N

N

Response and instability prediction of helicopter dynamics
on the ground

Leonardo Sanches, Guilhem Michon, Alain Berlioz, Daniel Alazard

» To cite this version:

Leonardo Sanches, Guilhem Michon, Alain Berlioz, Daniel Alazard. Response and instability prediction of
helicopter dynamics on the ground. International Journal of Non-Linear Mechanics, 2014, 65, pp.213-225.
{10.1016/j.ijnonlinmec.2014.04.003). <hal-01952577)

HAL Id: hal-01952577
https://ut3-toulouseinp.hal.science/hal-01952577v1

Submitted on 21 Jul 2025

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Au‘to':'lizition
HAL Authorization


https://ut3-toulouseinp.hal.science/hal-01952577v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

O oo U A WN =

Response and instability prediction of helicopter dynamics

on the ground
L. Sanches **, G. Michon ", A. Berlioz¢, D. Alazard

@ Universidade Federal de Uberldndia, Faculdade de Engenharia Mecdnica, Laboratério de Mecdnica de Estruturas Prof. José Eduardo Tanniis Reis, Brazil

b Université Toulouse, ICA, ISAE, France
€ Université Toulouse, ICA, UPS, France
9 Université Toulouse, DMIA, ISAE, France

In helicopters with hinged blades an unstable dynamical phenomenon known as ground resonance may occur during take-off and landing and lead to the
total destruction of the aircraft. Predicting the phenomenon is necessary to determine the stability of periodical equations of motion. The instability
boundaries can be easily obtained for isotropic rotor configurations through multi-blade coordinate transformation once the periodic terms are
eliminated. However, Floquet's theory is commonly used to treat the periodic motion equations when introducing the asymmetric effects of spring or
damper aging or rotor rupture (anisotropic rotors). In additional, it is known that when treated as parametric excitations, periodic terms may lead to
instability in dynamical systems under parametric resonances. In this paper a helicopter in contact with the ground is considered as a parametrically
excited system and the equations are treated analytically by applying the method of multiple scales (MMS). A stability analysis verifies the existence of
parametric instabilities by first order sets of equations for an isotropic rotor configuration. The results are compared and validated with those obtained by
using Floquet's Theory. Moreover, the amplitude responses of the aircraft at equilibrium in the remaining resonant cases are studied. The results are then

compared with those obtained from the time response analysis.

1. Introduction

An unstable phenomenon in helicopter dynamics known as
ground resonance consists of a self-excited oscillation caused by
the interaction between rotor blade oscillations and other forms of
movement in the helicopter [1]. Several accidents have been
recorded that have shown that, under certain conditions, the
phenomenon can be very violent and lead to the total destruction
of the aircraft.

The earliest research into the phenomenon was performed by
Coleman and Feingold [2] who laid the foundations for all
subsequent studies into the problem. Donham et al. [3] and
Lytwyn et al. [4] added the air resonance effect and verified its
influence on the phenomenon. Major contributions towards
understanding the phenomenon of ground resonance in hingeless
and bearingless rotors were made by army researchers, such as
Hodges [5]. Recently, Kunz [6] analyzed the influence of non-linear
springs and dampers (elastomeric elements) for predicting the
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rotor instability zone while Byers and Gandhi [7] explored how the
problem might be controlled passively.

The investigations mentioned above demonstrated that the
occurrences of ground resonance can be accurately predicted for
articulated, hingeless and bearingless rotors. The use of linearized
equations of motion provides very accurate frequency prediction.

These works all focused on analyzing isotropic rotor configura-
tions (all blades having the same properties). The boundary speeds
of ground resonance are easily obtained once the periodic terms
are eliminated through a variable transformation known as the
Coleman Transformation or, more generally, as the multi-blade
coordinate transformation [8].

Nevertheless, the case of anisotropic rotors is very interesting
from the practical point of view. Indeed, due to aging, damper and
stiffness properties can change from one blade to another. Conse-
quently, as the Coleman Transformation can no longer be applied
to such anisotropic rotors, the periodical equations of motion are
subjected to a stability analysis.

In a recent study on helicopter dynamics, and more specifically
on the ground resonance phenomenon, Sanches et al. [9], retained
the periodic terms in the equations of motion. Using Floquet's
Method the instability zones predicted were similar to those
Coleman and Feingold predicted for an isotropic rotor.
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Nomenclature

Symbol description, units

a rotor eccentricity, m

b blade center of giration, m

[cc] complex conjugate terms

DP P /oTP - partial derivative with respect to time scales

Foxt external force vector

G damping matrix of the dynamical system

i complex number

Iz lag rotational inertia of the kth blade around its center
of gravity, kg m?

K stiffness matrix of the dynamical system

Kpi kth blade lead-lag stiffness, N mrad !

Ky, Ky, longitudinal and transversal stiffness of fuselage,
Nm™!

my, my fuselage and mass of kth blade, kg

M mass matrix of the dynamical system

Np number of blades in the rotor

P(r',o) characteristic polynomial equation of 4th degree in

Tak «/a?—blz

Thi ratio between the static moment over the total lead-
lag rotational inertia of the kth blade, m~!

T'mk ratio between the static moment of the kth blade over
the total mass of the helicopter, m

S state space matrix

In previous studies the anisotropic rotor was treated by using
Floquet's Theory [10,11]. Since the stability analysis is performed
through the monodromy matrix and calculated for each combina-
tion of input parameters, the current method is expensive in terms
of computer time.

Analytical mathematical methods have already been developed
and dedicated to calculating differential equations with periodical
coefficients. Moreover, once the analytical responses are deter-
mined, the boundaries of instabilities can easily be obtained for
any type of rotor configuration. Among these methods mention
can be made of [12,13]: Hill's Infinite Determinant, Harmonic
Balance Method and Method of Multiple Scales.

The latter method has been frequently applied to periodic,
parametric and non-linear problems in industry [14] and in
rotating dynamic systems [15-17].

Classic examples of parametrically excited systems (i.e., pendulum
dynamics over a parametrically excited base and the oscillatory
motion of a string under harmonic axial forces) show that the system
is dynamically unstable under parametrical resonance conditions [18].

The present work therefore considers the system as a parame-
trically excited system and treats it by using the Method of Multiple
Scales. The boundaries of the ground resonance phenomenon are
obtained by a stability analysis for an isotropic rotor configuration.
The results are compared with those obtained by using Floquet's
Theory. Then, analysis of the amplitude response of the helicopter is
carried out on the remaining parametric resonances.

In Section 2, the dynamical equations of motion from the mechan-
ical model are formulated by neglecting the aerodynamic forces and
no viscous damping is taking into account. In Sections 3 and 4, the
methodologies applied to the set of periodic motion equations, i.e. the
Floquet's Method (FM) and the Method of Multiple Scales (MMS), are
described. In Section 5, the critical rotor speeds predicted by both
methods are presented and compared for an isotropic rotor config-
uration. A description is also given of the development of the
amplitude responses analysis and the results, while Section 6 presents
the conclusions.

t time, s

To, T; time scales, s

u general variables

\Y% state variables

x(t), y(t) longitudinal and transversal displacement of the
fuselage, m

Xpx» Ypx blade position in x and y directions, m
(x, ¥, z) mobile coordinate system attached to the rotor hub
(Xo, Yo, Zp) inertial referential system

Greek Letters

given by the relation in

€ bookkeeping parameter
lead-lag angle of kth blade, rad
L] transition matrix (Floquet's Theory)

r solutions of the characteristic polynomial equation
A characteristic exponents

Q2 rotor speed, rad s~!

o

frequency detuning parameter, rad s~

I azimuth angle for the kth blade, rad

1.6 the six general natural frequencies of Eq. (14), rad s~

Wi lag resonance frequency of the kth blade at, rad s~ !

wx, wy fuselage resonance frequencies in x and y directions,
rads~!

2. Mechanical model

The mechanical model used is similar to that proposed by
Coleman and Feingold and is developed to characterize the
dynamical behavior of a helicopter with a hinged rotor. In other
words, it consists of figuring out the relation between the long-
itudinal and lateral displacement - x(t) and y(t) - of the fuselage
and the kth blade lag angle - ¢(t) - in terms of rotor speed £ and
time t. Fig. 1 provides a general diagram of the system.

The fuselage is considered as a rigid body with its center of
gravity at point O. At the outset or initial time, the origin of an
inertial coordinate system (Xg, Yo, Zg) is coincident at this point.
The body is connected to springs that represent the flexibility of
the landing skid. The rotor head system consists of an assembly of
one rigid rotor hub with Nb blades. Each blade is represented by a
damped mass located at a distance b from the lag articulation

Q e
\
\
p /
= /f._ Rotor
-3 ’
/  Torsional=—» ot
I, Spring ()
\\ =N \— Blade
Fuselage

~

Ky Linear Springs

Fig. 1. Diagram of the mechanical system.
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(point B) and a torsional spring is linked to each articulation. The
origin of a mobile coordinate system (x, y, z) parallel to the
inertial one is located at the geometric center of the rotor hub
(point A). Both body and rotor head are joined by a rigid shaft, but
no aerodynamic forces on the blades and no viscous damping are
taken into account.

M, G and K correspond to the mass, damping and stiffness
matrix, respectively. They are non-symmetric and non-diagonal
matrices due to the presence of periodic terms. Moreover, Fext is
equal to zero for blades with same inertial and geometrical
properties. They are all expressed in Egs. (2)-(5), in the following:

1 0 —Tm1 SiN(yq) —Tm2 SIN(wy) —Tm3 SiN(y3) —Tmg SIN(py)
0 1 Tmi COS(y1)  Tm2 COS(y3)  Tm3 COS(w3)  Tmg COS(wy4)
—Tpy Sin(yq) Ty COS(yyq) 1 0 0 0
M(t) = ; (2)
—Tp2 SIN(yy) Tpy COS(w3) 0 1 0 0
—Tp3 SiN(w3) Th3 COS(y3) 0 0 1 0
—Tpg SIN(py) Tpg COS(y4) 0 0 0 1
0 0 —2Qrpy; cos(yy) —2Qrmy COS(wy) —2Qrp3 COS(p3) —2Qrma COS(wy)
0 0 —2Qrpy; sin(yy) —2Qry sin(y,) —2Qrp3 sin(yz) —2Qrys Sin(yy)
00 0 0 0 0
CO=19 o 0 0 0 0 )
00 0 0 0 0
0 0 0 0 0 0
[@2 0 %1y sin(yy) QI sin(yy) Q%3 sin(ys)  Q%rmg sin(yy) |
0 @ —Q°rm COS(yy) —2%Tmy COS(yy) —QIm3 COS(y3) —Q%rma COS(wy)
0 O W, +2%12, 0 0 0
K(t) = 2 2.2 4
0 0 0 w?, + 2212, 0 0
0 o 0 0 Wy + P12 0
|0 0 0 0 0 Wy + 2212,
2.1. Equations of motion -
N a+b
. . . . . 2 2Tk —— ) cos (yy)
The equations of motion are obtained by introducing a k=1 a
Lagrange equation in the kinetic and potential energy expressions Noo a+b\ .
of the system (body and rotor). To achieve this goal, the following k§ 19 ka< a > sin (y)
conditions are considered: Fext(£) = 0 ®)
1. The fuselage has a mass myand the spring stiffness linked to it 0
Kpx and Ky through x and y directions, respectively. 0
2. The rotor is composed of N,=4 blades and each blade k has an L 0 J
azimuth angle of ¢, = 2z(k—1)/N, with the x-axis. where
3. Each blade has the same mass mp, and moment of inertia I
around the z-axis. S bmy __ bmy
4. The angulgr spring constant for each k blade is Kp. e mf+25'; 1mbk’ bzmbk—i—lzbk’
5. The position of blade k projected in the inertial coordinate )
system is T =0rpg, wp =0+,
2 Kix 2 Ky
Xpk = @ COS (Qt+&)+b €os (2t + &+ @) +x(t) Wy =m ST w), = m IS
Yo =0 SN (Qt+) +b sin (2t + i+ @) +Y(b) T A= 170k F &k =170k
wﬁkz#, k=1...N,
b Mpy +Izbk

where a is the hinge offset.
Considering the general Laplace variable u as

uy_6(0) ={X() Y(O) @1(t) p2(t) @3(D) pa(t)}

we obtain the vector of degrees of freedom of the system.

The linear matrix equation of motion of the dynamical system,
represented in Eq. (1), is obtained by neglecting the non-linear
terms and performing a first order Taylor series expansion for the
trigonometric blade lead-lag angle terms.

Mii + Gt + Ku = Feye (1)

It should be noted that factors r,,, and rp;, which represent the
ratio between the blade static moment over the helicopter's total
translatory inertia of the helicopter and the blade's total rotational
inertia of the blade, respectively, are smaller when compared to
the unit.

The terms oy and w, are the resonance frequencies of the
fuselage in directions x and y, respectively. Moreover, w3 g are the
lead-lag resonance frequencies of blades 1-4.
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3. Floquet's method

In this section, a stability analysis of the periodic equations of
motion is conducted by using Floquet's theory for predetermining
the critical speeds of the rotor that can lead to ground resonance
[11]. By representing the dynamical system in a state-space format
and considering the state-space matrix S(t) with period T of
Eq. (1), the system becomes

v(t) =S(tv(t), t>ty
V() =Vo, v(t)=[u(t) u®)]

where v(t) is the state variable.
According to Floquet's Theory, a transition matrix ®, which
relates v(tp) to v(t), is defined as ®(t, tp) = P(t, tp) exp((t —to)Q).
The monodromy matrix R, defined as

R=®(ty+T, to)

is computed by admitting the periodic system matrices — Eq. (1) -
as a switched periodical system. As reported by Dufour and Berlioz
[19], the matrix S(t) is approximated by a series of p step functions
and the monodromy matrix can be obtained as

p
R= ] @Sk —ti_1) (6)
k=1

where matrix Sy, within the interval defined by t, and t;_4, is a
constant value of S(t) at t =t;_;.
The matrix Q can be obtained through the following relation:

1
Q= T log (R)

The dynamical system Eq. (1) is stable if the eigenvalues (1) of
Q, also called characteristic exponents, are negative. Similarly, the
system is stable if all the norms of the eigenvalues of R, known as
characteristic multipliers, are less than one.

4. Method of multiple scales

Asymptotic methods are often used to obtain analytical solu-
tions for non-linear and periodic equations. The Method of Multi-
ple Scales - MMS [13,12] is then used to treat the periodical
equations of movement.

By introducing the bookkeeping parameter, all the time depen-
dent functions are expressed as a function of multiple scales of
time and represented by an expansion having the form:

Uy (t) =y (To, T1)+eup, (To, T1)+0OR2), n=1...6 (7
where T, =¢"t, ne R+.

By substituting Eq. (7) in Eq. (1) and considering r; = eay and
Tpr = By, two sets of equations are obtained by grouping them as a
function of the power of e. Terms with an order higher than ¢ are

neglected. The periodic terms are considered as parametric excita-
tions and scaled to appear at the order of e.

4.1. Order €° equations

The set of order ¢° equations of the system is collected. They
represent the steady-state response of the uncoupled rotor and

fuselage dynamical system.
Dy, (To, T1)+@2Un,(To, T) =0, n=1...6 (8)

where Dy is the partial derivative as a function of To and

W] = Wx, 0y = By, Ok 13 = \/w§k+r§k!)2, k=1...N,

The solutions of these homogeneous equations are trivial and
take the form up, =1 Cn(T1)el@nT0 +[c.c], n=1...6. Term Cp(Ty) is

complex and [c.c] represents the complex conjugate of the
previous terms.

4.2. Order €' equations

In the following, Eqs. (9)-(12) represent the set of equations of
order ¢'.

Dju1,(To, T1)+@?uy, (To, T1) = —2D1 Doty (To, T1)

i D g, D2y (To, Ty)elTo)

+i"Pay _2QDolin, (To, T1)e@T 9
+ 1D g, 5 Q%Uny(To, T1)e ™70 4 [c.c]

6
+ X

n=3

D3, (To, T1)+@3ua, (To, T1) = —2D1 Doty (To, T1)
- %i(n “ay_ D3, (To, T1)elTo)

6 .
+ 3 —i"" 2 ay_02DgUn,(To, T1)el@To (10)
=3 e .
" +i" ey 5021y, (To, T1)eM0) 1 [c.c]
D§un, (To, T1)+w2tn, (To, T1)
= —2D;Dony(To, T1) 4 — 31" 2 f, _ 2 D3, (To, T1)e T
—3i" g, D3uy, (To, T1e™™ 1 [ccl, n=3...6 amn

As can be observed, the excitation terms (i.e. the right-hand
side of the above equations) are totally dependent on the steady-
state responses uUp,.

4.2.1. Parametric resonances of first order - ¢! equations

By substituting the solutions of Eq. (8) in Eq. (9) to Eq. (11), the
product up,(To, T1)e™T and its conjugate term are represented as
Cn(T1)ei@+onTo 4 [cc]. The exponents, expressed as a function of w,
and £, are harmonics of the excitation terms. Depending on their
origin (fuselage or blade equations), the different types of harmo-
nics found are presented in the following:

Body Egs. (9) and (10):

[IQ2+wnl], n=3..6 12)
Blade Eq. (11):
2+ol 12+awl] (13)

Depending on the rotor speed value attributed for £, when a
harmonic is identical to the natural frequencies (w1, g), a reso-
nance condition is identified on the equations of ¢! order. Under
this condition, the corresponding term is considered as a secular
term [12] and the resonance is denominated as a parametric
resonance of the first order.

The possible critical rotor speeds at which a resonance
occurs are

Body equation - Eq. (9):

o + w3l o] T wall llog £ osll e + wsll] (14)
Body equation - Eq. (10):

[y + w3l llwy + w4l Ny +wsll oy +wgll] (15)
Blade Eq. (11):

w1 +wnll Il +wnll], n=3...6 (16)

They are calculated by solving Eq. (12) equal to w, and », and
Eq. (13) equal to ws._g, respectively.

4.2.2. Solvability conditions - €' equations

Certain conditions, usually known as solvability or compatibil-
ity conditions, must be satisfied when using perturbation
methods so that the inhomogeneous equations possess solutions.
With MMS, the secular terms should be eliminated by setting their
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coefficients equal to zero. A set of equations known as solvability
equations are then obtained.

Analysis of the solvability equations enables substantial infor-
mation concerning the dynamical system to be extracted. This
makes it possible to consider predicting the ground resonance
phenomenon, by identifying the boundary speeds of unstable
zones and studying the amplitude responses as a function of rotor
speed (only for stable resonant cases).

Consequently, a detuning frequency parameter ¢ is introduced
only in the harmonic terms before scaling the equations of motion
in Eq. (1) by considering £ = Qg +e¢0. This enables the proximity of
a resonance case identified by £ and listed in Egs. (14)-(16) to be
controlled.

5. Case study - isotropic rotor

Table 1 contains the data used in the numerical analysis of a
helicopter with an isotropic rotor. Firstly, a stability analysis is
carried out at each parametric resonance case and the boundaries
of the unstable regions determined. However, if stable oscillations
are found, then the amplitude responses of the helicopter at
equilibrium are studied. The results will be compared later with
those obtained by a step-by-step numerical integration.

5.1. Stability analysis

Both FM and MMS methods are used to predict the boundary
speeds of the ground resonance phenomenon. The results obtained
by MMS, in which the helicopter is considered as a parametrically
exited system, are also compared with those found by FM.

Fig. 2 shows the evolution of the multiplier characteristic along
with the rotor speed obtained from FM by considering the period
divided in p=64 parts. The unstable regions, delineated by strictly
absolute values of the ordinate greater than one, are given in Table 3.

Nevertheless, parametric resonances are verified with MMS, as
mentioned in Sections 4.2.1 and 4.2.2. The critical rotor values are
illustrated graphically in Fig. 3 which shows the evolution of the
natural frequencies (w—wg) with the evolution of the harmonics of

Table 1
Numerical values of the fuselage and rotor head inputs.

Fuselage Rotor
my =2902.9 My =31.9 a=02 b=25
wx =6.0x wy =8.07 wy=3.0% L, =259
1.25 |
/
12 5 o
=z ( II'| \
S 5 ) |
2
| \
o
E 11 + | <
E \
2
O 1.05 ¢
A |
0 1 2 3 4 5 6 7 B 9 1C

(1 - Rotor Speed [Hz]

Fig. 2. Evolution of the exponent characteristics for an isotropic rotor
configuration.

Frequency [Hz]

1 [Hz]

Fig. 3. Evolution of harmonic combinations with the evolution of natural frequen-
cies for an isotropic rotor at ¢! equations.

Table 2
Rotor speed values in Hz of the parametric resonance cases identified by MMS for
an isotropic rotor.

Resonant cases of first order

A B C D

1475 2433 4.743 5.857

exciting terms (see Eq. (12)) as a function of rotor speed Q. Four
resonance cases (A, B, C and D) are observed and it should be
noted that two resonances occur simultaneously for each one.
Table 2 gives the rotor speed values for all cases.

5.1.1. Stability analysis - €' equations

At each resonance case the solvability equations undergo a
stability study and the boundaries of instability are determined.
Since the blades have the same geometrical and inertial properties
and assuming e = ry,;, we obtain oy =a=1 and g = = 1y /T for
k=1...4.

® Case A- Qp=w1—w3._ 6= 1475*(27[)
The solvability equations are presented below:

il S .- 1 i i 1 i
—2i (—C1)m1 + X i"=2g <§mﬁ et 4 Qg wpel +§ Qﬁemrl > Cp=0
n=3

oT;
(17)
2i(-2-C, Y =0 18)
oT, )%=
(0 l.a_n —ioT
—2i ﬁcn wn—jl pCio7e 1=0, n=3...6 (19)
1

The above equations become autonomous by substituting the
following Cartesian form in the amplitudes C.

Ci = By +iBy)e /200 k=1..2
Cy = (B +iBy)e V2T k=36

where B, and By, are real functions of T;.

Twelve new expressions are obtained by collecting and separ-
ating the real and imaginary terms. They admit nontrivial solu-
tions having the form [B,, Biy] = [dy.dy]e?™ where I, d,, and dj
are constants.

After arranging the set of equations in matrix form, the
polynomial characteristic equation P(I", ), expressed as function
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~ -1000 Y

@ A

-2000 .}
45 -1 05 0 05 1 15
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b 0 erpr———

< -1000

3 -2000 N

@ -3000 A

45 1 05 0 05 1 15

e o [Hz]

o}

1000 ¢ —
PL 0 e ;_/ g
T -1000 X
06 -04 -02 0 02 04 06

£ o [Hz]

d 2000

32 e / g

@ -2000 / (

g .
E
-1
45 -4 05 0 05 1 15
£ o [Hz]
]
T i
E
135 A4 05 0 05 1 15
£ o [Hz]
1000 — —

Im(T%)
(=]

-1000

2000 o -

Q
T

-2000

06 -04 -02 0 02 04 06
& o [Hz]

Fig. 4. Stability analysis of the first order resonance Cases A, B, C and D. (1) Evolution of the real part of I'2. (2) Evolution of the imaginary part of I'2.

of I and o, is

PA(F,G)=Flz+a101“1°+a3F8+a6FG+a4F4+a2F2+ao (20)

where

ap = 0.0002441400'% +0.001561626'° + 0.002497166°
a, = 0.00585936¢'°+0.03123236% +0.03995465°

a4 = 0.05859370° +0.2498580° 4 0.239728¢*

a5 = 0.639272+0.9375000* +1.998860>

ag = 0.639272+0.9375000* +1.998860>

a0 = 1.59909 4 1.500000>

The procedure developed previously leads to the polynomial
characteristic equation for the remainder of the resonance cases
Py (I',0), k=1{A, B, C, D} and their stability is determined by
considering the roots (I).

The system is stable when, by varying ¢ over a certain range,
the values of I are all imaginary. It implies that I? should be real
and negatives. Fig. 4 illustrates the evolution of the real and
imaginary values of I'? separately.

Regarding cases A and B, I'? presents purely real and negative
values as a function of the product e whose value is considered to
vary from —0.73 to 0.73 Hz. However, in cases C and D, unstable
movements occur when eo vary from —0.2343 to 0.2343 Hz for
case C and from —0.3514 to 0.3514 Hz for case D. The boundaries
of instability found by MMS are grouped with those obtained by
FM in Table 3. Moreover, the percentual error is presented by
comparing the mean rotor speed value of each instability region
obtained with both methods.

Table 3
Limits of instability zones predicted by using FM and MMS and the error between
the mean rotor speed value by comparing both methods.

Zone/case With FM With MMS Error (%)
1/C 4.446 5.034 4.508 4978 1.26
2/D 5.495 6.367 5.506 6.208 1.35

5.2. Amplitude response analysis

The amplitude response of the helicopter on stable resonance
cases (i.e., A and B) is studied. It consists in deducing the relation
between the amplitudes and phases of the fuselage and blade
movements and the detuning parameter o, once equilibrium is
reached.

5.2.1. Resonance case A
A polar coordinate transformation defined below is applied to
the solvability Eqgs. (17)-(19).

Cn(T1) =An(T1)e™ T, n=1.6 21

Two new sets of equations are obtained by separating the real
and imaginary terms into groups.
The set of equations composed of real terms is

d A 4.71239 A3 cos(y1)—4.71239 A4 sin(y,)
dT;"' T —4.71239 A5 cos(y3)+4.71239 Ag sin(ys)
d
EA2 =0
4 6132384, cos(r)
dT, 3= . 1 71
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4 A, 6132384, sin()
1

dT
4 6132384, cos(rs)
ar,s =1 1 73
4 A= 613238 A, sin(y) 22)
dT,
and the set of equations composed of imaginary terms is

d 1 [4.71239 A3 sin(y;)+4.71239 A4 cos(y,)
a1 T A7 | —4.71239 As sin () —4.71239 Ag c0S (7,)

d
Egz = O

da Ay sin(yy)
ﬁ93 =61.3238 A

da A1 €os(yy)
ﬁezl =61.3238 A

_ Ay sin(ys)

ﬁes = —-61.3238 A

d Ay €05 (r4)
ﬁgg = —-61.3238 A (23)
where
Yn(T1) = —01(T1)+0T1+6,2(T1), n=1..4 (24

It should be noted that y, are functions of T; and express the
phase shift between the kth blade lead-lag oscillations and the
longitudinal movement of the fuselage. Moreover, the non-
existence of any harmonic terms equal to «, explains why the
second expression of each set of equations is independent and
equal to zero.

Imposing the dynamic system in equilibrium

d d
ﬁ)’n = ﬁAk =0,
the values of each y, is determined from Eq. (22) by assuming
A1(Ty) and As_(T1) non-nulls.

We verify that two solutions are found in the interval of 10, 2z
for each y and they are represented below as

3
nao={551
r2(T1) = {0, z}

3
na={55}
74T = (0.7) 25)

By combining the possible values of y, 16 sets of solutions are
obtained. The relation between amplitudes A, and the detuning
parameter o is found for each set, from Eqgs. (23) and (24).
Likewise, the correlation of the phases 6y is also acquired.

For instance, by considering the solution set y; =y3 = /2 and
72 =74 =0, we obtain

d d d d

n=1..4, k=1...6

dT"]g3 = ﬁ& = TT]QS = ﬁi% (26)
Ay=As3, As g = —As 27)
Ay = (—0.0081520 A; + 0.008152+/02 +4624.0) As 28)

It can be seen that Eq. (27) presents the correlation between
the blade lead-lag oscillations and that Eq. (28) highlights the
interconnection between the fuselage and blade amplitudes. Fig. 5
illustrates the two possible solutions at equilibrium (according to
the sign “+” or “—” present in the equation) by plotting the
evolution of A; /A; as a function of the detuning parameter o.

Now, regarding phase expressions, 63(T) is found by substitut-
ing Eq. (28) and y, values in Eq. (23). The remainders 6, are

Al/A3
3 e

-266_ ;IbO _— 0 100 200

Soll_with_(+)
Sol2_with_{-)

Fig. 5. Evolution of the ratio between the longitudinal amplitude of the fuselage
and the in-plane blade rotation as a function of ¢ for case A.

obtained later from Eq. (24), except for ¢, which is obtained
directly from Eq. (23).

01 = _%+ ©3+0.50000T; + 0.5000T;+/ 02 +4624.0
0y =6,
63 = 03 —0.50000T; + 0.5000T;\/ 62 +4624.0

04 = — X+ @3 —0.50006T; + 0.5000T; /02 +4624.0

2
05 = @3 —0.50006T; + 0.5000T; /02 + 4624.0
0 = fg+ @3 —0.50006T; + 0.5000T; /02 + 4624.0 (29)

Constants @, and @5 are established from the initial conditions.
Due to the fact that Eq. (28) is composed of two expressions, 8, has
the same property and follows the same order of signs.

By considering Egs. (21), (27) and (28) in the solutions of
Eq. (8), and by not taking into account the responses of uy,,, the
dynamic response of the helicopter, defined in Eq. (7), becomes
the following at equilibrium:

U+ (b)) =A@+
Up 1 (£) = Aye2t+02)
Un 1 () = Azel+0n),
Un s () = —Azel 00,

n=3..4
n=5.6 (30)

The u, 4+ consists of two different expressions depending on the
sign used in Eq. (29) which also refers to the sign used in Eq. (28).

Assuming that at initial time A, =6, =0,A3 =0.1and 03 =z/2
in Eq. (30), Figs. 6 and 7 illustrate the responses u,, and u,_ of
the helicopter, respectively, as a function of the azimuth angle of
the first blade y; for o =[—25, 25]. Appendix A illustrates the
numerical expressions of the responses as a function of time.

A constant amplitude of 0.1 rad is verified for the blade lead-
lag oscillations as is a null lateral displacement of the fuselage.
Also, a decrease in amplitude of the longitudinal movement of the
fuselage is also observed from case (a) to (b) in the responses u,. ,
whereas the amplitude increases in responses u,_. This conforms
to the solutions given by A;/As along with &, as shown in Fig. 5.

However, when regarding u,, and u,_ for all cases of o, it can
be seen that As and A, is phase shifted by 180° when compared to
As and Ag, respectively, while A3 has a 90° phase shift related to Ag.
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Fig. 6. Amplitude responses u,, of the helicopter for the resonance case A along
with azimuth angle of the first blade y4. (a) 6= —25 and (b) 0=25.

When comparing the above results with the temporal responses
of a helicopter obtained by step-by-step integration, there are
obviously significant similarities when considering the equilibrium,
level of amplitudes and phase shift in all cases for responses u,, and
u,_. Nevertheless, the absence of a beat phenomenon on the
predicted responses is due to the fact that the responses of order
¢! equations are not taken into account. In Appendix 5.2.1 detailed
information is given on the integration method and initial conditions.

A phase shift of 180° can be seen in the correlation between the
longitudinal movement of the fuselage and the displacement of
the center of mass of the rotor in responses u,, and u,_. In the
equilibrium responses u, ., the fuselage moves forward while the
center of mass of the rotor moves rearward and vice-versa.
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Fig. 7. Amplitude responses u,_ of the helicopter for the resonance case A as a
function of the azimuth angle of the first blade 4. (a) 0= —25 and (b) 0=25.

However, in u,_, the center of the mass oscillates in phase with
the fuselage. Fig. 8 illustrates the phase shift by representing the
deformation shapes from the equilibrium responses at the max-
imum elongation of the longitudinal displacement. Symbol “0”
(zero) indicates the point at rest and the dotted lines represent
zero level of the in-plane lead-lag angles.

The same procedure is used to establish the amplitude
response analysis for the entire set of y, solutions presented in
Eq. (25). Even when changing the phase shift values, they all cause
the helicopter to have the same two deformation shapes at
equilibrium.

Both equilibrium solutions shift the position of the center of
mass as a function of the rotor's rotation axis. Also, a phase shift of
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Fig. 8. Deformation shape of the helicopter in the resonance case A. (a) u,, with 6=-25 and (b) u,_ with 6=25.

180° is detected between them when analyzing the longitudinal
oscillation of the fuselage and the movement of the center of mass
of the rotor.

5.2.2. Resonance case B

Similar to the previous study, the same series of actions is
performed in order to complete the amplitude response analysis
for resonance case B.

Once the polar transformation described in Eq. (21) is applied
and the equations grouped it can be seen that the first equation of
each set of equations is independent and null. The reason for
this is linked to the non-existence of any harmonic terms at the
same natural frequency for the longitudinal displacement of the
fuselage (w1).

The list of expressions adopted for y, is as follows:

n(T1) = —62(T)+0T1+6,,2(T1), n=1..4 31

Assuming the helicopter oscillates at equilibrium, the possible
values for y, that satisfy the equations are

r1(T1) =1{0, z}

3
nan={55}
r3(T1) = {0, z}
3
ro={551 32

Combining them leads to a set of sixteen y solutions. The
relation between the lateral displacement of the fuselage (A,) as a
function of the blade amplitudes (As-Ag) and the detuning para-
meters are determined for each one. The relation between blade
amplitudes and phases are also predicted.

For example, taking into account one set of y solutions, defined
by y1 =73 =0 and y, =y, = n/2, we obtain

d d d d

ar, % = ar, % =, % = ar,% o2

Ag.5=—A3, Asg=A4A3 (34

A, = (0.004713¢ + 0.0001885+/625.052 + 6666000.0) A3 (35)

Note that two possible solutions express the relation between
the lateral amplitude of the fuselage and the amplitude of the
blade oscillations. Fig. 9 shows the evolution of the ratio of
amplitudes A, /A; with the detuning parameter .

A2/A3 2
1_
-200 -100 _ 100 ---=---200
= (a3
11
=21

Soll_with_(+)
Sol2_with_(-)

Fig. 9. Evolution of the ratio between the longitudinal amplitude of the fuselage
and the in-plane blade rotation with ¢ for case B.

By replacing Eqs. (34) and (35) in the set of equations with real
and imaginary terms, as in the previous study in case A, the
expressions of 9, are obtained as shown below:

61 =0,

0, = @3 +0.500000T; F 0.02000T; \/625.052 + 6666000.0

03 = @3 —0.500000T; F 0.02000T; \/625.002 + 6666000.0

04 = %+ @3 —0.500000T; F 0.02000T; /625.06% + 6666000.0

05 = @3 —0.500005T; T 0.02000T;1/625.062 +6666000.0

0 = %+ @3 —0.500000T; F 0.02000T; /625.06% + 6666000.0
(36)

Constants @, and @3 are defined through the initial conditions.
By respecting the order in which the expressions are obtained,
sign “ F " appears. This means that an expression containing “+”
in Eq. (35) leads to sign “—" in Eq. (36). Unlike the previous study
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Fig. 10. Amplitude responses u,. of the helicopter for the resonance case B along
with azimuth angle of the first blade 4. (a) 0= —25 and (b) =25.

of resonance case A, the solution with sign “+” increases as ¢
increases.

Finally, knowing the relation between the phase and ampli-
tudes of each degree of freedom, the expressions for the responses
at equilibrium u,, and u,_ of the helicopter are determined.

By imposing A; =©; =0, A3 =0.1 and @3 = /2 as initial con-
ditions (see the appendix where their numerical expressions are
given as a function of time Appendix A). Figs. 10 and 11 illustrate
the amplitude responses of the helicopter as a function of the
azimuth angle of the first blade y for o =[-25, 25].

By comparing the results obtained for resonance cases A and B, it
is possible to verify the same characteristics regarding the phase shift
between the blade movements. However, regarding the level of
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Fig. 11. Amplitude responses u,_ of the helicopter for the resonance case B as a
function of the azimuth angle of the first blade 4. (a) 6= —25 and (b) 6=25.

amplitude of the oscillations, the blades reaches 0.1 rad, while the
lateral displacement attains 0.06 m and the longitudinal movement
is null. The first and third statements (blade and longitudinal move-
ment) are consequences of the initial conditions while the second
obeys the ratio A, /A3 as a function of ¢ shown in Fig. 9.

Taking the previous resonance case into account, a comparison
of the results with the temporal responses of a helicopter achieved
by step-by-step integration (see Appendix 5.2.1) highlights sig-
nificant similarities when the equilibrium, level of amplitudes and
phase shift in all cases for responses u,, and u,_ is examined.
Nevertheless, the absence of a beat phenomenon on the predicted
responses is due to the fact that the responses of order ¢!
equations are not taken into account.
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Fig. 12. Deformation shape of the helicopter in the resonance case B. (a) u,_ with 6= —25 and (b) u,, with 6=25.

In the correlation between the lateral movement of the
fuselage and the displacement of the center of mass of the rotor
in responses u,, and u,_, a phase shift of 180° can be observed
when comparing these two equilibrium solutions. Fig. 12 illus-
trates the phase shift by representing the deformation shapes.
Symbol “0” (zero) indicates the rest point and the dotted lines
represent the zero level of the in-plane lead-lag angles.

The procedure developed is repeated in order to achieve the
amplitude response analysis for the whole set of y, solutions
presented in Eq. (32) for resonance case B.

The results verify the same shape deformation for the whole
set of y, solutions and there is a phase shift of 180° between the
lateral movement of the fuselage and the blade oscillations when
comparing the equilibrium responses at resonance case B. Both
shift the center of mass of the rotor from the axis of rotation.

6. Conclusion

In recent decades the ground resonance phenomenon has
attracted much attention from researchers. Predicting the critical
rotor speeds at which the phenomenon occurs requires carrying
out a stability analysis on the periodical equations of motions.

The aim of this paper consisted in considering the helicopter as a
parametrically excited system and using the Method of Multiple
Scales. The reasons for this are mainly due to the advantages of using
methods that give analytical responses (e.g., versatility and CPU time)
and that determine the existence of parametric resonances. Stability
analysis on each of these resonances leads to identifying the
instability regions and their boundaries. Moreover, a study of the
amplitude response was carried out in stable resonant cases.

A numerical analysis was carried out for one aircraft configuration
with an isotropic rotor. Four parametric resonant cases (cases A, B, C
and D) were detected with first order equations. The order terms
higher than O(2) were neglected in the expansion development with
MMS. Instability regions were detected in cases C and D, and they
were linked to the existence of unstable parametric resonances. They
were expressed as a combination of the natural frequencies of the
blades and fuselage. The boundaries of instability established with
MMS were compared and validated with those obtained by using
Floquet's Theory to a great degree of precision.

Nevertheless, the study of the amplitude responses of the
helicopter for resonance cases A and B validates the presence of
resonant points. In both cases, two solutions were found for
resonance cases A and B at which the dynamical system is in

11

equilibrium. This was achieved by not considering the responses of
¢! equations and by imposing a constant in-plane lead lag oscilla-
tion of the blades. Regarding the motion of the center of mass of
the rotor and by comparing the fuselage movement between these
solutions, a phase shift of 180° was detected. Both cases A and B
led to a shift of the center of mass from the rotation axis of
the rotor.

Appendix A. Numerical responses expressions

In this appendix, the numerical expressions at equilibrium u,
and u,_ are determined for both resonance cases A and B. The
expressions of u,, and u,_ are determined for both resonance
cases A and B.

® Resonance case A:

Once the numerical values of the initial conditions described in
Section 5.2.1 have been substituted in Eq. (30) and by respecting
the value admitted for o, the expressions of u,, are

u;, =0.079454 cos(19.473t)

u, =0.
U5, =0.10000 cos(10.863t+1.5708)
7==25=9 4, —0.10000 cos(10.863¢) A1
us, = —0.10000 cos(10.863t+1.5708)
g, = —0.10000 cos (10.863¢t)
Uy, =0.038686 cos(20.131¢t)
Uy, = 0.
us, =0.10000 cos(10.206t+1.5708)
7=25=9 1,, =0.10000 cos(10.206¢) (A2)
us, = —0.10000 cos(10.206¢+1.5708)
g, = —0.10000 cos (10.206t)
whereas the expressions of u,_ are
uy_ = —0.038686 cos(17.568t)
U_ = 0.
u3_ =0.10000 cos (8.9581t+1.5708)
0==25=14 ., —0.10000 cos(8.9581¢) (A3)
us_ = —0.10000 cos(8.9581t+1.5708)
ug_ = —0.10000 cos (8.9581t)



U, = —0.079454 cos (18.226t) a
u,_ =0.
us_ =0.10000 cos (8.3006t +1.5708)

0.1

O oo U A WN =

T=25=1 1,  —0.10000 cos (8.3006t) (A4) 0.05
us_ = —0.10000 cos(8.3006t+1.5708) € g
ug_ = —0.10000 cos (8.3006t) o 0 @
<< <
~0.05 5.
® Resonance case B: ]
-0.1
Once the numerical values of the initial conditions described in
section 5.2.2 have been substituted in Eq. (30) and by respecting
the value admitted for o, the expressions of u,, are b
Uiy = 0.
Uy, =0.038296 cos(23.407t+1.5708)
uz, =0.10000 cos(1.5708+8.7782t)
0=-25- (A.5) -
Uy, = —0.10000 cos(3.1416+8.7782t) T )
us, = —0.10000 cos(1.5708+8.7782t) o =
Ug, =0.10000 cos (3.1416+8.7782t) < 2
u, =0.
Uy, =0.061861 cos(24.064t+1.5708) -0.05 n s . - s 10—0-2
u3, =0.10000 cos (1.5708+8.1207¢t) ts]
cg=25- (A.6)
Uy, = —0.10000 cos(3.1416+8.1207t) f . ) ) i -
Fig. B1. Time response of helicopter in resonance case A by respecting the initial
us, = —0.10000 cos(1.5708+8.1207t) conditions of responses uy . (a) o= —25 and (b) 6=25.
Uug, =0.10000 cos (3.1416+8.1207t)
whereas the expressions of u,_ are a 0.04
u;_ =0. H
u,_ = —0.061861 cos(26.201t+1.5708) 0.02 L
u3_ =0.10000 cos(1.5708+11.573¢) £ E
T==2524 1, — _0.10000 cos(3.1416+11.573¢) A7« @
<<
us_ = —0.10000 cos (1.5708+11.573t) <
ug_ =0.10000 cos(3.1416+11.573t) ~0.02 e
-0.04
u_ = 0.
U, _ = —0.038296 cos(26.859t+1.5708)
u3z_ =0.10000 cos(1.5708+10.915t)
c=25- (A.8) b
uy_ = —0.10000 cos(3.1416+10.915¢t) 0.08
Uus_ = —0.10000 cos(1.5708+10.915¢t) oosl & ¢
- =0.10000 cos(3.1416+10.915¢t) 004l
T 002 HE 3
SIS V& @
< <

Appendix B. Temporal responses

Figs. B1-B4 illustrate the temporal responses of a helicopter for
resonance cases A and B. The results were obtained from a step-
by-step numerical integration Adams113 with Matlab®. The initial
conditions of position and speed are determining from the
equilibrium solutions in Eqgs. (A.1)-(A.4) for case A and from Egs.
(A.5)-(A.8) for case B.
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-0.06 2

—0.08 &
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Fig. B2. Time response of helicopter in resonance case A by respecting the initial

conditions of responses u,_. (a) 6=—25 and (b) 6=25.
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Fig. B3. Time response of a helicopter in resonance case B by conforming to the
initial conditions of responses uy,. . (a) 6= —25 and (b) 6=25.
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Fig. B4. Time response of a helicopter in resonance case B by conforming to the
initial conditions of responses u,_. (a) 6= —25 and (b) 6=25.
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