v < 2/ (1 + a8) Ly 7 + o?) depends on the function J
(through the Lipschitz constant Ly ), the other two being only related to the hyper-parameters
of INNA. This is similar to the well-known condition v < 2/ Ly 7 used for gradient descent, see
e.g., |Bertsekas et al.| (1998, Proposition 2.3.2).

— The first part of the theorem states in particular that any accumulation point (the limit of
any sub-sequence) is a critical point of J. The additional boundedness assumption is necessary
only to guarantee the convergence of (Oy)ken to such critical points. Due to the convergence
of (J(0k))ren, this assumption is valid, for example, when J is coercive, which holds in many
problems met in practice.
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the strict saddle stable manifold of the strict saddle

mmmm Stable Manifold of (0, 0) m ® INNAaB>1 m m INNAaB<1

Figure 3: Evolution of the iterates of INNA on the landscape of the toy function J: (61, 6s) €
R? s 0f — 407 + 63. This function has two minimizers (—+/2,0) and (v/2,0) and one strict
saddle point (0,0). The red and blue surfaces represent the parts where [J is locally concave
and convex respectively. The stable manifold of J around (0,0) is represented by the grey
curve. Left figure shows the behavior of INNA for two choices of hyper-parameters and for
two initializations belonging to the stable manifold of (0,0). In this setting the algorithm does
converge to the strict saddle (0,0). When initialized near but outside the manifold (right figure),
the algorithm avoids the strict saddle and converges to a local minimizer for both choices of
hyper-parameters.

The proof relies on a Lyapunov argument and is also postponed to the appendix (see Sec-
tion |C]). Combining Theorem m and , we can formulate a corollary suited for practical appli-
cations.

Corollary 9. Assume that J is a twice continuously differentiable coercive Morse function
and that Assumption [3 holds. Assume that o > 0, and that the step-size v > 0 is such that
both and hold. Let (0y,10) be a non-degenerate random variable on RY x RY | and let
(Ok, V1) ren be the iterations of INNA initialized at (0y,10). Then (0y)ren converges, and with
probability one, the limit 0* € RY is a local minimizer of J .

The proof follows similar lines as those of Corollary [3| and the practical consequences of
Corollary [J] are the same as those discussed for DIN. We conclude the study with numerical
illustrations.

4.2 Numerical Illustration

We finish the study of INNA with a short empirical illustration of Theorem [7]on a toy example.
To this aim we consider the function J : (01, 62) € R? — 07 — 46? + 02, This function is twice
continuously differentiable on R?, non-convex, has a diagonal Hessian and three critical points:

14



Table 1: Empirical validation of the results of Theorem

Percentage of convergence Average number of
to each critical point iterations to escape

(—\/57 0) (\/5, 0) (0,0 a saddle point

Initialization outside INNA aff <1 488%  51,2% 0% 36
the stable manifold, INNA af > 1 50,7%  49,3% 0% 35
very close to (0,0)  Gradient Descent  50,2% 49,8% 0% 37

Initialization on INNA af <1 0% 0% 1007 i
the stable manifold INNA aff > 1 0% 0% 100% i
Gradient Descent 0% 0% 100% -

two local minimizers (—+/2,0) and (1/2,0) and one strict saddle point (0,0). The landscape of
J is displayed on Figure [3] The set of initializations such that INNA converges to the strict
saddle point (0,0) is the manifold 63 € R + (0,63) which has indeed zero measure on R
Figure [3|shows that when initialized on this manifold, the algorithm does converge to (0, 0) but
when initialized anywhere else, it avoids the strict saddle.

In addition to this illustration, we ran INNA and gradient descent —which is also known
for almost surely escaping strict saddle points (Lee et al., 2016)—for 1000 random Gaussian
initializations sampled from N5(0,1072*), hence extremely close to the saddle point (0,0). We
also perform the same experiment but with a random initialization on the stable manifold. The
results reported on Table [1| demonstrate that the algorithm always escapes the saddle point
and converges to one of the two local minimizers. This empirically illustrates Theorem [7| and
Corollary [9]

5 Conclusion

In this work, we provided a better understanding of the role played by the hyper-parameters
a and 8. This could help users of INNA to choose these parameters in practical applications.
More importantly, we proved that the asymptotic behaviors of INNA and DIN make them
relevant to tackle non-convex minimization problems. In particular, we provided conditions
so that INNA converges and so that it is likely to avoid strict saddle points for almost all
initializations.
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A Permutation matrices

In this section, we specify the permutations matrices necessary to obtain the block diagonal-
ization in (7)) and (2I). Denote by mod the modulo operator and let P € N5. We can choose

the permutation matrix U € R?P*2P as the matrix whose coefficients are all zero except the
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following, for all p € {1,..., P},

( Up—pt1p =1 —mod(p, 2)
if Pisodd: ¢ Upjpop—pi1 = mod(p,2) ;
\ Up,2P—p = mOd(p7 2)
(U, = mod(p, 2 (19)

)
if P is even: Upippip = 1—mod(p,2)
Up+pp = mod(p,

2)
\ Up,P-‘rp = HlOd(p, 2)

For example, for P = 3 and P = 4 this yields the following matrices (where the zero coefficients
are omitted for the sake of readability),

and

B Proof of Theorem [7

In order to prove Theorem [7], we will use a version of the stable manifold theorem suited to the
analysis of discrete processes.

B.1 Stable manifold theorem for discrete processes

We introduce a different version of the stable manifold theorem. This version was used by |Lee
et al.| (2016) and |O'Neill and Wright| (2019) to analyze gradient descent and the HBF methods
respectively. For a function F : RY — R and for all k& € Ny, we introduce the following
notation: F* = Fo...o F. The result is the following.

—_——

k compisitions

Theorem 10 (I11.7 (Shub [2013)). Let ©* € R*” be a fived point for the C* local diffeomorphism
F : U — R?* where U C R* is a neighborhood of ©*. Let E*(0*) be the linear subspace
spanned by the (complez) eigenvalues of DF(©*) with magnitude less than one. There exists a
neighborhood Q of ©* and a C' manifold W*¢(©*) tangent to E**(©*) at ©* —whose dimension
is the number of eigenvalues of DF (©*) with magnitude less than one—such that, for ©, € R?F,

(i) If ©g € W*(0*) and F(©,) € Q then F(0,) € W*(0*) (Invariance).
(’L’l) [ka S N>0, Fk<@0) S Q, then @0 € WSC(@*).

Although we study an iterative algorithm and not the solutions of an ODE, the results
stated in Theorem [10| are very similar to those of Theorem [4] thus, the proof of Theorem (7] is
close to the proof of Theorem 2|
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Formulating INNA to use Theorem Proceeding similarly to Section [3.1] for any
(0,9) € RP x RY we redefine the mapping G as,

o\ (07 |-(a— 1o -tu-8vT0)
G(¢)_ w—kv[—(a—%)ﬁ—% }

so that an iteration k& € N of INNA reads (01, %r+1) = G(Ok,¥x). Remark that unlike for
(3), we now study the fixed points of G and not its zeros. Indeed, the iterative process INNA
consists in successive compositions of the operator GG and the set of fixed points of G is exactly
S. To prove this statement, let (0,1) € RF x R,

, (20)

G16,4) = (0.0) = {—W—%)@—W—WJ(@:O . {VJ(9)=0
B

- Lv=0 b= (1-ap)0
So (#,) is a fixed point of G if and only if V7 (0) =0 and ¢ = (1 — af3)0.

— (o —

B.2 Proof of Theorem [7]

Block-diagonal transformation. Throughout the proof we use a block-diagonal transfor-
mation. Let (#,1) € RP xRF. Since J is C? on RY then G is C* on R x RY and the Jacobian
matrix of G at (6,%) (displayed by block) reads,

e ()

(1—7(a—3
(o= 3)Ip (1—-3)Ip

Y&

D6(6.0) = (

Proceeding like in Section their exists an orthogonal matrix V € RP*? and a permutation
U € R?P*2P (defined in Section [A)) such that,

M,
vl 0 Vo
T _ .
U <0 VT> DG(6, 1) (o v) U= - : (21)
Mp

1— — 1y _~B8)\ 2
where for each p € {1,..., P}, M, = ( (e 5) 1 10 57)up to a symmetric

—y(a—3) 1—3

theorem and prove Theorem [7] we need G to be a local diffeomorphism. This result is non-
straightforward to obtain, so we state it as a theorem before proving Theorem

Theorem 11. Under Assumption[d, for any o >0, > 0 and

0 < < min (é+ S \/(a+5LV‘7)2_4LV“7,5> ;

2 QLVJ QLVJ

the mapping G defined in is a local diffeomorphism from RY x RY to RP x R,

We finish the proof of Theorem [7] first, and then prove this theorem in Section [B.3]
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Application of Theorem [10] to prove Theorem [7, We can now prove Theorem [7]

Proof of Theorem[7. Let o > 0, f > 0 and 0 < v < min (6 + — \/((HBLVJ)LMVJ,B).

Lo 7 2Ly
Consider the mapping G defined in (20) with these parameters. By direct application of The-
orem G is a local diffeomorphism. Let (6%,¢*) € RY x R be a fixed point of G. Our goal
is to apply the stable manifold theorem in a neighborhood of this point.

To this aim, we study under which conditions on the eigenvalues of V27 (6*) the eigenvalues
of DG(6*,¢*) have magnitude less than one. Throughout the proof we consider the same
block-diagonal transformation of DG(6*,4*) as in , and we keep the same notations. Let
p € {l,..., P}, the eigenvalues of M, are the roots of the following polynomial,

X1, (X) = X? — trace(M,) X +det(M,) = X* — (2 —y(a + BA)X + 1 —v(a+ BA,) +7°),.
The discriminant of x g, is,
Ap, = (2= (a+ BA))* = 4L = y(a+ BAp) +7°X)
=4+ (a+ BN) —dy(a+ BA) — 4+ 4y(a+ BA,) — 492N,
=7 ((a+ BA,)> — 4N .

Remark that up to a factor 42 > 0, this is the same discriminant as in from Section .
Therefore, we can once again use Lemma [5) I to deduce that Ay, is non-positive if and only if
af <1and )\, € [27015 2\/1 aB 2— a,8+2\/1 « }

B2
of AMP .

We split the study with respect to the sign

o If Ay, > 0, then M), has two real eigenvalues,

{JM — 11— Iy(a+BA) + Iy /(a + BAy) —4Ap

Op— =1—3y(a+BA,) — 37/ (a+ BA,)?

We then study whether the magnitudes of the eigenvalues are smaller or larger than 1,
the computations are very similar to those of Section 3.1} If A, < 0, then |(a + A,)] <
V(a+ BA,)? — 4N, s0 0,4 > 1 and 0, < 1, so we have at least one eigenvalue with
magnitude larger than one. If \, = 0, then 0, =1 and |0, _| = |1 — ya| < 1]

In order to be exhaustive, remark that if A, > 0, then (a + 8),) > /(a + BA,)? — 4),,
so 0 <o, <1and —o0o < 0,_ < 1, so the bounds enforced on 7y ensure that both
eigenvalues have magnitude less than 1. This is indeed the case whenever —o,_ <
1, which is equivalent to ~y [oz + B+ /(a+ BA)? — 4/\4 < 4 and the latter always
holds true. Indeed, when af > 1, one can show that the function x > 0 — o + Sz +
V/ (o + Bx)? — 4z is increasing (by differentiating it). Then, using Assumption [2{and the
upper bound enforced on v it holds,

Y {04 + BAp + \/<O‘ + BAp)* — 4)‘17}

- (a+ BLvy) — \/(a+ BLyy)? —4Lyy [(
2Ly g

a+fBLvg)++/(a+ BLyg)? — 4Lvy}

ALy 7
2Ly

=2<4. (22)

2This is ensured by the boundaries enforced on 7 as shown in the proof of Theorem [11|in Section
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On the other hand, when af < 1, by studying again the function z > 0 — o + Bz +
V/ (o + Bx)? — 4x, one can sho that,

a+ BAp + \/(a + B\,)? — 4), < max (2a, a+ BLys +/(a+ BLys)? — 4LW) . (23)

Then if the maximum in the right-hand side of is 2, it holds,

’y{a+ﬁ)\p+\/(a+ﬁ>\p)2—4)\p] < 2ay < 2af <2 < 4,

and if the maximum is the other value, we use (22)) again. To summarize, when Ay, > 0,
Ap >0 <= |op4| <1land|o,_| <1

o If Ay, <0 then this implies that A, > 0 so (6*,9*) € S<¢ and we do not need additional
arguments. However, for the sake of completeness, we check whether the manifold in
Theorem may have positive measure around any local minimizer with non-singular
Hessian (in particular around any minimizer of a Morse function). The eigenvalues of M,
are,

opy =1-— —7(a+5/\ 27\/4)\ — Oz+5/\ )?
Ope =1—=2y(a+ BA) — Iy /AN, — (a+ BA,)?

Both eigenvalues have the same magnitude,

2 2 1 ‘ol 2 2 2
ol =l = (1= a0+ 93 ) + 1700~ (@4 B0)) = 1=3(a-+8) 417,
S0,

lop P <1 = —y(a+BN) +7N, <0 &= (y-0F)\ <a < 7<ﬁ+/\%.
This is always true since,

oy VletplysP —dlvs 1

(5+—)<B+—

< 1(6+
R 2Ly f N

Ly g

We just proved that the eigenvalues of DG(6*,1*) have magnitude less than one if and only if
(0*,¢4*) € S\ S<o.

We can now use the stable manifold theorem. Let (6*,9*) € S.o. Let an initialization
(6, 100) such that the associated realization (0, ¥ )ren of INNA converges to (6*,¢*). Consider
the manifold W*¢(6*,¢*) and the neighborhood Q as defined in Theorem [10] Since (Ok, ¥ )ken
converges, there exists kg € N such that for all k > ko, (0x, ¢r) € Q, so according to Theorem ,
Vk > ko, (Or, ) € QNW(0*,4*). Rewriting this with the operator G, Vk > ko, G*(0y,¢0) €
QN Ws(0*,¢*), and hence Yk > ko,

G* (00, 0) € |J G (@ Wee(07, ), (24

jeN

where G77 (Q NW?*¢(6*,4*)) corresponds to all the initial conditions such that INNA has
reached Q N W*¢(6*,¢*) after j iterations. Let

W(o, o) = {(90,%) € RP x R”

G* (0o, 1b0) PR (9*,1#*)} ;

3The proof is similar to the one of Lemma [14] proved in Section
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the set of all initial conditions such that INNA converges to (6*,¢*). From (24]), it holds that,

W(o*,y*) c | G (Qnwe<(o*,v%)). (25)

jeN

Then, we showed that since (6*,9*) € S<o, then DG(0*,1*) has at least one eigenvalue with
magnitude strictly larger than one, so according to the stable manifold theorem, the dimension
of Ws¢(0*,4*) is strictly less than 2P, hence this manifold has zero measure. By assumption
the step-size 7 is chosen such that G is a local diffeomorphism (from Theorem , so Vj € N,
G/ is also a local diffecomorphism, hence it maps zero-measure sets to zero-measure sets. As
a result, the right-hand side in (25)) is a countable union of zero-measure sets, so it has zero
measure, as well as W(60*, ¢*).

This proves the theorem since Assumption [l guarantees that there is at most a countable
number of critical points. So . yu)es_, W(0*,¢%) is a countable union of zero-measure sets
so it has zero measure. O

B.3 Proof of Theorem [11]

To prove Theorem [11] we introduce three technical lemmas.

Lemma 12. For any a > 0 and > 0 such that af > 1, the function

24
v R Dy o VO
2 2z 2x

18 continuous and decreasing both on R-y and Rg.

Proof of Lemma[13 Let @ > 0 and 8 > 0 such that o > 1. The function x € R.y —
g + 5 — —W is clearly C*(Rxg), and its first-order derivative is the function x €

R., s _a\/m-l-@—aﬁ)x—oﬂ'

2221/ (Bar+a)?—da
numerator of this derivative: define h: x € Rog = —ay/(Br +a)? — 4o — (2 — af)x + a?. We
will prove that h is negative by differentiating it: for all z € R,

o\ _al2BPrra)—4)

Since the denominator is always positive, we study the

=— aB — 2. 26
5 %) N (T B (26)
0?h da(af —1)
S5@) =— 7 (27)
O ((Bz + a)? — 4z)2
Since af > 1, for all 2 € Rog, 24(x) < 0 and hence for all z € Rag, 2(z) < lim, 2(t) = 0.

So h is also decreasing on R, and lim, o h(x) = 0, so for all z € R-, h(z) < 0 and the claim
is thus proved on R.y. The proof is very similar on R_g except that h is increasing on R_q but
lim, o h(z) = 0, hence the result. O

Lemma 13. For a > 0, 8 > 0 such that af < 1, the function

24
x€R<OHE+g_\/(a+ﬁw) x
2 2z 2x

18 continuous and increasing on R_.
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Proof of Lemma The proof follows the exact same steps as those of the proof of Lemma |12,
except that in , a 9h g always positive on R, and we use that to deduce that % defined
in is negatlve on R_g. So h is decreasing on Ry and since h(0) = 0 we eventually obtain
the result. O]

Lemma 14. Let o > 0, 8 > 0 such that o < 1, the function
aﬁ 2y/1 —ap 2—a5+ 2y/1—af

5 xR B

2-af _ 2/1-ap

62 2

V(o + Br)? — 4a
2z

x€R>0\[ ] g

—I—Oé
2z

s continuous and increasing for x € <O, > and continuous and decreasing for

xe<2 “B+2m —|—oo>

Proof of Lemma[1]]. Let a > 0, 8 > 0 such that o < 1. Denote by = = 2;35 — 2—”;0‘5 and

=% aﬁ + QW The function = € Rog\ (z7,27) — £ + w

/ 2_ _ a2
and on (I+, +oo). Its first-order derivative is © € Ry \ (27, m*) y oV Prie) Art( of)r-a
2x2 \/(B:(;+o¢)2—4:c

The denominator is positive, so we focus on the numerator, define h : x € Ry \ (7, 27) —
—ay/(Br + )2 —dx — (2 — aB)z + o? For all z € Rop \ (x xt), the first and second-order
derivatives of h are glven by (|26} . and ([27)) respectively.

Since af < 1, 2 is always posmve SO 8—2 is increasing on both intervals. First, when
x — 0 with 0 < :E <z, %(m) — 0, so % is positive on (0,z7) and h is increasing on

(0,27). Since h(0) = 0 and h is increasing, we proved the first part of the lemma. Then, when

is C* on (0,27)

x — +00, 2 — —2 50 I is negative on (2, +00) and h is decreasing on (2, +00). Finally,
h(l’Jr) _ (162aﬂ) 2(2— a,%);/l—aﬁ <0. O

We finally use these lemmas to prove the theorem.

Proof of Theorem[I1. Let (0,1) € R x R”. Since J is C*(R”) then G is C*(R?”) and the
Jacobian matrix DG(6,1) can be transformed into a block diagonal matrix as in where
for any p € {1,..., P}, M, is a 2 x 2 block of the diagonal and )\, is the associated eigenvalue
of J(#). To prove that G is a local diffeomorphism we prove that DG(6,) is invertible (i.e.,
that it has non-zero determinant) and then use the local inversion theorem. It holds that
det(DG(0,v)) = Hle det(M,), and for each p € {1,..., P},

det(0y) = (1 —1(a— 2) = 1801 = 1) = Ly(a = 1) = 1= ya+BA) + 1A (29)
s ge B g
Let p € {1,..., P}, we want to choose 7y such that det(M,) # 0 for any (0,¢) € R” x R” hence
for any A, € [~Lvy, Lvz] (since the eigenvalues are bounded by Ly s from Assumption .
First, if A\, = 0, from (28]), we must take v # 1/a. From now on, we assume A, # 0, so (28))
is a second-order polynomial in v and its discriminant is A, = (a + ,)? — 4),. Notice that
A, is a polynomial in )\, and is exactly the discriminant that we studied in Section its sign
is given by Lemma [5] When this discriminant is non-negative, there exists two real roots to

(28),
4V (atBAp)?—4Xp

4+ (a+BAp) (a+BAp)2—4Xp _ B

v= 2App + 2X, =37t ﬁ 2 . (29)
—_ (eBAp) (a+BAp)2—4Np 8 Lo \ (a+B8Ap)2—4Xp

7= T, 2y ~ 27T 2,

As before, we split the study with respect to the value of af.
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e If af > 1, then A, > 0 and the roots of det(}M,) are given by (29).

— First, when A, < 0, /(a+ BA,)? — 4\, > |a + B),|, so 77 < 0 and any positive
choice of v will never be equal to 4 in this case. Then by Lemma [12, 7~ is a
decreasing function of A\, for A\, < 0 and when A\, — 0, v~ — 1/a (using L’Hopital’s
rule), this yields a first condition v < 1/a.

— When )\, > 0, observe that y* > 7~ > 0 so we focus the study on v~. Lemma
exactly states that v~ is a decreasing function of A\, > 0. Since J has Ly s-Lipschitz
\/(Q+BLVJ)2 4LVJ

gradient, A, < Ly, so, for all A\, € (0, Lys], v~ > §-|— 2L°;j — Ty

Note in addition that when A\, — 0, 7= — 1/a, this is a simple way to prove that

V(a+BLy 7)2 ALy 7
1/a> +2ij vy

when af > 1.

To summarize, we had three conditions, v # 1/a, v < 1/a and v < 2 +

2
o 2_
VA +BgZ‘7) 9T and we proved that the latter implies the first-two conditions. Re-

vIJ
mark that the condition v < S holds but is not necessary in the case af > 1, it is present
in the statement of the theorem to keep it as simple as possible.

(e
2Lvg

e We now assume that af < 1.

— If A\, <0, then A, > 0 and the roots are given by . As above, , it holds that
V(a4 BA,)? —4X, > |a + B),|, so v7 < 0. Then Lemma (13 states that 4~ is an
increasing function of A\, < 0, and when A\, = —o0, v~ — . So we need v < (.

— If A\, > 0, then whenever )\, € [2;‘5‘5 = }32(15’ 2o0b QVE 28] there are no real roots
so det(M,) # 0 regardless the choice of v > O If A\, does not belong to interval
previously mentioned, the roots are given by . Remark that v© > v~ > 0 so

2” 25y and tends

we focus on v~. Using Lemma , v~ is increasing on (0, 2/_3—35
to 1/a when A\, — 0 (using L’ Hépital’s rule). The same lemma also state that ~~
is decreasing on (2 of | 2” 28 4+00), so using the Ly s-Lipschitz gradient of 7,

L 2—4L ..
7 < § + 2LC; 7 \/(a+522;7; Y7 on this interval. Note however that we do not
\/(OH'BLVJ)Q 4ij
necessarily have 1/a > & + e T

Overall, for aff < 1 we must have 0 < v < min (§ + 50— — \/(awLVJ)LMW, é, 6) and

v v
af <1 = [ < 1/a hence the result.

In every case we proved that the conditions mentioned in the theorem are sufficient to ensure
that for all (0,7) € RY x R, det(DG(6,1)) # 0. So by the local inversion theorem, G is a
local diffeomorphism from R” x R¥ to RY x R”. O

C Proof of convergence of INNA

The proof of Theorem |8 relies on a Lyapunov argument stated in the following lemma.

Lemma 15. Assume that Assumption |2 holds and o > 0. Let (6p,) € RY x RY, and let
v > 0 such that holds. Let (O, Vr)ren be a sequence generated by INNA with this step-size
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and initialized at (8o, 0). Then the sequence (E)ren defined for all k € N by

£ = (1+08 —10)T(0h) + gll(a — )k + il (30)

B B

1s decreasing, converges, and there exists C; > 0 and Cy > 0 such that for all K € N,

K K
C1 ) N0k = cl* + C2 D L IVI O < &0 — Excir < +o0. (31)

k=0 k=0

Proof of Lemma[18 Consider INNA with the choice of step-size stated in the lemma, and let
(Ok, U )ken be the iterates of INNA introduced in the lemma. We first introduce some notations:
define a = a — % and b = % For all k£ € N, denote also Af, = 0.1 — 0, and Ay = Y1 — Yy
With these notations, for all £ € N INNA can be rewritten as follows,
Ay, = —vyaby — by, (32)
MO = Aty — 1BV ()
To simplify the notations denote also p = 1 4+ af — ya, which is positive since v < 1/a + (.
Now, let £ € N, we aim to bound the difference &1 — &, by some non-positive quantity.

First, using the Ly 7-Lipschitz continuity of V.7, we have a so-called descent lemma (see e.g.,
Bertsekas et al.[[1998, Proposition A.24):

L
1T (Bxr) — 1T (0) < (VT (0x), M) + 2L A6, |2,

2
which according to , can equivalently be rewritten as,
A, — A L
1T Bus0) = T (00) < —pe( S0 A0+ B 0 (33)

We save this for later and now turn our attention to the other term in &1 — &k,

1 1 1 1
§||6L9k+1 ‘f‘ b¢k+1||2 — §||a9k + b’g[)k||2 = §||a9k —|— CLA@k —|— bwk —I— bA@Z)kHQ — §||a0k —I— b¢k||2

We expand this and use the fact that afy, + bipy = — Ay /7,

1 1
§Ha9k + a0y, + by, + bAYL||* — Euaek + b |2

1 1 1
L L (34)
:§|yaA9k + bAY||* — ;<Awk, aAby, + bAYy,)

a? b2 b
=§||A9k||2 + §||A¢k:||2 + ab{Aby, Aiy,) (A0, Ay) — ;HA%HQ-

a
Y
Then, we rewrite only as functions of A#, and A#, — Ay as we did in . To do so, we

use

AL = [| A — Aty |]” + [|AG]]> — 2(Aby, Ab, — Ady),

and

(A, Ahy) = ||AOL|I? — (A0, AO, — Ay).
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Using these in (34) we obtain,

1 , 1 ) a? b? N
§||a9k+1+b¢kz+1|| ——||a9k+b¢k|| =g t5ta b—;—; | AGL||
b? b 2b
+ (5 - —) 10, — Adbe|? + (—b2 —ab+ % + 7) (MG, Ay — Aty).

We then simplify the factors using the identity a+b = «, as well as "2—2 + % +ab = %(oz—i—b)2 = %2,
and —b* — ab = —a/3 which yields,

1 1
SaBhss + b = Sllaby + b

2 1 1 1
= (5= 20+ (5 = ) 180 - Al + (=54 2+ ) (0,000 - ).

2/ By b
(35)
We can finally combine and ,
L a? 1
S =6 < (5L + 5 = 2 ) 1800 + (55 — 5 ) 140 — Aua?
2 2 2 ~vB (36)
po 1+ aﬁ - ’ya)
+ | ——+———— ) (A0, Al — Atfy,).
Then, 4 =1+ aff — ya is specifically chosen so that the last term in vanishes, so,
plyg o’ 2 1 1 2
—&. < — —— | ||Ab — — — | ||Af, — A 37
i =6 (M50 G = 2 180+ (5 - 5 ) IAG - Awl. (3D

To prove the decrease of (&)ren, it remains to justify that both factors in are negative.

First, the condition v < 273 in . is equivalent to 252 — %B < 0. Then,

L 2
M2V‘7+?—%<0 < ulLysy+a*y—2a <0

— — aij72+ (042+ (1 +Q5)LVJ)’V— 2a0 < 0.

A simpler sufficient condition for this to hold is (o + (1+ a8)Lvs)y — 2a < 0 which is
equivalent to v < 2a/(a®+ (1 + af)Lyys), and the latter holds true according to (18). So
the sequence (& )ren is a decreasing. It is also lower-bounded since J is lower-bounded, so it
converges.

It remains to prove the second part of the lemma. Let K € N, we sum from 0 to K.

I K
Zem—sk (Mo 3o )ZHAW (35 - 75) o180 - sl
k=0

The left-hand side is a telescopic series. As for the right-hand side, from (32)) it holds that for
all k € N, A0, — Ay, = —’yﬁVj(Hk) So

L 2 =
b — o< (M2 0 )ZHM P+ (% - 28) S 1ol
k=0
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Denote finally, C; = — <“L2VJ + 0‘72 — %) >0 and Cy = — <’72—2 — 75) > 0, it follows that,

K K
C1 Y NOkser = Okl + C2 Y IVTO0)IIP < & — Excan-

k=0 k=0
And the right-hand side is finite since (E)ren converges. O
We also need the following lemma.

Lemma 16 (Lange (2013, Proposition 12.4.1)). If a bounded sequence (uy)ren in RY satisfies,
I — ) =
Jm e =l =0,

then the set of accumulation points of (ug)ken i connected. If this set is finite then it reduces
to a singleton and (ug)gen converges.

We can now prove Theorem

Proof of Theorem[§. Assume that a > 0. Let (6p, 1) € R xR” and consider INNA with step-
size v > 0 such that holds. Denote (0, ¥k )ren the iterations of INNA initialized at (6, ¢y).
By direct application of Lemma , and in particular due to (31)), SENVI@)? < +oo so
limy 100 [[VT (0)]]? = 0 and similarly, limy_, o |01 — 0k]|> = 0. From (16]), we also have,

@ = 30+ 50l? = 5l =l < S0 = B + 28I TT G =2 0. (39)
From Lemma , the sequence (&)ren defined in converges. Let k € N, since & =
(14 aB —ya)T (0) + (- %)Qk + %1@“2 and we just proved in that the second term in
Er converges, this implies that (7 (0x))ren converges as well.

So far we proved the first part of the theorem. In particular since limy_, 4o [[VT (0k)]|> = 0
and V7 is continuous, any accumulation point (i.e., the limit of any sub-sequence of iterates)
is critical. We now assume that the critical points are isolated (Assumption [1) and that the
sequence (0 )ren is uniformly bounded on RY.

According to Lemma since (0 )ken is bounded and limy 1 o ||0k+1 — Ok|| = 0, the set of
accumulation points of (6x)ren is connected. Yet, accumulation points are critical points, which
are assumed to be isolated. So the set of accumulation points of (0y)gen reduces to a singleton
and using again Lemma , (0x)ken converges to a critical point. O]
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