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ON THE ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS TO PARABOLIC
VARIATIONAL INEQUALITIES

MARIA COLOMBO, LUCA SPOLAOR, BOZHIDAR VELICHKOV

ABSTRACT. We consider various versions of the obstacle and thin-obstacle problems, we interpret
them as variational inequalities, with non-smooth constraint, and prove that they satisfy a new
constrained Lojasiewicz inequality. The difficulty lies in the fact that, since the constraint is non-
analytic, the pioneering method of L. Simon ([25]) does not apply and we have to exploit a better
understanding on the constraint itself. We then apply this inequality to two associated problems.
First we combine it with an abstract result on parabolic variational inequalities, to prove the
convergence at infinity of the strong global solutions to the parabolic obstacle and thin-obstacle
problems to a unique stationary solution with a rate. Secondly, we give an abstract proof, based
on a parabolic approach, of the epiperimetric inequality, which we then apply to the singular
points of the obstacle and thin-obstacle problems.

1. INTRODUCTION
In this paper we consider parabolic variational inequalities of the form

{(u’(t) + VF(u(t)) - (v—u(t)) >0, forevery veKk and t>0,

’LL(O) =ug € K, (1.1)

where F is a given analytic integral functional, K is a convex subset of L?(Q2) and the dot stands
for the scalar product in L?(Q); Q being a smooth domain in R? or a d-dimensional manifold.
We provide a new method for the study of the asymptotic behavior of the solution at infinity
and we apply it to the parabolic obstacle and thin-obstacle problems, which are related to several
relevant physical models (for more details and an extensive reference list we refer to the books
[18, [13]).

In the absence of the constraint I, the parabolic problem reduces to the infinite dimen-
sional gradient flow of F, which is given by

u'(t) = =V F(u(t)) forevery t>0, u(0) = up.
In this case, it is well known (for more details we refer to Subsection [1.1)) that the asymptotic
behavior of the solution can be deduced by the so-called Lojasiewicz inequality, that is for every
stationary point ¢ of F there are constants v €10,1/2], C' > 0 such that

(F(uw) — .7:(g0))fr_7 < C|IVF(u)||f2 for every u in a neighborhood of ¢. (1.2)

Precisely, ([1.2]) implies that:

There is a neighborhood U of ¢ such that: if ug € U and F(u(t)) > F(p), for every t >0,
then u(t) converges, as t — 0o, to a critical point us, of F, with a rate depending on ~.

(1.3)

In the seminal paper [25], Leon Simon proved for the flow associated to harmonic maps
between two analytic manifolds. Notice that, also in this case, there is a geometric constraint
given by the target manifold, but a change of coordinates allows to trivialize this constraint, while
transforming the Dirichlet energy into an analytic functional F. In [25], Simon showed that the
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analyticity of this functional allows to reduce (1.2 to the classical Lojasiewicz inequality (/1.6
for analytic functions in R".

Suppose now that K is a non-analytic convex set of L?, as in the case of the obstacle and the
thin-obstacle problems. From one side, the non-smooth nature of K does not allow the use of a
Lagrange multiplier argument in order to replace the constraint by an additional analytic term
in the energy F. On the other hand, just the analyticity of F, and the consequent , are
not sufficient to obtain the convergence result (see Example since the geometry of the
constraint may affect the flow.

In this paper, we introduce the following quantitative estimate that, slightly abusing the ter-
minology, we call constrained Lojasiewicz inequality: for every stationary point ¢ € K of F there
are constants v €10,1/2], C' > 0 such that

(F(u) - .7’:(90))3:7 < CO||VF(u)||xc for every wu in a neighborhood of ¢, (1.4)
where |VF(u)|/x is defined as

||V,7-(u)\|lc 1= sup 0’ sup _(U — u) . V./—"(U) ‘
vek\{u} v — ull

We show that can be used to determine the asymptotic behavior of the solutions of con-
strained gradient flows . Precisely, we prove that, under some mild natural assumptions on
the functional F and the constraint X, the constrained Lojasiewicz inequality still gives
(1.3]) (see Proposition . Thus, all the information, on the presence of the constraint and its
properties, is now contained in this new constrained Lojasiewicz inequality. In particular, the
estimate becomes an intrinsic property of I and F, whose proof needs to be adapted to
each specific situation. In particular we verify for the obstacle and thin obstacle problems
(see Section [4)) thus leading to our main results on the associated parabolic flows (see Theorems
and .

Finally, let us remark that the constrained Lojasiewicz inequality , combined with a new
constriction based on the parabolic flow, also implies a logarithmic epiperimetric inequality at
the singular points of the (time-independent) obstacle and thin-obstacle problems (see Theorem
. In particular, this implies the uniqueness of the blow-up limits and the logarithmic rate of
convergence of the blow-up sequences at the singular free boundary points for these problems.

The paper is organized as follows. In Section [2| we prove that implies the claim and
in Section |3| we show that implies a logarithmic epiperimetric inequality. In Section || we
prove the constrained Lojasiewicz inequality for the obstacle and thin-obstacle problems, while
in Section [b| we prove our main results on the parabolic obstacle and thin-obstacle problems.

In the rest of the present section, we introduce the obstacle and the thin-obstacle problems
(Subsections and ; we state our main results in Subsection while the next subsection
is dedicated to the classical Lojasiewicz inequality for analytic functions, its applications and the
relation to our results.

1.1. Lojasiewicz inequality on constrained domains. In this subsection we use several ex-
amples of constrained and unconstrained problems in order to illustrate the main novelty of this
paper: the constrained Lojasiewicz inequality , which is a new Lojasiewicz-type estimate for con-
strained functionals. We go through the classical finite dimensional approach of Lojasiewicz and
we argue on the effects of the geometric constraint K on it. At the end of the Subsection, we
make a connection with the infinite dimensional setting, by a simple model case.

Let F : RY — R be a given function. For any & € RY, consider the ODE
{(t)=-VF(E®) for t>0,  £(0)=&. (1.5)

The asymptotic behavior of the global solutions starting from a point & in a neighborhood of zq
is a problem of major interest in several fields. One of the conditions on the function F, which
implies that £(¢) admits a unique limit, as ¢ — oo, is the so-called Lojasiewicz inequality, that is:
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for every € € RN critical point of F, there exist an open neighborhood U(€) of €,
and constants C' > 0 and v €]0,1/2], such that:

IF(€) = F@OI'Y <CIVF(E]  forevery €€ U(E). (1.6)

The following result is essentially due to Lojasiewicz (see [22]). We sketch the proof below and
for more details, we refer to the proof of Proposition [2.10

Proposition 1.1 (Lojasiewicz decay-rate condition). If . holds and ¢ : Rt — RV 4
bounded solution of -, then the limit £ := 1thm 5( ) exists and
—00

- Ct T3 if ~y<lja;
|w>5os{@% g (1.7

Proof. Let K be a compact set such that £(t) € K, for every ¢t > 0. Furthermore, let us suppose
that K is contained in the neighborhood of a critical point &, where the Lojasiewicz inequality
does hold; this assumption is not necessary (see Proposition, but it simplifies the proof
and allows us to concentrate on the main idea. First, using , we calculate

T T
F(&(t) = minF > F(ew) = &) = = [ €09 VF(E)as = [ [VFE) ds

for every 0 <t < T < oco. In particular, ¢ — F(£(t)) is non-increasing and the limit lim F(&(t))

t—o00
exists and is finite. Let y be any limit point of £(¢), as ¢ — oco. Then, we have

tlgglo F(&(t) = Fy) and F(&(t)) > F(y) for every t>0.

On the other hand, ¢ — |VF(£(t))[? is integrable at infinity and so, there is a sequence ¢, — 0o

such that [VF(&(t,))| — 0. This, together with (L.6]), implies that lim F({(¢,)) = F(&) = F(y).
n—o0

We now set

ﬂwFfwm—f@—lmwﬂame<m,tMsf@——wamﬁ
By , we obtain the differential inequality
—f/(8) = C(F(E®) = F(E)" ™ = Cre*=,

1
which provides a decay rate for f at infinity. Precisely, f(t) < Ct 1-27. On the other hand, using
again the equation and the Cauchy-Schwarz inequality, we get

T T ) )
mw—wMS[Mﬂﬁm—[‘Nﬂamdww@ﬁ@—w@ (1.8)

Applying this inequality first to t = 2" and T = 2!, we get that the limit £, := lim &(2")
n—oo

exists and that the rate of convergence is given precisely by (1.7). The inequality for any ¢ > 0
follows again by (1.8]) and implies that £, = y. O

Remark 1.2. It was proved by Lojasiewicz (see [22]) that the inequality (1.6 holds whenever
the function F : RV — R is analytic, while it is well known that the previous proposition is false
in general if F is only C°°.

Suppose next that F : RN — R is analytic, so that the Lojasiewicz inequality holds for F at
every critical point, and that £ C RY is a (smooth) open convex set. Then the gradient flow
£:RY = RN of F in K exists and satisfies

[ SVEE) i g €
S {— Py (THE) 1 60 0K, 9
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where P is the projection on the tangent space to 0K at the point § (t). This can be equivalently
formulated as a variational inequality, that is

() +VFE®R),C—EF) >0 forevery (€K and t>0.

In this setting, the inequality ((1.6)) is not sufficient to conclude the convergence of the flow with a
rate, since it corresponds only to the first regime of ([1.9), when £(¢) € K. Thus, we replace (1.6))
with the following contrained Lojasiewicz inequality, which takes into account both regimes:

|F(&) = FE|'T <CLIVF©) | forevery e €UNK, (1.10)

where we define

IVF©lk = supl 0, sup —o S VFEIL
cek\{€} < =&l

Using the inequality as in Proposition one can prove the convergence of the flow ,
under the proper assumptions (see Proposition . However, this inequality is more difficult to
prove as ||-||x is smaller than the usual Euclidean norm. In particular, it vanishes on the boundary
of K, whenever the gradient points outside the constraint. This means that the constraint itself
generates new critical points and makes the proof more challenging

Let £ € OK be a critical point for F and let K be (locally) the graph of a function n : R¥N=! — R.
We consider two examples: in the first one, the decay estimate does hold, while in the second
one, it fails.

Example 1.3 (Analytic constraint). If n : R¥~! — R is an analytic function in a neighborhood
of £, then both F : RN — R and z +— F(z,n(z)) are analytic. Thus, the Lojasiewicz inequality
holds for both of them (with possibly different exponents). Taking v € (0,1/2] to be the smallest
of the two exponents, we get that holds with such v and so also holds.

Example 1.4 (A non-analytic constraint). We now consider the two dimensional problem with
Flzy)=y*, @) =e " and  £0) = (o, n(x0)) € K.

Then, the solution £ in K exists for every ¢ > 0 and is of the form £(¢) = (z(¢), n(z(t))). Moreover,
&(t) converges to zero, but the decay rate is only logarithmic, so (1.7) fails.

The above examples show that if the constrain is analytic, then as expected ([1.10) holds; on
the other hand the non-analyticity of the constraint might make the inequality fail even if the
functional itself is analytic!

Let us now briefly consider the infinite dimensional case. If a Lojasiewicz-type inequality
holds, then the same argument of Proposition [I.1] still works in this setting. As an example, let
u=u(t,r) € CLR*; L3(B;1)) N C(R*; H2(By) N Hgl(Bl))H be the solution of the heat equation

O =Au in RT x By, u(0,-) = ug € L*(By), u(t,r) = g(x) for (t,z) € RT x OBy,

then the above decay-rate condition still holds (in L?(B;) instead of RY) with

1

Fy=j [ IVuPde,  VF@ =Su ad [VF)] = Sul
By

In this case, (1.6 holds with v = 1/2 and reads as

/ |Vu2dac—/ |Vh|*de < C |Au*dz, for every u€H2(Bl)ﬂHgl(B1), (1.11)
B By By

IFor a given function g € H'(B), we use the notation H}(B1):={u€ H'(B1) : u—g€ Hy(B1)}
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where h is the harmonic function in By with boundary datum ¢ on 0B;. Indeed,

1 1
7”“ il /B (u—h)Audz = 77||u Y /B (u—h)A(u — h)dzx

1 2
_ / V(u—h)2dz > C (/ \V(u—h)|2dm> ,
|[w—"hllr /B B

where in the last line we used the Poincaré inequality for u — h € H}(Bj). Next, since h is
harmonic in B; and v = h on dB1, we have

/ |V(u—h)|2dm:/ |Vu|2d$—/ \Vh|* d
B By By

which gives precisely .

In the seminal paper [25], L. Simon proves that the estimate holds for harmonic maps
with values in analytic manifolds (M, g), by reducing the infinite dimensional inequality to the
finite dimensional one through the so-called Lyapunov-Schmidt reduction. This can be read as
a minimization problem for the Dirichlet energy (which we have just seen to satisfy ) in
the constrained analytic domain K = M, that is the infinite dimensional analogues of Example
above. However, the situation we deal with in this paper is more similar to Example
For instance, in the case of the parabolic obstacle problem, the gradient flow is governed by the
functional

[Aull2 = —

2

while the constraint K is given by the (convex) set of non-negative functions in L?(Bjp). A
similar reasoning as for the Dirichlet energy shows that the functional F satisfies the Lojasiewicz
inequality , however cannot be deduced from since the constraint has non-analytic
boundary! Simon’s technique, therefore, does not apply, and we have to heavily use the structure
of the constrain to conclude .

1
F(u) =/ <Vu|2+u> de  and  VF(u) = —Au+1,
By

1.2. Obstacle and parabolic obstacle problems. Let B; be the unit ball in R% and let
g € H*(B1) be a given non-negative function. We consider the functional

1
Fon(u) ::2/3 \Vu|2d:6+/B udx
1 1

and the set of admissible functions
K$,:={ue H(B1) : u—g€ Hy(B1), u>01in Bi}.
The classical obstacle problem can be written as

min Fop(u) (1.12)

uekdy
and admits a unique minimizer ¢ € K2,, which is also a solution of the variational inequality
(v—0) - VFos(p) >0 for every veky,. (1.13)

The parabolic obstacle problem is the time-dependent counterpart of (1.13). We say that the
function u € H'(]0,+o00[; L*(By)) N L*(]0, +00[; H*(B1) N KZ;) is a (global in time) solution of
the parabolic obstacle problem if

(W' (t) + VFou(u(t))) - (v —u(t)) >0 forevery veKki,, t>0, (1.14)

U(O) = UuQ € ICgB, .
where v is a given initial datum. The existence of a (strong) solution was proved in [4], while
for the regularity we refer to the recent paper [7]. In Theorem we prove that u(t) converges
in L?(Bj) to the stationary solution ¢ with an exponential rate, while Theorem is a result
on the fine structure of the (singular part of the) free boundary 9{¢ > 0}.
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Let now (M, g) be a compact connected oriented Riemannian manifold of dimension d > 1 and
let A > 0 be an eigenfunction of the Laplace-Beltrami operator on M. Consider the functional

1

Foulw) = 5 /M (IVul? = xu?) dV, + /M udv, (1.15)

and the admissible set K, := {u € L*(M) : u > 0}.
We say that u € H'(]0, +oo[; L*(M))NL?(]0, +oo[ ; HA(M)NK?Y,) is a (global in time) solution
of the parabolic obstacle problem on M if

(W (t) + VFL(u®)) - (v —u(t)) >0 forevery veKY, t>0,
u(0) = ug € Ky,

In Theorem and Remark we will show that if the energy F7\,(u(t)) remains above cer-
tain critical threshold, then the solution u(t) converges to a critical point of the functional 2,
restricted to the convex set KY,. We notice that, contrary to , there might be numerous
critical points of F7, in KY, and thus, numerous candidates for the limit of wu(¢). A priori, in
such a situation the asymptotic behavior of the solution might be more complex and a limit at
infinity might fail to exist. In Theorem using a constrained Lojasiewicz inequality argument,
we show that the solution of admits a unique limit at infinity and that the presence of a

whole manifold of stationary points only affects the decay rate, which is only of power type.

(1.16)

Remark 1.5 (On the critical points of F2, in K.). We notice that there is more than one critical
point of the functional ]:6\13 in KY,. For example, the stationary points of the unconstrained

functional -7:3‘3 are precisely the functions of the form

1
p—— 1-].
U=y + 2, (1.17)

where ¢ is a A-eigenvalue of the Laplace-Beltrami operator A, that is,
—Apmp=Ap on M.

Thus, all the positive functions w of the form are stationary solutions of , but for
a generic M and A, there may also exist other stationary points. On the other hand, if M is
the (d — 1)-dimensional sphere and A = 2d, then all the stationary solutions of are of the
form or there is a vector v € R? such that u(z) = (2 - v)%. This is due to the fact that
the 2-homogenous extension (in the unit ball By C R?) of a stationary solution is a solution of
the obstacle problem in By and the 2-homogeneous solutions of the obstacle problem are
classified (see [9]).

1.3. Thin-obstacle and parabolic thin-obstacle problems. Let d > 2 and B; be the unit
ball in R, For x € RY, we will write x = (2, 74), where 2/ € R¥! and x4 € R. Let g € H*(By)
be a given function, which is:

e non-negative on By N {xg = 0};

e even with respect to the hyperplane {z4 = 0}, where we say that a function f : By — R is
even with respect to the hyperplane {xq = 0} if f(a',xq) = f(2/, —xq), for every x = (2, 24) € By.
We consider the functional

1
Fon(u) = 2/3 |Vu|2d:c,
1

and the admissible set
K9, ={ue H'(By) : u—g € Hj(B1), u>0on By N{xg=0}, uiseven w.r.t. {zg=0}}.
There is a unique solution ¢ € K%, to the thin-obstacle problem
min Foy(u), (1.18)

ueliy

and it satisfies the variational inequality
(v—0) - VFm(¢) >0 for every vekKy,. (1.19)
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Moreover, ¢ satisfies the optimality conditions

Ap=0 in B\ {zq=0}, 8—§0 and (;5%
8iL'd

o, =0 on ByN{xyg=0}

We will use the notation B} := By N {xy > 0} and we identify the even functions with their
restriction on BY. We say that u € H'(]0,+oo[; L*(B;)) N C(]0, +oc[; H*(Bf) N Kf) is a
(global in time) solution of the parabolic thin-obstacle problem if

{(uw + VFu(u(®) - (v~ u(t)) 20 for every v €Kiy, >0, (1.20)

u(0) = up € K.
We recall that, for every ¢ > 0, u(t) satisfies the optimality condition

ou(t) ou(t)
>0, < oY) _ — 0.
u(t) >0, oy = 0 and wu(t) o, 0 on Bjn{zg=0}

The existence of a solution was first addressed in [21] (see also [4]), while the latest regularity
results can be found in [II]. As for the obstacle problem, we will prove in Theorem [1.7| that the
solution u(t) converges exponentially to the stationary limit ¢, while in Theorem we will
prove a logarithmic epiperimetric inequality at the singular points of the stationary free boundary

¢ >0} C {zqg =0}.
Let now k = 2m, for some m € N, and let A = A\(k) := k(k+d—2). We consider the functional

1
F(u) = 3 /aB (IVul® = Au?) dH*
1

and the admissible set
K5, = {ue L*(0B1) : w>0on 0B N{xqg =0}, uiseven wr.t. {zg=0}}.

Let S = 9By and ST = dB1N{z4 > 0}. We say that u is a (global in time) solution of the parabolic
thin-obstacle problem on the sphere, if u € H'(]0, +oo[; L>(ST)) N L*(]0, +oo[; H*(ST) N KS,)
and

1.21
u(0) = ug € K5, (1.21)

We will study the asymptotic behavior of the solutions to (1.21)) in Theorem

{(u’(t) + VFN(u®)) - (v—u(t)) >0 forevery veKS,, t>0

Remark 1.6 (On the critical points of F7\ in £, ). Let m € N be fixed and let A = A\(2m). Then,
the function ¢ : 9B; — R is a critical point of F), in K3, (in sense of (2.3))) or, equivalently, a
stationary solution of , if and only if, the 2m-homoegenous extension ¢ : B; — R (in polar
coordinates, 1 (r,0) = r™¢(#)) is a solution of the thin-obstacle problem (1.18]) in B; with trace
g = ¢ on 0Bj. On the other hand, the 2m-homogeneous solutions of are classified (see
[19]) and are given precisely by the 2m-homogeneous harmonic functions in Bj, non-negative on
{xq = 0}. Thus, the critical points of F7\ in K5, are the A(2m)-eigenfunctions of the spherical
Laplacian, which are non-negative on the equator 9B; N {z4 = 0}.

1.4. Main results. In this subsection, we state our main results on the parabolic (and stationary)
obstacle and thin-obstacle problems.

Theorem 1.7 (Asymptotics for the parabolic obstacle and thin-obstacle problems). Let u be a
global (in time) solution to the parabolic obstacle problem (1.14)) (resp. the parabolic thin-obstacle

problem (1.20) ) and let ¢ be the unique solution of the obstacle problem (1.12)) (resp. thin-obstacle
problem with the same boundary datum. Then, u(t) converges to o strongly in H'(By), as

t — oo, and there is a constant C' > 0 such that, for everyt > 1,

[u(t) = @l () < e . (1.22)
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On a manifold the situation is more complicated since there is no unique minimizer. As a
consequence, we can only conclude that if the flow starts close to a stationary solution and its
energy is always above the energy of the solution, then it has to converge (with a rate) to a
stationary solution with the same energy.

In the following theorem, [J stands for OB (respectively, TH).

Theorem 1.8 (Asymptotic for the parabolic obstacle and thin-obstacle problems on the sphere).
Let S be the (d — 1)-dimensional unit sphere in R%. Let Sy C KE be the collection of critical
points of the unconstrained functional fé in the convex set K%, where A = 2d, if 0 = OB and
A= A2m):=2m(2m +d — 2), if J = TH.

Then, there are constants v €]0,1/2[, § > 0, E > 0 and C > 0 such that: if u is a solution of
(1.16]) (resp. of (1.21) when O = TH) on the sphere S, satisfying

dist;2(ug, Sx) <6, FAlug) — FASN) < E  and FA(u(t)) > FA(S)), for every t >0,
then there is a critical point ¢ € Sy C IC% of fé such that, for everyt > 1,

__0
[u(t) = el < Ct =2 (1.23)

Remark 1.9. In the case of the obstacle problem, the sphere S can be replaced by a compact
Riemmanian manifold M and A can be taken to be any eigenvalue of the Laplace-Beltrami oper-
ator on M. In this setting, we take the set S to be the set of critical points of the unconstrained
functional F2,, which are positive (so, they lie inside the convex set K. ). In this case, the con-
clusion is that u(t) converges to a function us, € KY,, which is a critical point for F7, in Y, in
the sense of . Moreover, we have the estimates

lu(t) = ellizan < COTR and - F(u() ~ F(8) OFTE L (124)
This is a consequence of Proposition and Proposition

Our interest in the parabolic problems (1.16]) and (1.21)) on the sphere is two-folded: on the one
hand they are the natural generalizations of the respective parabolic problems in B; C R? studied
in Theorem above; on the other hand, they are strictly related to the study of uniqueness of
blow-ups at singular points for the time-independent problem, where the radial direction is treated
as time. This observation goes back to Simon in [25] for stationary varifolds and harmonic maps,
and we make it explicit in the context of minimizers of the obstacle and thin-obstacle problems
by proving the following logarithmic epiperimetric inequality. Before stating it, we introduce the
notation

Gon(u) := Fop(u) — / u? dH! and  Gu(u) := Fru(u) —m w? dHT!
8B1 8Bl
where m € N. For the obstacle problem, we define the set of stationary points Sy on the sphere
OB; C R? as the traces of all global two-homogeneous non-flat solutions of the obstacle problem
in R? (see [5]), that is,
Sop = {QA: 0B1 - R : Qa(x) =x- Az, A symmetric non-negative matrix with trA = 1/2}.
We notice that G, is constant on S, and we set O 1= Go(Sos)-

Theorem 1.10 (Log-epiperimetric inequality for obstacle and thin-obstacle at singular points).
Let d > 2. The following logarithmic epiperimetric inequalities hold.

(OB) There are dimensional constants 6 > 0 and e > 0 such that for every non-negative function
c € HY(0By), with 2-homogeneous extension z on By, satisfying
diStL2(aBl) (C, SOB) S 6 a/nd QOB(Z) — @ S 1,

there is a non-negative function h € K¢, satisfying the inequality

=0 fd =2
Gon(h) = © < (Gon(2) — ©) (1~ &[Gon(2) = ©|"),  where {Vd-l szzza'

—d+

(1.25)
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(TH) Let d > 2 and m € N. For every function ¢ € H'(0B1) N K5, such that

/ AdHT <1 and  |Gw(2)| <1, (1.26)
0B;
there are a constant e = e(d,m) > 0 and a function h € K, satisfying
d—2
gTH(h) < gTH(Z)(l —¢€ ‘gTH(Z)P)a where 7y := T . (1'27)

The epiperimetric and the logarithmic epiperimetric inequalities are part of the same family
of quantitative estimates on the energy of the homogeneous functions. They are used to obtain
regularity of the free boundaries with modulus of continuity, which is Holder in the first case and
logarithmic in the latter. This homogeneity-improvement argument was pioneered by Reifenberg
in [24] in the context of minimal surfaces and several authors used it in the context of minimal
surfaces and free boundary problems (see [30, 27, 28], [8, 12} 29, [26], 9] 10, 14, 15]).

Even if the epiperimetric inequalities, and the methods to deduce regularity from them, might
seem quite similar, the methods to prove them are very different. The first epiperimetric inequality
for a free boundary (obstacle) problem was proved by Weiss in [29], where he used an argument by
contradiction, which was then applied to different obstacle problems in [17), [20]; this is a powerful
method, which allows to prove the regularity of the flat free boundaries, but it cannot be applied
to the singular points, where the integrability fails. In [26], we used a new, direct approach,
inspired by the idea of Reifenberg, which consists in the explicit construction of the competitor
starting from the Fourier expansion of the trace; we later used this idea in [9] and [10] to prove
the logarithmic epiperimetric inequalities from Theorem (OB) and (TH).

In this paper we give a new, different type of proof, which is constructive (that is, we construct
a competitor), but not direct (the competitor is not explicit). We use stopped parabolic flows
for a functional on the unit sphere 0By and, identifying the time with the radial direction, we
reparametrize it over the spheres 9B, to obtain a function defined on the unit ball, which lives
in the constraint domain and has smaller energy. This is a general abstract procedure, inspired
from [I4] and described in detail in Section

Finally, we recall that the structure of the singular part of the free boundary of minimizers of
the obstacle and thin-obstacle problems was studied by several authors; we refer to [5], [6], [23],
[16] and [9], for the obstacle problem, and [19], [10] for the thin-obstacle problem. We also note
that, the uniqueness of the blow-up and the logarithmic modulus of continuity follow directly by
the lograithmic epiperimetric inequality (Theorem , exactly as in [9, [10].

2. ASYMPTOTIC BEHAVIOR FOR PARABOLIC VARIATIONAL INEQUALITIES

In this section we prove that solutions of parabolic variational inequalities of energies satisfying
a constrained Lojasiewicz inequality converge at infinity to a stationary solution of the energy. In
order to state the main result we need to introduce some notations.

Let H be a Hilbert space with scalar product

u-v = (u,v) = (u,v)y for every u,v € H,
and induced norm |jul| = ||ullx = Vu-u. Let W C H be a linear subspace, F : W — R and
VF : W — H be continuous (possibly non-linear) functionals such that
Flu+tv) = F(u) +tv-VF(u)+o(t), forevery u,veW. (2.1)

Let K C H be a convex subset of H. We will suppose that X N is dense in K.
For every u € KNW, we define

IVF@)c =sup 0, sup 09 VF@L (2.2)
vek\{u} v — ull

We say that u € KNW is a critical point of the functional F in IC, if we have
(v—u)-VF(u) >0 forevery wvelk. (2.3)
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The following is a simple exercise left to the reader.

Lemma 2.1 (Critical points). Let u € K NW. Then, the following are equivalent:
(i) w is a critical point for F in K;
(i) for every v € K, the function t — F((1 —t)u + tv) is differentiable in zero and
d
g t:0+]:(( t)u +tv) > 0;
(i) [|[VF(u)lxc = 0.
The reader may keep in mind the following guiding example:
Example 2.2. Let H = L*(B1), K = {u € L*(B1) : u > 0on Bi}, W = H*(B1) N H}(B1),
where H)(B1) :=={u € Hy(B;) : u=g¢€ H'(B;) on 0Bi}; and let
1
F(u) = / \Vu|2dx+/ udz.
2 Bl Bl

Thus, the critical points of F in K are precisely the solutions of the obstacle problem in B; with
boundary datum g on 0Bj.

Definition 2.3 (Parabolic variational inequalities). Let up € K and T €]0, 0o]. We say that the
function w : [0,T[— K is a (strong) solution (global, if T' = +00,) of the parabolic variational
inequality

{(u’(t) + VF(u(t)) - (v —u(t)) >0 forevery vek, tel0,T], (2.4)

u(0) = wo,
if it satisfies the following conditions:
(i) (continuity) w € C([0,T[;H) and u(0) = up;
(ii) (regularity in time) w € H} .(]0,T[;H); in particular, u :]0,+oo[— H is differentiable in
almost every t > 0;
(iii) (regularity in space) v € C(]0,T[; W NK);
(iv) (variational inequality) for every v € K and almost-every ¢ > 0 we have

(W (t) + VF(u(t),v — u(t)>H > 0. (2.5)

Remark 2.4 (Stationary solutions). We notice that if ¢ € £ NV is a critical point of F in K,
then u(t) = ¢ is a solution of (2.4). On the other hand, if u(t) = ¢ is a solution of (2.4), then
the variational inequality (2.5)) implies that ¢ is a critical point.

We will need the following property of strong global solutions of parabolic variational inequal-
ities..
Lemma 2.5. Let u be a strong solution of (2.4). The following properties are true.
() v/ ()]|* = —u/(t) - VF(u(t)) for almost-every t €]0,T].
(ii) The function t — F(u(t)) is non-increasing.
(iil) [l (&) = IVF (u(t))llic-
Proof. To prove (i) we notice that taking ¢ > 0, h > 0 and v := u(t + h) in (2.5)), we get

0< %(u(t +h) —u(t)) - (' (t) + VF(u(t))).

Passing to the limit as A — 0, we obtain
[ (0)]* > =/ (1) - VF(u(t))-

Conversely, taking h > 0 and v := u(t — h) in (2.5), we get the opposite inequality. Combining
the two estimates, we deduce

|/ ()| = —/(t) - VF(u(t)) for almost-every ¢ > 0. (2.6)
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(ii) is an immediate consequence of (i). Indeed, let us first notice that (2.1]) implies
d
—F(sult+h)+ (1= s)u(t)) = (u(t+h) —u(t)) - VF(su(t + h) + (1 — s)u(t)).

ds
Thus,
1

1
E(}'(u(t +h)) — ]:(u(t))) = / %(u(t +h) — u(t)) . V]:(s u(t+h)+ (1 - s)u(t)) ds.
0

By the continuity of VF (in W), the continuity of w (in W) and the differentiability of u (in #),
we can pass to the limit , as h — 0, in all the points ¢, where u(t) is diffferentiable:

%f(U(t)) =u/(t) - VF(u(t)) = —[[u'(®)|I* < 0. (2.7)

We finally come to (iii). We consider two cases:

Case 1. Suppose that ||u/(t)|| = 0. Then (2.5) and (2.2)) imply that ||VF(u(t))|lx = 0.
Case 2. Let ||u/(t)|| > 0. Then we have

—(v —u(t) - VF(u(t)) —5 (u(t+ 1) —u(t)) - VF(u(t))

T -l et Iult+ b — )]
() VF(u()

= [/ @)]-
[[w/(2)]]
On the other hand, the parabolic variational inequality (2.5 implies that

/ u'(t) - (v—u(t) _ —(v—u(t)) VF(u(t))
O = =amr 27 To-uwl

Taking the supremum over v € IC, we finally get
—(v—u(t)) - VF(u(t))

for every v € K.

I/ (£)]| = sup = [[VF(u®))lk;
vek lo —u(®)]]
where the equality follows by the fact that ||u/(t)]] > 0. O

Definition 2.6 (Continuity with respect to the intial datum). We say that the flow (2.4) of
—V.F in K depends continuously on the initial datum, if for every t > 0 and every & > 0 there
is § > 0 such that: if ug, vy € K are such that ||ug — vo|| < 0, then ||u(s) — v(s)|| < e, for every
s € [0,t] (for which both flows are defined).

We notice that the continuity of the flow of —V.F in K essentially boils down to the continuity
of the flow of —V.F without any constraint. Indeed we have the following simple lemma.

Lemma 2.7. If VF: W — H is a linear function and there is a constant A > 0 such that
—u - VF(u) < Aul? for every uew, (2.8)
then the flow of =VF in K depends continuously on the initial datum.
Proof. If uw and v are two solutions of on [0, T, then for every ¢ € [0, T we have
(W' (t) + VF(u(t),v(t) —u(t)) >0 and (V'(t) + VF(v(t),u(t) —v(t)) > 0.
Thus, by , we get

< <V]:(u(t)), v(t) — u(t)> + <Vf(v(t)),u(t) — v(t)>.
By the linearity of V.F, we get

——Jlu(t) —v(@®)]* < —(u(t) —v(t), VF(u(t) —v(t))). (2.9)
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Now, (2.9) implies that

g llu(®) = v < 2M|u(t) — (@),
so, we can take § = e?*¢ in Definition O

In the sequel we will denote by S C K NW a subset of the set of critical points of F in K.

Definition 2.8 (Constrained Lojasiewicz inequality). We say that the functional F has the
constrained Lojasiewicz property on S if there are constants v €10,1/], Cr > 0, §; > 0 and
Ep > 0, depending on S, such that for every critical point ¢ € S the following inequality holds

1—
(F(u) = Flp)), " < CLIVF ()], (2.10)
for every u € KX N W such that ||u — ¢| < ér and F(u) — F(p) < EL.
The following lemma is an easy exercise left to the reader.

Lemma 2.9 (Stationary points and Lojasiewicz inequality). If F has the constrained Lojasiewicz
property on the subset of critical points S, then it is locally constant on S.

Given ¢ € §, we will denote by

Sp={¢e8: F¥) = Flp)}

and write F(S,) := F(¢). If there is only one such energy level, we will drop the index . We
are now able to state the main result of this section. We will use the notation

dist(u, Sy) = wiélép |u =9,

and by neighborhood of S, (in K) we will mean a set (containing a set) of the form
{fue K : dist(u,S,) < 6},
for some 6 > 0.

Proposition 2.10. Let H, W, K, F: W = R and VF : W — H be as above. Let S C WNK
be a subset of the set of critical points of F in K. Let ¢ € S and S, be as above. Suppose that
there is a neighborhood of S, C W N K , where:
(a) the flow (2.4) of —VF in K depends continuously on the initial datum (Definition ;
(b) F has the constrained Lojasiewicz property on S, (Definition .
Then, there are constants § >0, E >0 and C > 0 such that: if up € KNW and u(t) is a global
solution (with initial datum ug) satisfying

dist(ug,Sp) <6, Flup) —F(Sp) < E and F(u(t)) > F(S,), forevery t>0,
then there is a function us, € W N K such that u(t) converges to us and, if v < 1/2, then

lu(t) —uscll < CTTH  and  Flu(t)) — F(S,) < Ct 75, (2.11)
for every t > 1, while if vy = 1/2, then the decay is exponential:
[u(t) —usol| <e % and  F(u(t)) — F(S,) <e (2.12)

Proof. Let 7, > 0 be the constant from Deﬁnition@and set for simplicity § = §,. We will prove
that there is § € (0,97) with the following property: for any ug € K such that dist(ug,S) < d, the
solution u(t) of exists for every ¢t > 0 and dist(u(t),S) < dr. The decay rate will be
then a consequence of the Lojasiewicz inequality. We next suppose that u satisfies the inequality
F(u(t)) > F(S), for every t > 0. Let us first recall that, by Lemma[2.5] (i), the map ¢t — F(u(t))
is non-increasing. Thus, the condition F(u(t)) — F(S) < E is automatically satisfied for every
t > 0, once it holds for ¢ = 0. In particular, we can simply take E to be the constant Ej from
the Lojasiewicz inequality (and if Ef, = +oo, then also £ = +00).
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Let 0 <t < T < 400 be given. Then, we have
/tT lu'(s)]1* ds = — /tT u'(s) - VF(u(s)) ds = F(u(t)) = F(u(T)) < F(u(t)) = F(S).  (2.13)
In particular, we obtain that the function s — ||u/(s)]|| is square integrable at infinity and
/t+00 o' (s)||? ds < F(u(t)) — F(S) for every t > 0. (2.14)

Let now T €]0, +o00] be such that dist(u(t),S) < dr, for every t €]0,T[. Then, for any 0 <t < T,
we can estimate the right-hand side of (2.14) by the Lojasiewicz inequality (2.10))

40 1 1
/t I/ ()]* ds < F(u(t)) = F(S) < CIIVF(u(t) | = Cll' ()], (2.15)

where in the last equality we used the identity (iii) of Lemma Here and in what follows C will
denote any constant depending only on the constant C, from the Lojasiewicz inequality ([2.10])
and the exponent ~. Setting

+o0o
(1) = / e ()12 ds,

we get that

2(1—7)

+oo
=€) = @)|* = C </t IIU’(8)||2d8> = Cg(1)* ). (2.16)

From now on, we consider the case 7y < /2. Thus, we get that the function ¢t — (£(¢)*'~! — Ct)
is non-decreasing on ]0,T'[. Thus, for every 0 < s <t < T, we have the estimate

€ < (667020 + ot — ) 77 (217)

Now, let 0 < s <t1 <to <T. Then

to
/ o' (1) dr
t1

to 1/2
< ( / Hu’(T)IIQdT> (s — 1) < €(t) 2ty — 1)

t1

[u(ts) —u(t)] <

< [

t1

< (600 4 0 =) (1 -

< C(t — 5) T (ty — 1) 2.

Taking k > 1 and applying the above inequality to to = 251, ¢; = 2F and s < 271, we get
k
[u(21) —u(2¥)|| < C27 T3,
In particular, for every m > n such that 2™ < T, we obtain
o0 C iy
Ju(2™) —u@Y)]] < > [Ju@H) - u(@¥)|| = ————27 . (2.18)
k=n L=2 1=
On the other hand, if ¢ < T and 2™ < t < 27*! then
Ju(t) — (@) < C@m)~ T (£ - 2m)' 2 < VaC (27T, (2.19)

Thus, for every n > 1 and 2™ <t < T, we obtain

[u(t) — u(@)|| < C27 5. (2.20)
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. _n 6
First of all, we choose n such that C'2" 1-2v < EX Next, we choose d > 0 such that

)
dist(u(t),S) < ?L, for every ¢ €]0,2"]

(such a constant exists due to the continuity with respect to the initial datum). In particular,

this implies that we can take T' = +o0.
We now use again (2.18)), this time for every m > n, obtaining that the limit

Uoso := lim u(2"),
n—oo
exists and is such that ||us — u(2")|| < C 9 T3 Finally, (2.20)) implies that
lim u(t) = uso and |uso — u(t)] < Ct T,

t—00

In order to obtain the energy decay (the second inequality in (2.11))) we notice that, by the
monotonicity of ¢ — F(u(t)), the inequality ([2.15) and the integrability of ¢ +— ||u/(¢)|?, we get
that tlim F(u(t)) = F(S). Thus, passing to the limit as 7" — oo in (2.13)), we get that (2.14])

— 00

holds with an equality. Now, the decay rate of the energy is a consequence of (2.17)). Finally, let
1 (t) be the solution of (2.4 with initial datum wue,. The continuity with respect to the initial
datum and (2.11)) imply that ¢(t) is stationary and so, u is a critical point of F in K.

The case v = 1/2 is analogous. Moreover, since (2.10) with 1/2 implies (2.10) with any v < 1/2
(up to changing (), we can actually use what we already know from v < !/2. In particular,
(2.10]) can be applied all along the flow and u(t) converges to us. Thus, (2.17)) implies that

F(u(t)) = F(Sp) = &(t) < £(0)e™" = (F(uo) = F(Sp)) e,
which gives the second part of (2.12)). In order to get the first part, we notice that, choosing ~
+o0
sufficiently close to 1/2, we get from (2.11)), that / |u(s) — uso||® ds < C. Thus,
¢

400 400 1/2
[u(t) = uoo||* < 2/ u'(s) - (u(s) — uco) ds < 2 </ Ju(s) — uooH2d8> &',
t t
which gives the first part of (2.12)). O

Remark 2.11. We notice that in Proposition [2.10]it is sufficient to suppose that the Lojasiewicz
inequality (2.10) holds for the time-slices of the flow u(t), t > 0.

To conclude this section we state a simple corollary of Proposition whose proof is left to
the reader.

Corollary 2.12. With the same notations of Proposition let p € S be the unique minimizer
of F and suppose that

(a) the flow (2.4) of —VF in K depends continuously on the initial datum;

(b) F has the constrained Lojasiewicz property on S, = {¢} with E, = dr, = +00 and v = 1/2.
Then, any global solution u :]0,+oo[ — K converges to ¢ and there is a constant C > 0 such that

lut) = ¢l <e @ and  F(u(t)) - Fp) < e, (2.21)
for every t > 1.

3. LOGARITHMIC EPIPERIMETRIC INEQUALITIES

In this section, we show that if a functional G satisfies a suitable slicing lemma, and the
slicing functional F is of the types considered in the previous section, then with a very general
computation we can deduce that the so-called logarithmic epiperimetric inequality holds for G.
The subtlety here is that the competitor is going to live in a constrained subset of the domain
of the functional which is not analytic. The link with the previous sections depends on the fact
that we will use a parabolic inequality to define such a competitor.
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In this section we fix H = L?(0B1), K C H a convex cone, W = H?(0By).

Proposition 3.1. Let G be a functional satisfying the following properties.

(SL) There exist a constant k € N and a functional F: H'(0B1) — R such that for every
w:[0,1] x OBy 3 (r,0) — u(r,0) € R, with u € H([0,1] x dBy), the following slicing inequality
holds

1 1
GrFu) < / F(u(r,)) r?+a=3qr + O, / / |0, u)? r2R A= Ly (3.1)
0 0 JOB;

for a geometric constant Cy, > 0, with equality if and only if u is 0-homogeneous (constant in the
first variable).

(FL) There is an open set Uy, C K and a constant e, > 0 such that for every ug € Uy, there
exists a strong solution v € H'(]0,ex[,H) N L*(]0,ex,[,WNK) of

{(u'(t) + VF(u(t)) - (v—ut)) >0 forevery vek, 0<t<ey (3.2)

and the flow is continuous with respect to the initial datum (see Definition .

(LS) F has the constrained Lojasiewicz property (Definition with respect to S = {¢},
where v € WNK is a critical point of F in IC (see )

Under the conditions (SL), (FL) and (LS), there are constants 6o > 0 and E > 0, depending
only on the dimension and 1, such that: if c € H(0B1) N K satisfies

lle =¥llr2@m) <00 and  F(c) = F(¥) < E,
then there exists a function h = h(r,0) € H'(By) satisfying h(r,-) € K, for every r € (0,1], and
G(h) —G(9) < (1 —¢lG(2) = G()'*7) (G(2) — G(9)) (3.3)

where (r,0) := r¥4(0), z(r,0) :== r¥c(h), € > 0 is a universal constant and v > 0 is the exponent
from (LS).

Proof. Notice that if G(z)—G(¢) < 0, then choosing h := z trivially gives the inequality. Therefore
we can assume that
1

0<G(z)—G(¢) = m(]:(c)

- F(¥)).

We construct h in the following way. Let u :]0, o] — K be a strong solution of

{(u’(t) + VF(u(t)) - (v —u(t)) >0 forevery veK, (3.4)
u(0) = wo,
where o« < min{e;,, 2} and e9 is chosen so that

Flug) — F(¥) < Q(F(u(t)) — .F(w)) for every 0 <t <eg, (3.5)

with equality exactly at 2 (notice that ey is well-defined since ¢ — F(u(t)) is continuous and
non-increasing in t). We then extend u to be constant on [a, +o0[, that is, u(t,-) = u(«,-) for
every t > a. Then we define the competitor h, in polar coordinates, as

h(r,0) := u(—alog(r),0) . (3.6)
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For the sake of simplicity, we set || - |2 := || - [[12(9B,)- By (SL) we have
su) [ 2k+d—3 ! 2, 2k+d—1 gg,d—1
D [ (F0) - FE) o [ [ o
0 0 JoB
_ / (.F(u(t)) —F(uo)) e*t(%f—m dt + Coyor / / |u/|2de,1€7t(2k—;d—2) &t
0o JoB

a Jo
1 oo pminthed / _ U2k+d—2) a2 —t(2k+d—2)
= a/ / VF(u(r))-u'(r)dre o dt+ CSLoz/ lu'(t)]5 e dt
0 0 0

G(h)-G(2)
1

1 00 00 . _ « . _
=2 Vo) [ i G [0l
0 0

max{T,a}

b (S — 104 — o sy - HZErd=2)
N a/o ( (2k+df2)vﬂu(t)) w(t) = Csa”lu(t)lz ) e dt
—_l “ ; / 2 211,/ 2 _ t(2k+d=2)
B a/o ((2k+d—2)Hu(t>H2 Caa”[[u' @)z ) e dt

L/ _t@ktd2)
L [ cuivraoge = . .

0

where the next to last equality is due to Lemma (i) and the last equality is due to Lemma
2.5| (iii) and a choice of & > 0 small enough, depending only on d, k and Cy,.

We next fix £ €]0, 1[. Using the property (LS), with C', being the constant from the constrained
Lojasiewicz inequality, and the previous computation we calculate

(G(h) = G(9)) — (1 =8)(G(2) — G(9))

==t [TV Fun) ) e @+ s (Fluo) = F(0)

Ls)  (C @ _ t(2k+d—2 5

< i’“/o CH(F(u) ~ F))*™> e 5 g o (Flu) — F(W)

CyC? [ _ _ t(2k+d—2) 5

< —L’Z L/O 222 (F(ug) — F()) Ve o dt+ o ——— +‘€d_2(F(uo)—F(¢))
1 _

< —m<cd,k,70%(l — e_(2k+d_2)) — 8) (f(uo) — f(¢))2 27 <0

where in the last inequality we chose & := e(F(ug) — F (1/1))1_27 for some ¢ > 0 small enough
depending on d, k, v and C. Notice that we are allowed to apply (LS) to u(t) for every 0 < t < a,
by choosing §p small enough (depending on the dimension and 1) and using the continuity of the
flow with respect to the initial datum. O

4. CONSTRAINED LOJASIEWICZ INEQUALITIES FOR OBSTACLE AND THIN-OBSTACLE PROBLEMS

This section is dedicated to the proofs of the theorems stated in the introduction. In particular
we will show that constrained Lojasiewicz-type inequalities hold in all the problems considered
there and then conclude using the abstract results of the previous sections.

4.1. The obstacle problem in a ball. Let B; C R? be the unit ball and g € H'(B;) be a
given non-negative function. Let H = L?(B1), W = H?(B;) and

Koy ={ue H'(By) : u—g€ Hj(By), u>0in By}.
Recall that the obstacle energy is given by

Fos(u) = ;/B |Vu\2dx+/B udx and VFos(u) = Au — 1.
1 1
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Let ¢ € Ko be the unique solution of the obstacle problem
min Fog(u). (4.1)

uEICOB

Then, ¢ € H?(B;) is the only critical point of Fo; in Ko (in the sense of (2.3) and is also the
unique solution of the problem

Ap =Tg,~0y in By, p=g¢g on OB;.

Proposition 4.1 (Constrained Lojasiewicz for the obstacle problem). Let Ko and Fop be as
above and ¢ be the solution of the obstacle problem (4.1)). Then, there is a dimensional constant
Cy > 0 such that

(Fon(u) = Foul(9)) " < Ca |V For(W) oy for every u € H*(Br) N Kon. (4.2)

Proof. To simplify the notations we drop the index OB. Let v € H?(B;) N K. Then, we have

1
/Bl(u—w)(Au—l) dx

JAu— 1 > ————
= =l

1 / 1
= u—©)A(u— d:c—i—/ u—@)dx
fo—ls Jo, ™R 0 S Y

1 1 / 9 /
> — | = V(iu — dzr + u—@)dz | .
v — |l (2 B Viu—e)l B1ﬂ{30:0}( °) >

Next since
/ IV (u— ) do = / (\vu|2 — |Vel* +2Ve - V(p - u)) da
Bl Bl
:/ |Vu|? de —/ |Vg0|2dx—|—2/ (u— ) dz, (4.3)
B1 B1 B1ﬂ{<p>0}
we conclude that
1
Au—1 > (F(u) - F . 4.4
801l > o (Flu) = F () (44)

Let Cy be the constant of the Poincaré inequality for u — ¢ € HJ(B;). Using again (4.3]) and the
fact that v > 0 in By, we have

le = @lI7> < CallV(u = @)I[7> < 2Ca(F(u) = F(g)) -
This, together with (4.4]) gives (4.2). O

4.2. The thin-obstacle problem in a ball. Let B; be the unit ball in R?, B := B1n{x4 > 0}
and B} = By N {z4 = 0}; we will use the notation z = (2/,z4) € R"! x R. Let g € HY(B]") be
such that g > 0 on Bj. Let H = L? = L?(B;), W = H?(B}) and

Koy = {u € HYBf) : w>0 on B}, u=g on dB;N{xg> 0}}
Recall that the thin-obstacle energy is given by

1
Fru(u) = 2/3 |Vu|? de with VFum(u) = Au.
1

Let ¢ be the unique solution of the thin-obstacle problem
min Fry(u), (4.5)

uErH

where all functions in K.y are extended even to the full ball.
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Proposition 4.2 (Constrained Lojasiewicz for the thin-obstacle problem). Let Ky, Fry and ¢
be as above. There is a dimensional constant Cy such that

1
(Fra(t) = Fu(9) * < Cal VFra(w) (4.6)
for every u € H?(B{") N Ky such that
ou ou
_— B — = Bi. 4.
o, 0 on Bj and u@xd 0 on Bj (4.7)

Proof. For simplicity of notations we drop the index TH. Let u € H2(B) N K be a function
satisfying (4.7). By definition of || - ||x (see (2.2])), we have the estimate

1 1
VF(u Z—/ u — Auda::—/ u— )A(u— @) dr
V7@l 2~ [ =) oy (9B =)

__ 1 u— )P dr — U — Mx/
_Ilu—sonp(/BlJV( 2l /B;( )= d>,

where n is the exterior normal to Bf . On the other hand, we have

1/ 2 1/ 2 1/ 2 /
- Viu—op)|"de =< Vul|"dz — = V| dz + Vo -Vip—u)dr
3, V= oldr=g [ [Vuldo—g [ Veldrt | Ve ie-u
dyp .,
=Fu)—F(e)+ | (¢—u)=dx (4.8)
Bi 8?1

Using that Lpau >0, ua‘P >0 and ug“ cpg—i =0 on Bj, we have

1 1 9 ou Oy ;
> - _ z= -
IVF )l > o ( /B+ V(- )| dgc+/Bi <<pan —I—u8n> da

1 (fwy—fW%+/ E;d )_fﬁ@f@?

lu— el [ =l

On the other hand, the fact that « — ¢ = 0 on 0B; N{xg > 0}, the Poincaré inequality and (4.8))
give that

= ¢l < Ca [ V(=) do < 204(F () = F(s),

1

which concludes the proof of (4.6)). O

4.3. Obstacle problem on a compact manifold. Let (M, g) be a compact connected ori-
ented Riemannian manifold of dimension d > 2. We denote by A and V the Laplace-Beltrami
operator and the gradient on M, respectively. We denote by dV; the volume form on M,
in local coordinates dV, = det(g;j)dz' A -+ A dz™. We will denote by L?*(M) the space of
Lebesgue measurable square real integrable functions and, for u € L?(M), we will use the nota-

tion [|ully = ([, u? qu)l/Q. The associated scalar product in L?(M) will be denoted by

u.v:<u7v>:<u,U>L2(M):/MU’0thq, for U,’UEL2(M).

The Sobolev space H!(M) on (M, g) is defined as the closure of the smooth functions on M
with respect to the norm

|lul| g2 = /M (g(Vu, Vu) + u2) avy.

Moreover, we will often use the notations Vu - Vv := ¢g(Vu, Vv), for the scalar product with
respect to the metric g, and |Vu|? := g(Vu, Vu), for the induced norm. The higher order Sobolev
spaces H¥(M) are defined analogously. The Laplace-Beltrami operator A is defined on H?(M)
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with values in L?(M) and also by duality, as an operator A : H'(M) — H~1(M); in both cases
we will use the notation

/M(Au) vdVy = — /M Vu-VodV, forevery wu,ve€ H'(M).

It is well known that the spectrum of the Laplace-Beltrami operator A is discrete and can be
written as an increasing sequence of real positive eigenvalues 0 = Ay < Ao < Az < - - < A <L
counted with their multiplicity. The corresponding eigenfunctions ¢; € H M), j € N, are
smooth on M and form an infinite orthonormal basis of L?(M), precisely,

/ uv d‘/g = 51']' and / Vu- Vo d‘/;] = )\157,]
M M

Let A € R be given and F)), be the functional

1

FA (u) = / (1Vul® - Ma?) dVg—i—/ wdv,. (4.9)

2 Jm M

For u,v € H'(M), we will use the notation
1
v VR () = VR ()] = 6 ()] = lim 5 (F(u+t0) = F,(w))
—

and we notice that

VFMu) = —Au— X u+1 forevery ue H*(M)
Let KM := {u € L>(M) : u > 0}. For u € KM N H%(M), we define ||V]:5\B(u)||,%\g as in (2.2)).
Let A be an eigenvalue of the Laplace-Beltrami operator A on M. Then all the critical points

of F), are of the form A\~! + ¢, for some A-eigenfunction ¢. We denote by Sy the set of all
non-negative critical points of the functional F),. Notice that JF)), is constant on Sy, that is,

fg\B(SA) = f(i\B((p)v VQO € Sy

Remark 4.3. The set Sy is bounded both in L?(M) and H'(M). Indeed, suppose that this is
not the case. Then there is a sequence of A-eigenfunctions ¢,, such that ||¢,||2 = 1 and a sequence
Cp — oo such that A™' 4+ C, ¢, € S\. But then we have also that 1, := C;;'A"! +¢,, € S\. Now,
since ¢y, is bounded in H'(M), up to a subsequence, ¢, and 1, converge strongly in L?(M) to
a function ¢ € H'(M), such that ¢ > 0 on M, [ ¢*dV, =1 and ¢ is a A-eigenfunction, which is
a contradiction.

We next prove a Lojasiewicz inequality in a neighborhood of the family of critical points Sy.
For any u € L?(M), we set
diste(u, Sy) :=inf {|u— ¢[l2 : ¢ € Sr},
and, for any v € (0,1/2], we define the function f, : R — RT as
t2 i ¢ > 1,
f(@) =t if 0 <t <1, (4.10)
0, if t <0,
Proposition 4.4 (Constraint Lojasiewicz inequality for the obstacle on a manifold). Let A > 0
be an eigenfunction of A on M, and let ]:5\}3, Sy be as above. Then, there are constants C,6 > 0
(depending on (M, g) and \) and v € (0,1/2) (depending only on the dimension d = dim M) such
that:
F+(Fou(u) = F5u(8x)) < CIVFG, (W)l (4.11)
for every uw € H*(M) N KM such that disto(u, S\) < 8. In particular, for every E > 1 and every
u € H2(M) N KM satisfying dista(u, Sy) < 3§ and Fo,(u) — Fo,(Sy) < E, we have

(F(u) = F(S0)) 7 < CEZ[VEN (u)k. (4.12)
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Proof. For the sake of simplicity we set F = F), K = K¥ and S = S). Let ¢ € S be

such that ||lu — ¢|l2 < 2§. Notice that u — ¢ can be uniquely decomposed in Fourier series as
u—¢ =Q_+ Qo+ mn, where _ contains only lower eigenmodes (corresponding to eigenvalues
< \), Qo is a A-eigenfunction and

n(x)= Y cid;),
{7:A;>A}

which contains only higher eigenmodes (corresponding to eigenvalues > \). Thus, u = Q_+ Qo+

¢ +mnand [|Q_||2, |Qoll2, [|7]l2 < 20. We now consider M := maxzem{—Q—(x) — Qo(z) — ¢(x)}
and suppose that the maximum is realized in a point z;; € M. Notice that since Q_ + Qg is a
finite sum of (smooth) eigenfunctions, there is a constant C' > 0 (depending on M and \) such
that [|Q— + Qollz < C6. Thus, if M > 0, then 2y, € {¢ < Cd} and M < C§. We now choose §
such that 1006 < ¢y := A~ 2 and we claim that the function

) oM
U:Q—‘FQO‘F(P‘FK(CA_SO)

is non-negative. Indeed, it is sufficient to consider the following two cases:
e on the set {¢ > 2C¢d}, we have that

1 1 2M
i=(Q-+Qu+-¢)+2M+¢(=—-"=) >0,
2 2 C

since each of the three terms is non-negative;
e on the set {¢ < 2C¢}, we have that

2M
QZQ—‘FQO—FS@""?(C}\—QC(S) >Q +Qo+e+M=>0.
A

Next, using the fact that ¢\ — ¢ is a A-eigenfunction (notice that the integral of ¢y — ¢ on M
vanishes, due to the fact that A > 0), we calculate

_(a_u).v]:(u):/M(—Au—)\qul) <n—20]\j(0,\—90)>dvg
:/ (= Au—Au+1)ndV,
M
:/M(_A(Q_+Qo+n)—A(Q_+Qo+n))ndVg
=/M(!V77\2—A772) aVy= Y A\ =2F ().

JiIA>A

Notice that since the set of eigenvalues is discrete, there is a (spectral gap) constant G(A) > 0
such that A\; — A > G(\), whenever A\j — A > 0. In particular, we have the inequality

2F(m) = > &N —-N=GN\) Y & =G\l

BV IDYESY
Thus, we get
VR > —E W V), 27 ()
-l = Do, — gl + Il
(4.13)
2F () o F)

- M >(leallz + llll2) + (G)F )= =~ M+ F(n)'»>

where C' is a constant depending only on A and M. On the other hand, we have

2(Flu) - F(p)) = /M (IV (= 92— Au — 9)2)dV, < /M (IVal? = Xi?)dV, = 2F(n). (4.14)
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Now, in order to get -, it only remains to estimate M and put together (4.13)) and (| -
We notice that:

e Q_ + Qo + ¢ is a (finite) linear combination of (orthonormal and smooth) eigenfunctions
corresponding to eigenvalues < A;

e the L? norm of Q_ + Qg + ¢ is bounded by a universal constant.
As a consequence, there is a universal (Lipschitz) constant L, depending only on A and M, such
that ||[V(Q- + Qo+ ®)l Lo (m) < L. Thus, since the negative part 1 := —inf{(Q- + Qo+ ), 0} is
such that supy = M is small enough (bounded by a constant depending on M and ), as already
mentioned above), we get that there is a constant C' (depending on M) such that

1917200y 2 CLTIM2 = CL™ W75 )
Since v > 0 on M, we have that ¢ § 1 and so,

2L4
. . ) 1
which, together with (4.13]) and (4.14)), we get (4.11)) with v = FEE O

4.4. The thin-obstacle problem on the sphere. Let K5, be the set of functions on the sphere
which are non-negative on the equator {4 = 0} N9dB;. Let m € N, X := A\(2m) = 2m(2m+d —2)
and F}\, be the functional

1
F(u) = 2/88 (|Vul* = M) dH* L
1

Thus, VA (u) = —Au — Au, where A is the Laplace-Beltrami operator on the sphere. Notice
that the operator VF), : H2(0B;y) — L?(0By) is symmetric, that is, for any u,v € H2(0B;) we
have

v- VFN(u) = / v(—Au — \u) dHT ! = / u(—Av — M) dH = u - VI (v).
aBl 831

The set of critical points of F\, is precisely the set of the eigenfunctions of the spherical Laplacian,
corresponding to the eigenvalue )\(k) Let Sy be the set of critical points of 77\, which are positive
on {z4 = 0} N dB;. Notice that F\, vanishes on Sy, that is, F),(Sy) = 0.

Proposition 4.5 (Constrained Lojasiewicz inequality for the thin-obstacle on the sphere). Let
IS, FA, Sy and X = \(2m) be as above. Then, there are constants C and &, depending only on

TH’ TH’
the dimension d and the homogeneity 2m, such that

f’Y( TH( )) < OHV TII( )HIC%{ fOT’ every u € IC§11 mH2(aBl) such that diStQ(U,S)\) S 57
(4.15)
where v = 1/d, fy is the function defined in and dists(u, Sy) is the L2(0B1) distance from
u to the set Sy. In particular, for every £ > 1 we have

(Faw) " < CE:T VAL W)k, (4.16)
for every u € H?(OBy) N K3, such that dista(u,Sy) < § and Fo,(u) < E.
Proof. For the sake of simplicity, we set F = Fp,, K = K, and S = Sy. Let u € K be such that

F(u) > F(S) = 0. By the definition of | V.F||x, it is sufficient to prove that there is a function
@ € K such that, for universal constants C' > 0 and « € (0, /2] we have

“l—w) VW 5 op (Fu). (4.17)

4 — ulla
We notice that u can be decomposed in Fourier series on dBj, using the eigenfunctions of the
spherical Laplacian. We write u as u = v_ + vg + v4 and we set @ = v_ + ¥p, where:
_ is the projection of u on the space of eigenfunctions corresponding to eigenvalues < A(2m);
e v, is the projection of u on the space of eigenfunctions corresponding to eigenvalues > \(2m);
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e vg and 7y are critical points for F (eigenfunctions for A(2m)); o will be chosen later.

We first calculate the left-hand side of (#.17)). For the L? norm we have

~ ~ 1/2
1@ —ull2 = (|70 — voll3 + [lo+113)
For the scalar product, we integrate by parts and use the orthogonality of the eigenfunctions:
—(t—u)-VF(u)=(vg—00+vy) - VF(u) =u- VF(vg — g + v4)
=u-VF(vy)=vq -VF(u) =vy - VF(vy) = F(vg).

Thus, we obtain
u—u F(vy)

- VF(u) = —. (4.18)
o=l (1130 = woll3 + o+ 13)
We now aim to estimate || — vol|2 + ||vs ||3 by F(vy). First, we notice that
Flog)= Y GG -A2m)) = (A2m+1)=A2m)) > & = @dm+d—1)|jv,]3, (4.19)
j=2m+1 j=2m+1

which estimates the second term. In order to give a bound for |79 —vg||2 we will need to choose ¥y
carefully. Let ¢ be an eigenfunction of the spherical Laplacian, corresponding to the eigenvalue
A(2m), and such that ¢y =1 on {zg = 0} N 9B;. We choose

U = M h M = — i f — .
g Y + v where {ocdzl(l)l}ﬁaBl(U + vo)

We now claim that there is a constant Cy,, > 0, depending on d and m, such that
M? < CymF(vy). (4.20)

First of all, we notice that there is a constant L,,, depending only on d and m, such that all the
eigenfunctions corresponding to eigenvalues < A\(2m) are globally L,,-Lipschitz continuous on
OB;. In particular, the function v_ + vg is L-Lipschitz continuous for L = Ly, (|Jv_]3 + ||vo||3)"/*.
Since v_ + vy + v4 is non-negative on S%2 we get that

2 dHI-2 > in{0 2 gmi-2 > o2 (M T G MA
gd—2 v T Jgd-2 (mln{ - F UO}) = d L T A2 ’

for some dimensional constant Cy. Now, by the trace inequality on the sphere 0B; and the fact
that the expansion of v4 contains only eigenfunctions corresponding to frequencies higher than
A(2m), we get

/ vl dHTE < Cy / (IVovi? +03) dHT < CymF(v4),
Sd72 831

which concludes the proof of (4.20)). Finally, (4.20) and (4.19) give

IVF )| > (MQHwyﬁ (i+”) X > Camfy (F(0y)) > Camfy (F(w). 0
2 V+1lg

5. PROOF OF THE MAIN RESULTS

5.1. Proof of Theorem We first consider the case of the parabolic obstacle problem .
By Proposition[4.1] we have that the functional F, satisfies the constrained Lojasiewicz inequality
with v = 1/2, while Lemma implies that the flow of Fy; is continuous with respect to the initial
datum. Thus, by Proposition and Corollary we have that the solution w : [0, +oo[+—
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L?(By) of (1.14)) converges in L?(B1) to the unique stationary solution ¢, which is also the unique
solution of (1.12). In order to get the convergence in H'(B;) and its rate, we estimate

/ IV (u(t) — o) di = / V() de / Vol2de —2 [ Vo V(u(t) - ) da
B1 B1 B1 B1

—/ |Vu(t)\2d:c—/ \V@]de+2/ (u(t)—cp)l{¢>0}dx
B1 Bl

B1

= 2(Fou(u(t)) = Fos(0)) + 2| B1|[|u(t) — @l L2(s,)-

Thus, follows by the exponential estimates in Corollary

In the case of the thin-obstacle problem , we first apply Proposition obtaining that
the constrained Lojasiewicz inequality (with v = 1/2) holds for the functional F.,, along the
solution wu(t) of . On the other hand, Lemma implies that the flow of F.y is continuous
with respect to the initial datum. As a consequence, by Corollary 2.12] (and Remark 2.11)), we
have that the solution u(t) converges in L?*(B;) to the unique solution ¢ of (1.18). Using the
notations H = {x4 > 0} and B = H N By, we calculate

| et —oPd= [ wuoPd- [ verarrr [ S - )i

Bj B B; HAB; 0%d

< [, P dr = [ 196 dr = Fa(ut) ~ Fali)

1

Thus, the conclusion follows by the estimate (2.21]) of Corollary O

5.2. Proof of Theorem Let us first treat the case of the parabolic obstacle problem
on the sphere. Due to Lemma [2.7] and Proposition [£:4] the hypotheses of Proposition [2.10] are
satisfied. Thus, u(t) converges to a function s, which is a critical point of F7, in K5, (in the
sense of (2.3)). Now, since the critical points of 77, in K5, (which are in a neighborhood of S))

OB

are classified, we get that us € Sy. Moreover, Proposition @ implies that
1
ut) = usollp2) < CT=5  and  FA(ult)) — Fiy(us) < Ct 5.

Now, reasoning as in the proof of Theorem [I.7], we obtain

/S|V(u(t)—uoo)\2 :/S|Vu /|Vuoo|2—2/Vuoo- £ = )

:/31 |Vu(t)\2dx/Bl\Vuoo| dx+2/ (u(t) — o) (1 — Misg) da

By

= 2(F ) — P ) + A [ ult) = s

which finally gives (1.23)).

The case of the parabolic thin-obstacle problem is analogous. Using Lemma[2.7and Proposition
with v €]0,1/2[, we get by Proposition that u(t) converges to a function us, which is
a critical point of F2, in K5,. Since the critical points of F2, in K5, are classified, we get that
Uso € Sx. We denote by St the upper half-sphere {z4 > 0} N dB; and we calculate

D (u(t) — une) 2 = / V(b)) - / Vitso? — 2 / oo (1(t) — t100)
S+ S+ S+
= Fon(u(t)) — Fon(uso) + A/ lu(t) — oo 2.
S+
Now, using Proposition (2.10)), we get ((1.23]). O

S+
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5.3. Proof of Theorem Both the claims (OB) and (TH) follow by Proposition Let
us check that the conditions (SL), (FL) and (LS) of Proposition [3.1] are satisfied.
(SL) In order, to prove the slicing condition (SL), we set

G(u) ::/ |Vu|* de — k / u? dHI, (5.1)
B 0By

for some k > 0 and u = u(r,0). Setting # € OBy, df = dH?! and we calculate
1
G(rfu) = / / (\k Ry 4 R opu? + 7“2’“*2\V9u]2) doritdr — k / u? df
0 831 aBl

1
— / / <k2r2k_2u2 + r2%|0,u)? + kr? 1o, (u?) + r2k_2|V9u|2) dori—tdr —k u? db
0 JoB; 0B

1
= / / <k2?”2k72u2 + 2 0ul? — k(2k + d — 2) r2 22 + r2k*2|V9u|2> dor¢tdr
0 JoB,

1 1
_/ r2k+d_3/ (1IVoul? — k(k + d — 2) u?) d9dr+/ Tz“d‘l/ |0pul® d6 dr
O 631 0 881

that is, if we set
F(o) = / (IVod|? — A(k) ¢?) dH™,  where (k)= k(k+d—2), (5.2)
0B;

then we have the slicing equality

1 1
G(rku) = /0 F(u(r,-))r2+a=3 ar 4 /0 p2htd=1 /a N |0yu)? dHL dr. (5.3)
1

Now, setting k = 2m, A = A\(2m), G = Gy and F = F,, we get the slicing inequality (SL)
for the thin-obstacle problem (at the singular points, where the homogeneity of the blow-up is
2m). Using the identity with £ = 1 and A = 2d, together with a simple change in polar
coordinates, we get (SL) for the obstacle problem, with F = F), and G = Goy.

(FL) The existence of the flow (FL) follows from the general existence result [4].

(LS) For what concerns the coinstrained Lojasiewicz inequality (LS), in the case of the obstacle
problem it is enough to apply Proposition with M = S%1 and \ = 2d, while in the case of
the thin-obstacle it follows from Proposition O
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