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Abstract

In this paper, we consider the so-called Shape Invariant Model which stands for the
estimation of a function submitted to a random translation in a white noise model. We
are interested in such model when the law of the deformations is unknown. We observe n
independent occurrences of a process defined through a randomly shifted unknown periodic
function f° on the interval [0,1], translated by a random shift 7 whose law ¢° is unknown
and corrupted by an additive noise modelled by a standard Brownian motions W. We aim
to recover the law of the process Pyo g0 as well as f° and ¢°.

In this perspective, we adopt a Bayesian point of view and find prior on f and g such that
the posterior distribution concentrates around P s and possesses some good frequentist
asymptotic properties when n goes to +0c0. We intensively use some Bayesian non parametric
tools coupled with mixture models and believe that some of our results obtained on this
mixture framework may be also of interest for frequentist point of view.

Keywords: Grenander’s pattern theory, Shape Invariant Model, Mean pattern estimation, Non
parametric Bayesian methods, Sobolev space, Minimax rate.
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1 Introduction

We are interested in this work in the so-called Shape Invariant Model (SIM). Such model aims
to describe a statistical process which involves a deformation of a functional shape according to
randomized geometric variability. Such geometric deformation of a common unknown shape may
be well-suited in various and numerous fields, like image processing (see for instance [AGP91] or
[PMRC10]). It corresponds to particular case of the general Grenander’s theory of shapes (see
[GMO7]| for a detailed introduction on this topic). This kind of model is also useful in medicine:
the recent work of |Bigll| deals with the differentiation between normal and arrhythmic cycles
in electrocardiogram). It appears in genetics if one deals with some delayed activation curves
of genes when drugs are administrated to patients, or in Chip-Seq estimation when translations
in protein fixation yield randomly shifted counting processes (see for instance [MMWO07| and
[BGKM12|) It is also occurs in econometric for the analysis of Engel curves [BCK07], in landmark
registration [Big06]. ..

Such model has received a large interest in the statistical community as pointed by the large
amount of references on this subject. Some works consider a semi-parametric approach for the
estimation (self-modeling regression framework used by [KG88| and [BGV09]). In [Casl2|, the
author applies some Bayesian techniques to obtain also statistical results on SIM in a semi-
parametric setting when the level of noise on observations asymptotically vanishes. Older ap-
proaches use parametric setting (see [GMO1| and the discussion therein for an overview) and
study the so-called Fréchet mean of pattern.

Standard M-estimation or Bayesian methods are exploited in [BGL09| or [AATO07] and same
authors develop [AKT10| a nice stochastic algorithm to run estimation in such model. Some
recent works follow some testing strategies to obtain curve registration [CD11|, [Col12|. At last,
note that [BG10| obtains some minimax adaptive results for non-parametric estimations in the
Shape Invariant Model when one knows the law of the randomized translations.

All these works are interested in the statistical process of deformation of the "mean common
shape" and generally aim to recover this unknown functional object according to noisy i.i.d.
observations. Moreover, the Shape Invariant Model is considered as a standard benchmark for



statistical methods which aim to compute estimations in some more general deformable models.
Of course, the SIM could be extended to some more general situations of geometrical deformations
described through an action of a finite dimensional Lie Group (see [BCG12| for a precise non
parametric description). We have decided to restrict our work here to the simplest case of the
one dimensional Lie group of translation S' to warp the functional objects.

This work has been inspired by several discussions with Alain Trouvé about the work [AKT10]
for the study of the Shape Invariant Model. We aim to extend their parametric Bayesian frame-
work to the non-parametric setting and then study the behaviour of some posterior distributions.
Hence, the motivation of the paper is mainly theoretical: we want to describe the asymptotic evo-
lution of the posterior probability distributions when data are coming from the SIM. Of course,
we need to build suitable prior which yield nice contraction rate for this posterior distribution.
We have decided to consider the general case where both the functional shape and the probabil-
ity distribution of the deformations are unknown. Indeed, it corresponds to the more realistic
case. From the best of our knowledge, no sharp statistical results have been derived yet in this
non-parametric situation.

Our work will describe the evolution of the posterior distribution when the number of obser-
vations grows to +o0o. It is an important difference with the study of the asymptotically vanishing
noise situation (o — 0). It is itself a special feature of the Shape Invariant Model: there is no
obvious Le Cam equivalence of experiments (see [LCY00]) for the SIM between the experiments
when n — +oo and when o — 0. It is illustrated by the very different minimax results ob-
tained in [BG10| (n — +o0) and in [BG12| (¢ — 0). We will use in the sequel quite standard
tools of Bayesian non parametric methods to obtain some frequentist consistency of Bayesian
procedures. Such tools rely on some important contributions of [BSW99| and [GGvdV00| for
posterior behaviour in general situations, as well as Bayesian properties on mixture models stated
in [GvdV01] and [GWO00].

The paper is organised as follows. Section 2 presents a sharp description of the Shape
Invariant Model, as well as standard elements on Bayesian and Fourier analysis. It also provides
some notations for mixture models. It ends with statements of our main results. Section 3
presents the proof of the posterior contraction around the true law on functional curves, which
is our first main result. Section 4 provides some general identifiability results and up to these
identifiability conditions, shows the posterior contraction on the functional objects themselves.
At last, this section also establishes a lower bound result of reconstruction in a frequentist
paradigm. We end the paper with numerous challenging issues.

We gather in the appendix sections some technical points: the metric description of the Shape
Invariant Model embedded in a special randomized curves space and the calibration of suitable
prior for the SIM.

Acknowledgements: S. G. is indebted to Jean-Marc Azais, and Laurent Miclo for stimulating
discussions related to some technical parts of this work. Authors also thank Jérémie Bigot, [smaél
Castillo, Xavier Gendre, Judith Rousseau and Alain Trouvé for enlightening exchanges.

2 Model, notations and main results

2.1 Statistical settings

Shape Invariant Model. We recall here the random Shape Invariant Model (SIM). We assume
f% to be a function which belongs to a subset F of smooth functions. We also consider a
probability measure g which is an element of the set ([0, 1]). This last set stands for the set of
probability measures on [0, 1]. We observe n realizations of noisy and randomly shifted complex
valued curves Y7,...,Y, coming from the following white noise model

Vrel0,1] Vi=1...n  dYj(z):= f'(z — 1)dz + adW;(z). (2.1)



Here, f9 is the mean pattern of the curves Yi,...,Y, although the random shifts (75)j=1..n
are sampled independently according to the probability measure ¢°. Moreover, (W) j=1..n are
independent complex standard Brownian motions on [0, 1] and model the presence of noise in
the observations, the noise level is kept fixed in our study and is set to 1 for sake of simplicity.

In the sequel, f~7 will denote the pattern f shifted by 7, that is to say the function =z —
f(x — 7). Complex valued curves are considered here for the simplicity of notations. However
all our results can be adapted to the simpler case where all curves Y}’s are real valued. A
complex standard Brownian motion W; on [0, 1] is such that W is a standard complex Gaussian
random variable, whose distribution is denoted by N (0, 1); a standard complex Gaussian random
variable have independent real and imaginary parts with a real centered Gaussian distribution
of variance 1/2.

This work will address the question of the behaviour of some posterior distributions on F ®
M([0,1]) given some functional n-sample (Y7,...,Y},). Since our work will be mainly asymptotic
with n — +o00, we intensively use some standard notation such as "<" which refers to an
inequality up to a multiplicative absolute constant. In the meantime, a ~ b stands for a/b — 1.

Bayesian framework. Since most of statistical works on the SIM are frequentists, we have
decided to briefly recall here the Bayesian formalism following the presentation of [GGvdV00|.
Familiar readers can thus omit this paragraph.

Functional objects f9 and ¢ we are looking for, belong to F ® 90([0, 1]) and for any couple
(f,9) € FoM([0,1]), equation (2.1) describes the law of one continuous curve. Itslaw is denoted
P; 4 and possesses a density pf, with respect to the Wiener measure on the sample space. Since
f% and ¢° are unknown, P 0 g0 is also unavailable but belongs to a set P of probability measure
over the sample space. This set P is the set of all possible measures described by (2.1) when
(f,g) varies into F ® (][0, 1]).

Given some prior distribution II,, on P (generally defined through prior on F & 9M([0,1])),
Bayesian procedures are generally built using the posterior distribution defined by

fB _] lp dH ( )
fp j:lp( J)dHn( )’

which is a random measure on P that depends on the observations Yi,...,Y,. For instance,
Bayesian estimators can be obtained using the mode, the mean or the median of the posterior
distribution. This is exactly the approach adopted by [AKT10| which is mainly dedicated to
compute such a posterior mean in a parametric setting with a stochastic EM algorithm.

The posterior distribution is then said consistent if it concentrates to arbitrarily small neigh-
bourhoods of Pyo so in P with a probability tending to 1 when n growth to +-00. One frequentist
property of such posterior distribution describes the contraction rate of such neighbourhoods
meanwhile still capturing most of posterior mass. According to equation (2.1), we thus tackle
such Bayesian consistency and compute such convergence rates in the frequentist paradigm. Of
course, such properties will highly depend on the metric structure of the sets P and F.

I, (B|Y3y,...,Y,) =

Functional setting and Fourier analysis. Without loss of generality, the function f is
assumed to be periodic with period 1 and to belong to a subset F of L2([0,1]), the space of
squared integrable functions on [0,1] endowed with the euclidean norm |[|h| := fo |h(s)|*ds.
Moreover, each element h € LA([0, 1]) may naturally be extended to a periodic function on R of
period 1. Since we will intensively use some Fourier analysis in the sequel, let us first recall some
notations: i will stand for the complex number such that i> = —1. The Fourier coefficients of h
are denoted

Oo(h) = /0 1 e 2R (1) dL. (2.2)

All along the paper, we will often use the parametrisation of any element of h € L<2c([07 1])
through its Fourier expansion and will simply use the notation (0y)scz instead of (0y(h))scz.



Our work is dedicated to the analysis of SIM when F models smooth functions of [0,1].
Hence, natural subspaces of L%([O, 1]) are Sobolev spaces Hs with a smoothness parameter s:

H = {f € LE([0.1) | D o(L+[eP)0u(f)? < +OO}-

LET

A useful set of functions for the identifiability part will also be the following restriction of H,:

Fy = {f € L2((0,1]) | 6:1(f)>0 and D (L4 [€*)[0.(f)]” < —i—oo}.

LeZ

In the sequel, we aim to find prior on P that reaches good frequentist properties, and if possible
adaptive with the smoothness parameter s since this parameter is generally unknown. We will
consider only regular case when s > 1, the quantity ), 7%0,|? is thus bounded and we denote

the Sobolev norm
0], == |>_ £2(602.
LETL

It will also be useful to consider in some cases Fourier "thresholded" elements of H,. Hence, we
set for any integer ¢ (which is the frequency threshold)

HE={feH, | Vk|>C 04(f)=0}.

Mixture model. According to equation (2.1), we can write in the Fourier domain that
VeeZ Vie{l...n}  0,(Y;) =00 2T + &, (2.3)

where 6° := (69)4c7 denotes the true unknown Fourier coefficients of f°. Owing to the white noise
model, the variables (& ;)¢; are independent standard (complex) Gaussian random variables:
& ~iia Nc(0,1),Y¢, 5.

For sake of simplicity, v will refer to v(z) := 77_16_|Z|2,Vz € C, the density of the standard
complex Gaussian centered distribution Ng(0,1), and 7,(.) := (. — p) is the density of the
standard complex Gaussian with mean u. We keep also the same notation for p dimensional
complex Gaussian densities v(z) := 7 Pe~I5I” vz € CP, where |z is the euclidean p dimensional
norm of the complex vector z.

For any frequence ¢, equation (2.1) implies that 6,(Y") follows a mixture of complex Gaussian
standard variables with mean 02642”“’, v €10,1):

1
0,(Y) N/o ’yg?eq%wdg(gp).

In the sequel, for any phase ¢ € [0,1] sampled according to any distribution g, and for any
0 € (*(Z), 0 e o will denote the element of £?(Z) given by

VeeZ  (0ep) =0 2%

When 6 is a complex vector, for instance 8 = (6_y,...,0;), we keep the same notation 6 e ¢ to
refer to the 2/ + 1 dimensional vector (0_,e?™% ... 0y,01e72™? ..., 0,e72™). It corresponds
to a rotation of each coefficient 6, around the origin with an angle 2wfp. According to this
notation, the law of the infinite series (of Fourier coefficients of Y') can thus be rewritten as

1
wm~1wwomm

One should remark the important fact that from one frequency to another, the rotations used
to build #(Y) are not independent, which traduces the fact that coefficients 6,(Y") are highly
correlated.



2.2 Notations on Mixture models

Our study will intensively use some classical tools of mixture models, see for instance the papers
of [GvdVO01] or [GW00]. We thus choose to keep some notations already used in such works.

For any vector 6 € (4(Z) corresponds a function f € L%([0,1]) according to equation (2.2)
and for any measure g € M([0,1]), Py, will refer to the law of the vector of £2(Z) described by
the location mixture of normals variables:

1
Pg,g = /0 Voop(-)dg ().

This mixture model is of infinite dimension since @ belongs to ¢?(Z). Following an obvious
notation shortcut, Py , will be its equivalent for the functional law on curves derived from Py 4.
When 0 is of finite length k, pg , will be the density with respect to the Lebesgue measure on C*k
of the law Py 4:

1
VeeCF  pey(s) = / 2z — 00 )dg(p).
0

We also use standard objects on probability distances and covering numbers of metric spaces.
These objects are precisely described in the Appendix (paragraph A).

Bayesian frequentist consistency rate. In our setting, d is chosen according to one of the
metric defined above (dy or dyr) on the set P := {Ps4|(f,g) € Hs @ M([0,1])}. We can now
remind Theorem 2.1 of [GGvdV00| which will be useful for our purpose. Definitions of standard
objects such as D(e, P, d) are given in Appendix A.

Theorem 2.1 (Posterior consistency and convergence rate, [GGvdV00]). Assume that a sequence
€n With €, — 0 and ne2 — 400, a constant C > 0, and a sequence of sets P, C P satisfy

log D(én, Py, d) < ne (2.4)
I, (P \ Pp) < e "n(C+Y) (2.5)
M, (Pry € Pldrrn(Pog0,Prg) < €2, V(Prog0,Ppy) < €2) > e nC, (2.6)

Then there exists a sufficiently large M such that 1T, (Pﬁg 2d(Ppo go,Prg) > Mep|Ye,. .. Yn) —0
in Pro g0 probability.

The posterior concentration rate obtained in the above result is ¢,. The growing set P, is
referred to as a Sieve over P. Generally, this rate €, can be compared to the classical frequentist
benchmark: for instance [GGvdV00| obtained for the Log Spline model a contraction rate €, =
n~%/(25+1) when the unknown underlying density belongs to an Holder class C*([0,1]), and this
rate is known to be the optimal one (in the sense that it is the minimax one) in the frequentist
paradigm over Holder densities of regularity s. Similarly, the recent work of [RR12| considers
the situation of density estimation for infinite dimensional exponential families and reaches also
contraction rates close or equal to the known optimal frequentist one.

2.3 Bayesian prior and posterior concentration in the randomly shifted curves
model

We detail here the Bayesian prior II,, on P used to obtain a polynomial concentration rate. Note
that such prior will be in our work independent on the unknown smoothness parameter s. As
pointed in the paragraph above, it is sufficient to define some prior on the space Hs ® ([0, 1])
since equation (2.1) will then transport this prior to a law II,, on P. The two parameters f and
g are picked independently at random following the next prior distributions.



Prior on f. The prior on f is slightly adapted from [RR12|. It is defined on H through

=Y A{)my.

Given any integer /¢, the idea is to decide to randomly switch on with probability A(¢) all the
Fourier frequencies from —/ to +/¢. Then, 7 is a distribution defined on ¢?(Z) such that m, :=
®kezﬂ'§ and

VEEZ  mf =100 + 1<eNe(0,62).
The randomisation of selected frequencies is done using A, a probability distribution on N* which
satisfies for p € (1,2):

2 2
I(c1,c2) € Ry VL EN* e 1t log” L SO < g c2t"log” L,

The prior 7 depends on the variance of the Gaussian laws &, used to sample the Fourier
coefficients. In the sequel, we use a variance that depends on n according to

& = n 7t (logn)~, (2.7)

where p; and ¢ are parameters that may depend on s (non adaptive prior) or not (adaptive
prior).

Prior on g. As our model does not seem so far from a mixture normal model, a natural prior
on g is built according to a Dirichlet process following the ideas of [GvdV01|. Given any finite
base measure « that has a positive continuous density on [0, 1] w.r.t. the Lebesgue measure, the
Dirichlet process D, generates a random probability measure g on [0, 1]. For any finite partition
(A1,...,Ag) of [0,1], the probability vector (g(Ai),...,9(Ax)) on the k-dimensional simplex
has a Dirichlet distribution Dir(a(A1),...,a(Ag)). Such process may be built according to the
Stick-Breaking construction (see for instance [Fer73|).

2.4 Main results
Using the prior defined above, we obtain the following theorem on the randomly SIM.

Theorem 2.2. Assume that f° € Hs with s > 1, then the values pus = 2/(2s +2) and ¢ = 0 in
the definition of &, yield a non adaptive prior such that

11, {Pﬁg s.t. dH(Pﬁg,PfO,gO) < €n|Y1a cee Yn} =1+ OIP’fo’go(l)

when n — +00. Moreover, the contraction rate €, is given by

2542)

en =n""/ log n.

The values = 1/4 and ( = 3/2 yield the contraction rate
L {Prg st di(Prg,Ppogo) < €nfVi,... Yo} = 1408, (1)

when n — 400 with
.- n=/ 25t ogn  if se (1,3
" n8logn if s>3.

Let us briefly comment this result. It describes the posterior concentration around some
neighbourhood of the true law P jo within a polynomial rate. Our prior is adaptive with
the regularity s as soon as s € [1,3] setting €2 = n~'/*(logn)~%/2. For this range of s, the
convergence rate is n~2/(25%2) yp to a logarithmic term. To the best of our knowledge, the
minimax frequentist rate is unknown for the problem on recovering Pt j0 when both f% and ¢°



are unknown. An interpretation of such polynomial rate is rather difficult to provide. It may be
interpreted as —2s/(2s + d) where d is the number of dimension to estimate in the model (f°
and ¢%). When s becomes larger than 3, the rate of Theorem (2.2) is "blocked" to 3/8 (which
corresponds to s/(2s + 2) when s = 3) and does not match with s/(2s + 2). This difficulty is
mainly due to the important condition w? < I, in Theorem 3.1.

At last, the non adaptive prior based on &2 = n~2/(25+2) recovers the good rate —s/(2s + 2)
for all s larger than 1.

The former result establish a result on the law Py, € P. It is also possible to derive a
second result on the objects f € H themselves, it provides a somewhat quite weak result on the
posterior convergence towards the true objects f© and ¢°. In this view, we define

M, ([0,1]) == {g e M([0,1]) | I(c,C) R, xRL :VkeZ clk|™ < |0k(g)| < Clk|™"}.

Theorem 2.3. For the adaptive prior using &, = n_1/4(10g n)_3/2, the two following results
hold.

i) Assume that f© € Fy with s > 1 and ¢° € M,([0,1]) with v > 1, then there exists a
sufficiently large M such that

I, {g stlg- &P < Mpg|Yy,... Y} =1+ O]PfO’gO(]‘)

with the contraction rate p, = (logn)™".
i1) In the meantime, we also have

W {f stlf =l < Mg|Yi,... Yo} =14+ 0p, (1)

when n — +00. Moreover, the contraction rate v, is given by
- _ 4sv
,U'n — (log n) 2s+2v+1 |

In paragraph 4.3, we will stress the fact that it is indeed impossible to obtain frequentist
convergence rates better than some power of logn even if our lower bound does not match
exactly with the upper bound obtained in the previous result.

Theorem 2.4. i) The Shape Invariant Model is identifiable as soon as (f°,g) € Fs x MM, ([0,1]):
if v > 1, the canonical application

T : (fojgo) € Fs x M, ([0,1]) —> Po g0 is injective.

ii) Assume that (f°,g°) € Fs x MM, ([0,1]), then there exists a sufficiently small ¢ such that
the minimaz rate of estimation over Fs x M, ([0,1]) satisfies

liminf (logn)**? inf sup I/ = FII? >«
n—>+00 FeFs (f,9)eFs xMy([0,1])

and
liminf (logn)® ™ inf sup g —gll* > e
e 9EFs (f.9)€Fsx My (0,1])

This result is far from being contradictory with the polynomial rate obtained in Theorem 2.2.
One can make at least three remarks:

e The first result provides a contraction rate on the probability distribution in P and not on
the functional space Fj.

e The link between (f°, ¢°) and Pjo 4o relies on the identifiability of the model, and the lower
bound is derived from a net of functions (f;, g;);, which are really hard to identify according
to the application Z. Around these net of functions, the injection is very flat and the two
by two differences of Z(f?, g') are small.



e In fact, [BG10] have shown that in the SIM, when n — 400, it is impossible to recover the
unknown true shifts. The abrupt degradation between polynomial and logarithmic rates
also occurs owing to such reason. One may argue that such artefact could be avoided if
one chooses a different distance on F,, which may be better suited to our framework, such
as

dFrechet(fl,f2) = inf Hfl( - T) - f2()||
7€[0,1]

We do not have purchased further investigations with such distance on Fg but it would
certainly be a nice progress to obtain posterior contraction using such distance. We expect
a polynomial rate for such distance, but it is clearly an open (and probably hard) task.

3 Proof of Theorem 2.2

We aim to check conditions (2.5) and (2.6) and then apply Theorem 2.1. In this view, we first
define in section 3.1 a sieve Py_,., and our goal is to find some optimal calibration of €, [
and w,. with respect to n. We thus need to find a lower bound of the prior mass around some
Kullback-Leibler neighbourhood of Pfo jo € P. These sets are defined as

Ve, (Pfo go,drr) = {Prg € Pldxr(Pso g0, Pp ) < € V(Prog0,Prg) < Ei} :

This will be done indeed considering Hellinger neighbourhoods instead of Kullback-Leibler ones.
A link between these two kinds of neighbourhood is given in section 3.2. In section 3.3, we work
with the Hellinger neighbourhoods to exhibit some admissible sizes for €,, ¢, and w,. At last,
we prove Theorem 2.2 in section 3.4.

In all this section, we delay most technical proofs to the Appendix.
3.1 Entropy estimates
We first establish some useful results on the complexity of our model Py, when f lives in H,
and g € M([0, 1]) in various situations (f known, unknown, parametric or not).

3.1.1 Case of known f

We first give some useful results when f is known and belongs to a finite dimensional vector space
(the number of active Fourier coefficients is restricted to [—/¢,¢] for a given ¢). Then ¢ will be
allowed to grow with n and depend on a parameter € introduced below. Hence, f is described by
the parameter 6 = (0_y,...,00,...,0;), we thus define the set of all possible Gaussian measures

Ag = {Vpep 0 € [0,1]}.
Following the arguments of [GWO00|, it is possible to establish the following preliminary result.

Proposition 3.1. For any sequence 6 € C***1, one has

4 2(2¢ +1)||0
Ny(e Ag,dyg) < TVEEEE Db oy,

where o(1) goes to zero independently on ¢ and 6 as e — 0, and

1
log N(e, Ag, dir) S log £ + log |3, +log =

Assume now that g possesses a finite number of k points in its support, one can deduce from
the proposition above a simple corollary that exploits the complexity of the simplex of dimension
k —1 (see for instance the proof of Lemma 2 in [GWO00]).



Proposition 3.2. Assume f parametric and known (6 € C**1) and define

k k
M’g = {Zg((pi)'yg.%ld] vi €10,1], g(pi)>0,Vie{l...K} and Zg(api) = 1}

i=1 i=1

for a number of components k that may depend on € (as £ does). Then

1
Hy (e M, dir) < & <1ogz+ log 65, + log z) |

We then naturally provide a description of the situation when f is known and parametrized by
an infinite sequence @ € ¢2(Z). According to the previous computations, and using a truncation
argument at frequency ¢, = e~/ for Sobolev space H, one can show the following result.
Corollary 1. Assume f € Hs known for s > 1 (0 := 0(f) such that Zjezwj]2\j]2s < 400),
using the same set Ag as in Proposition 8.1 with . = ¢ /5, then

s+1

1
H[](G,Ae,dH) log + log [|0][3; -

Similarly, one also has

s+1 1
Hy(e, M} dir) S & ( g -+ 1og [0, ).

The next step is to consider continuous mixture for g, which is the more natural case. For f
known, let

Py i=A{Prglg € M([0,1])}.

Once again, we will only consider functions f with null Fourier coefficients of order higher than
l.. For sake of simplicity, we will omit the dependence on ¢ with the notation /.

It would be quite tempting to use results of [GvdV01] to bound the bracketing entropy of
Py, but indeed as pointed by [MM11] applying directly the bounds obtained in Lemma 3.1 and
Lemma 3.2 of |[GvdVO01]| to our setting yields a too weak result: the size of upper bound on
H H(E,Pf, dgr) will have a too strong dependence on ¢. By the way, we have to carefully adapt
the approach of [GvdV01] to obtain a sufficiently sharp upper bound of the entropy of P;. Such
bound is given in the next result, in which we provide a majorization of the entropy with respect
to the Total Variation distance which is easier to handle here. Note that all the previous results
are still true if we use dyr instead of dy since (A.2) also permits to retrieve entropy bounds for
dyg from entropy bounds for dyp.

Proposition 3.3. Let € > 0 and s > 0, iflog2 < ¢ and f € HE is such that ||0]|> < 20+ 1, then
log N (e, Py, dyr) S 02 <log + log \|9||H1> .

If furthermore w < /20 + 1 then
sup log N (e, Py, dvr) S 72 <log% + log €> )

FEHENO(F)]I<w

The second inequality opens the way for the case of unknown f given below. It is possible
since in the first inequality we have carefully expressed the dependency on f and /.
The method to build an e-covering of Py is in two steps:

e approximate any mixture g by a finite mixture g such that dyr(Pg4,Pg5) < €/2, with a
number of components of the finite mixture g uniformly bounded in ¢g (depending on f and

€);
e use Proposition 3.2 for the finite mixture to well approximate Py ;.

The proof itself is delayed to the Appendix.
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3.1.2 Case of unknown f

We now describe the picture when f is unknown, which is the main objective of this paper. We
assume that f belongs to Hs. In order to bound the bracketing entropy, we define a sieve over
‘Hs which depends on a frequency cut-off £ and a size parameter w. We then get

Powi={Prg| £ € HE O] < w,g € M0, 1)}

Theorem 3.1. Let be given € > 0 small enough, and assume that . and w. are such that
log% <. and we < VY, then

1
log N (€, Py, ., dyr) S 12 <log ~ +log £E> .
€

The proof of Theorem 3.1 is based on two simple results. The first one is Girsanov’s formula
obtained by [BG10| in appendix A.2.2 (in the case of known g): it can be extended to the
situation of unknown g and complex trajectories as in (2.1), which leads to

Pro vy = Jo exp (2Re(f~1,dY) — || /=) dg(on) (3.1)

Jo exp (2Re (002, dY) — || f0—212) dg®(an)

for any measurable trajectory Y.
The second result is given in the following lemma.

Lemma 3.1. Let f and f be any functions in L2([0,1]), g be any shift distribution in M([0, 1]),

then ~
=il
V2
Proof of Theorem 3.1. The idea of the demonstration is to build a e-covering of Py ,, with €/2-

coverings for f and g. First, let Py, and P 75 two elements of P, and remark that by the
triangle inequality

dvr(Pyg,Ps,) <

dyr(Prg,Prg) < dvr(Prg, Py ) +dvr(Pr g Py ).

We will look for a covering method that will use the inequality above and a tensorial argument,
it requires to bound both terms. The majorization of the first one comes from Lemma 3.1. The
second term is handled uniformly in f in Proposition 3.3.

Now, we build €/2-coverings of P, for fixed g from an €/ V/2-covering of f for the L%-norm:

We 1
log N (¢/V2, {1 € M0 < o 1-1)  totog ™ = o (s ).

O
According to inequality (A.2) and since log }2 < log %, we can easily deduce the next corollary.

Corollary 2. Let be given € > 0 small enough, and assume log% < le and we < /20 + 1, then

1
log N (€, Pr, w.»drr) S 02 <10g ~ +log eE> .
€

Remark 3.1. i) Even if the model studied here is a very special case of normal mizture models,
one may think that such kind of results may help the analysis of more general mixture cases within
a growing dimension setting.

it) In our case, we will use a much higher choice of l¢ than log % This choice will be fixed in
section 3.4.
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3.2 Link between Kullback-Leibler and Hellinger neighbourhoods

We first recall a useful result of Wong & Shen given as Theorem 5 in [WS95]. The following
result enables to handle Hellinger neighbourhood instead of Ve, (P ;o j0,dk ), which is generally
easier for mixture models.

Theorem 3.2 (Wong & Shen). Let u and v be two measures such that p is a.c. with respect to
v with a density ¢ = dp/dv. Assume that d(p,v)* = [[\/q — 1]*dv < € and that there exists
0 € (0,1] such that

M? = / ¢ dr < . (3.2)
q>el/o

Then, for € small enough, there exists a universal constant C large enough such that

1
drr(p,v) = /qloquu < Clog(Mj)e® log —,
€
and

112
Vip,v) < /qlog2 qdv < Clog(Mj)?€? [log —] .
€

Hence, Hellinger neighbourhoods are almost Kullback-Leibler ones (up to some logarithm
terms) provided that a sufficiently large moment exists for ¢ (¢logq is killed by ¢ for large
values of ¢ and a second order expansion of glogg — ¢ + 1 around 1 yields a term similar to
[\/@ — 1]?). Next proposition shows that condition (3.2) is satisfied in our SIM.

Proposition 3.4. For any P g0 € P, and for any f € Hs such that | f|| < 2(|£0, and any
dP
g € M([0,1]), define q = dﬂf;(;’go . There exists § € (0,1] such that the constant defined in equation
g

(3.2) M52 s uniformly bounded with respect to f.

3.3 Hellinger neighbourhoods

Proposition 3.4 will enable to use Theorem 3.2, thus we now aim to find a lower bound on
Hellinger neighbourhood of Po j0. Consider a frequency cut-off £, that will be fixed later. For
any f € Hi and g € M([0,1]), remind that we denote 6 := O(f) as well as 8 = 0(f°). We
define fgn the L? projection of f° on the subspace H".

For sake of simplicity, EgF'(Y) will refer to the expectation of a function F of the trajectory
Y when Y follows Pfo j0. The triangle inequality applied to the Hellinger distance shows that

(E1) (E2) (E3)

dH(Pfo’go,Pﬁg) < dH(Pf()’go,Pf? ’go) +dH(Pfl9 ,gO’Pf? ,g) +dH(Pf? 7gan,g) .

In the sequel, we will provide sufficiently sharp upper bound on (E1), (Es), (E3) so that we will
be able to find a suitable lower bound of the prior mass of Hellinger neighbourhoods.

Upper bound of (E;). We first bound (Ey) using d% < dx, with Girsanov’s formula (3.1)
(Ep) = dH(Pfo’go,Pf?wgo) < \/dKL([P’foyo,Pf?n’go)
1/2

Jy exp (2Re(f ", ay) — |72, 1) do () ]
= EO —10g 1 - = (El)
Jy exp (2Re( 00, dY) — [ f0]2) dg (o)

We now obtain the upper bound of (E7) according to the next proposition.

Proposition 3.5. Assume that' Y ~ Pgo 0 and 0 e Mg, then

(E1) < (E1) < V20 = £ 11 < V2 O 3, 6.

12



Upper bound of (E3). We now compute an upper bound of the Hellinger distance. Indeed,
we will be interested in this Hellinger distance when f?n is close to f, and the dimension £,, grows
up to +o0o (the mixture law on [0,1] is the same for the two laws). The important fact will be
its exclusive dependence with respect to the L? distance between f?n and f. This upper bound
is given in the next proposition, whose proof is immediate from Lemma 3.1 and equation (A.2).

Proposition 3.6. Assume that f € Hi and g € MM([0,1]), then

dH(Pfgn,gan,g) < 21/4\/ If = £

Upper bound for (F3). This term is clearly the more difficult to handle. We will obtain
a convenient result using some elements obtained in Proposition 3.3. For a given ¢, > 0,
b, [} € Ho» and ¢° € M(]0,1]), we know that one may find a mixture model § such that
dH(Pfgn ,gO’Pfgn,g) < €, and § has C¢? points of support in [0, 1] as soon as ¢, is small enough

and log é < £y (the condition || f} ||* < 26, + 1 is immediate since f© does not depend on n).
The next step is to control the Hellinger distance dH(]P’fg o Fpo ) for g € M([0,1]), and this

can be done thanks to an adaptation in dimension 2¢,, + 1 of Lemma 5.1 of [GvdV01].

Lemma 3.2. Let be given g a discrete mizture law whose support is of cardinal J whose support
points (¢j)j=1..g are such that g(¢;) = p; and n-separated, i.e. |@; — ;| > n,Vi # j, then

vgeM(0,1])  di(Pp 5P ;) \/>Hf€nH7-l177+2Z|g — /2,05 +1/2]) — 3(e5)] -

Note that Lemma 3.2 needs a discrete mixture with n-separated support points. The following
result permits to obtain such a mixture.

Proposition 3.7. Assume that and f° € H, for s > 1, g° € M([0,1]), and log % < . For any

nn < €2, there exists a discrete distribution § with in its support at most J,, < 02 points denoted
(¢j)j=1...7,, such that these points are n,-separated, and

1/2
dn®gy . Pp ) < (1+ B e
Furthermore, for any g € M([0, 1]),

dH(Pf?n 9% Pfgn 9)

< (L+ G AR e+ |y 51T+ 22 9005 = /205 + 10/2) = 58

Description of a Hellinger neighbourhood. We can now gather the upper bounds of (E),
(E9), and (F3) to get the following result.

Proposition 3.8. Assume that f° € H, for s > 1 and g° € M([0,1]). Choose the threshold such
as eﬁl/s <ty S eﬁl/s and n, = €2, and consider the finite mizture § provided by Proposition
3.7. Define

gen =49¢€ m O 1 Z ‘g %/2,1/1]‘ +77n/2) _g(wj)‘ < 6% >

Fooi={fenlr:If = £l < en}-

Then, there exists a constant Cqy depending only on || f°|l4, such that for any g € G, and f € F.,,
dir (Pyo,g0,Prg) < Coen.

13



3.4 Checking the conditions of Theorem 2.1

We first prove the minoration for the lower bound (2.6), necessary to apply Theorem 2.1.

Proposition 3.9. Assume that and f° € Hs for s > 1 and ¢° € M([0,1]). For any sequence
(€n)nen which converges to 0 as n — 400, and for the prior defined in paragraph 2.3, there ezists
a constant ¢ > 0 such that

- en2/® )P/ sves?
M (B € Pl (Pro o) < & V(Brg By o) < @) 2 ¢ o0 57 st/ 0]

Proposition 3.9 relies on Theorem 3.2, which permits to use Hellinger neighbourhoods instead
of Ve, (Pyo g0,dk), and on Proposition 3.8, which describes suitable Hellinger neighbourhoods.
To control their prior mass, we remind the following useful result appeared as Lemma 6.1 of
|[GGvdV00|. This enables to find a lower bound of ¢;-ball of radius r under Dirichlet prior.

Lemma 3.3 (|GGvdV00|). Let v > 0 and (X1,...,Xn) be distributed according to the Dirichlet
distribution on the {1 simplex of dimension N —1 with parameters (m,ay,...,ayn). Assume that
Zj aj = m and Art < a; < 1 for some constants A and b. Let (x1,...,xN) be any points on
the N simplez, there exists ¢ and C that only depend on A and b such that if r < 1/N

N
1
Pr Z | X; — x| <2r | >Cexp (—chog ;)
=1

In the proof of Proposition 3.9 (delayed to the Appendix), one can see that we could obtain
a suitable lower bound as soon as A(¢,) > e~¢tnlostn for a constant ¢. Of course, a distribution
A with some heavier tail would suit here. However, such a heavier tail is not suitable for the
control of the term II,, (P \ P,,) which is detailed in the next proposition.

Proposition 3.10. For any sequence k,, +— +00 asn — +oo and w2 = 4k, +2, for any sequence
€n — 0 as n — 400 there exists a constant ¢ such that

T, (P\ P ,) < R 108 (k) ko),

and .
log D (en, Proy o> i) S K2 [log ky, + log —}
€

n

We are now able to conclude the proof of the posterior consistency.

Proof of Theorem (2.2). We take €, := n~%(logn)”® and k, := n®(logn)?. From our definition
(2.7), we have also &,2 = n*s(logn)¢, and we look for admissible values of «, 3, &, 7, ps, and ¢
in order to satisfy (2.4),(2.5) and (2.6).

Proposition (3.9) imposes that in order to satisfy (2.6), we could check that

€2/ (log €,)P*2/* v nts (log n)* < ne2 = n'~2%(logn)*".
This is true when ¢,, satisfies

a <

2)/(2 2).
510 and k> (ps+2)/(25s+2)

Moreover, we obtain the first condition on pg: ps <1 — 2a, and if us = 1 — 2« then ¢ < 2k.
Now, Proposition (3.10) shows that (2.4) is fulfilled provided that

1
k2 [log k, + log —] < ne2 = n'72(logn)*. (3.3)
€

n
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This condition is satisfied when 23 < 1 — 2« and 2y + 1 < 2k. At last, Proposition (3.10) again
ensures that (2.5) is true as soon as

k2 log? ky A kpnts > ne?
and we deduce from (3.3) that
28 =1-2« and —p/24+Kk<y<-1/2+4k.

Moreover, we also see that 5+ pus > 1 — 2, hence ps > 1/2 — «, and if pus = 1/2 — « then
v+ ¢ > 2k; the former condition on pg yields ps > 1/2 —a > ﬁ (which naturally drives us to
set us = 1/4 (case s = 1) for adaptive prior).

We split the proof according to the adaptive or non adaptive case.

Adaptive prior We thus first set x independent of s and equal to 1/4. For any s € [1, 3], we
see that a(s) = s/(2s + 2) is the admissible largest value of o and «a(s) = 3/8 < s/(2s + 2) as
soon as s > 3. The corresponding value of 5 is 1/(2s+2) when s € [1, 3] and § = 1/8 otherwise.
Any choice of ¢ € [3/2,2) permits to deal with the conditions on ¢ that appears when s =1 or
s > 3. The other values of v and k may be determined with respect to p. For instance, if we
choose p € (1,2), we can take kK = 1 and v = 1/2.

Non adaptive prior The non adaptive case is much more simpler since it is sufficient to fix
ps =1—2a=2/(2s +2)

and ¢ = 0 to obtain suitable calibrations for «, 8, x and . This achieves the proof. O

4 Identifiability and semiparametric results

In the Shape Invariant Model, an important issue is the identifiability of the model with respect
to the unknown curve f and the unknown mixture law g. We first discuss on a quite generic
identifiability condition for Py . Then, we deduce from the previous section a contraction rate
of the posterior distribution around the true f9 and ¢°.

4.1 Identifiability of the model

In previous works on SIM, the identifiability of the model is generally given according to re-
striction on the support of g. For instance, [BG10| assume the support of g to be an interval
included in [—1/4,1/4] (their shifts are randomly sampled in [—1/2;1/2] instead of [0,1] in our
paper) and g is assumed to have 0 mean although f is supposed to have a non vanishing first
Fourier coefficient (61(f) # 0). The same kind of condition on the support of g is also assumed
in [BG12).

If the condition on the first harmonic on f is imperative to obtain identifiability of g, the
restriction on its support size seems a little bit artificial and we detail in the sequel how one can
avoid such hypothesis. First, we recall that for any curve Y sampled from the SIM, the first
Fourier coefficient is given by 61(Y) = 0077 4 ¢ (here 69 = 01(f°)). Hence, up to a simple
change of variable in 7, we can always modify g in § such that |69]e 7> 4 ¢ and 09e =277 + ¢
possess the same law. It is for instance sufficient to fix §(¢) = g(¢ + «) where « is the complex
argument of 7. Hence, to impose such identifiability condition, we have chosen to restrict f to
the the following class of signals

Fs={feHs | 0:i(f)>0}.

According to the lines above, this condition is not restrictive up to a change of measure for the
random variable 7. The next result provide an identifiability criterion for the model, both for f
and g.
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Theorem 4.1. Assume that f € Fs(A) defined above and g € M, ([0,1]) defined by
m,([0,1]) := {g eM([0,1]) | F(c,C) eRL xR :VEEZ k| <|0k(g)| < Clk|™"},
where v > 1, then the Shape Invariant Model described by (2.3) is identifiable.

Proof. The demonstration of such result is decomposed using three hierarchical steps. First, we

prove that if Py, = Pf ., then one has necessarily 61(f) = 61( f). Then we deduce from this

point that ¢ = g and at last we obtain the identifiability for all other Fourier coefficients of f.
Note that as soon as v > 1/2, g and g admit densities with respect to the Lebesgue measure

on [0,1]. In the sequel we use the same notation g to refer to the density of g.

Point 1: Identifiability on 0y(f) and 6,(f). We denote IF”JE , the marginal law of Py 5 on the
k' Fourier coefficient when the curve follows the Shape Invariant Model (2.3). Of course, we

have the following implications

. k koY
dVT(Pf,gaPﬁg) =0= (Pﬁg = Pf,g) = Vkel: dVT(PﬁgaP* =0.

f?g)

We immediately obtain that 0(f) = 0o(f) since o(f) (resp. 6o(f)) represents the mean of the
distribution IP’?C’ p (resp. IP)?; _). But note that the distribution IP’?C’ p does not bring any information
on the measure g, and is not helpful for its identifiability. Concerning now the first Fourier
coefficient, we use the notation 6, := 0, (f), ; := 61(f) and remark that

1 , 1
/ e|916[2mz2g(a)da—/ e*|91612m*z|2§(a)da dz

@,y = [ | :

C

Assume~ now that 6, % 0y, without loss of generality 6, > 6, > 0 and consider the disk
D¢ <0, 912;91>, we then get

01— 0 . 0140 - 01+ 0
Vz € D¢ <0, %) Va € [0,1] 01627 — 2| < ! —; Lot 0127 — 2| > ! ;— L
5 i2ra |01+61]?
Hence, for all z € D¢ <0, 91591>, we get fol e—101e” _Z\Qg(a)doz > ¢~ 1 and of course
_\“51+91|2

fol e,|,§lei27raiz‘2g(a)da <e

Variation!.

. We can thus write the following lower bound of the Total

1 . s
0 0

1 1 —1
WrBy By 2 [y
’ 2

In the opposite, dVT(P}g,IP};g) = 0 implies that 6; = 6 since f and f belong to F,(A).

Point 2: Identifiability on g. We still assume that alVT(IP)}cg,IP’l~ ) = 0. We know that

o f?g
01 = 0, and we want to infer that ¢ = §. We are going to establish such result using only the

Tt is indeed possible to write an explicit lower bound which will depend on |01 — 9~1|2

than %.

, with a radius smaller
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first harmonic of the curves. Using a polar change of variables z = pel¥, we can write that

1 - z ! e(201 e2me ~
dvr(Phy By ) =5 [ [ g ) — jayda) ds
1 oo —[02+p?] o o 2p01 cos(u—¢) ~
Tl O AR A (9 = 9)(u/2m)du| dedp
1 +o0 9. o 27 2 u+
— —[07+p°] 2p01 cos(u)(,, _ ~ ¥
ol /0 /O e (9—9) ( o )da dipdp
1

+00 _[02+ 2} 27
— oz [ e [ g, ()] ddp
™ Jo 0

In the expression above, we denote h = g — g and 1, (¢) is defined as

2m
_ acos(u) u+ @
() /0 e h < 5 ) du.

Of course, 1, is upper bounded by 4me?, and a very rough inequality yields? |t ()| > %.
Hence,
1 pl L [T (e24p2420.p) 2
dvr®Py Py > oz [ o 200, I2dp. (4.1)
Using the fact that v > 1, h may be expanded in Fourier series since h € £2([0,1]):
h(z) = Z cn(h)e?™e,
neL
and we can also obtain the Fourier decomposition of 1,:
2m ) )
wa((p) _ Z Cn(h) / eacos(u)eznudu 6227rn<p.
nez 0
Thus, the L? norm of 1, is given by
2m ) 2
”wa”Z _ Z’cn(h)’2 / eacos(u)emudu , (42)
0

nel

Now, if we denote the first and second kind of Tchebychev polynomials (7,)nez and (Up)nez
which satisfy T,,(cos ) = cos(n#) and (sin @)U, (cos f) = sin(n#), we can decompose

2 2
/ e cos(u) gt gy, — / e [T (cos u) + i(sin uw) U, (cos u)] du
0 0

2w k k n ‘
:/ Za(cﬂ Tn(cosu)—l—i(sinu)g Bj(cosu) | du
0 k! :
k>0 =

where we have used the analytic expression of U, given by

E((n—1)/2) o ‘ ‘
Up(cosu) = Z (=1)7C% (cosu)" 271 (1 — cos? u)’.
=0

2Such inequality is not very sharp and we can instead use an argument based on the Laplace transform of ¢
and §. The main advantage of such inequality is to handle L? norms instead of L' ones.
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Hence, we obtain

2T 27
/ acos(u mudu / § CO& u COS u)du
0

0 k>0
+ 12 Z ﬁ] o / sin u(cos u)** du
k>0 =0
2m
/ Z (cos w)* (cosu)du
k>0

2
= / W cos(nu)du e R if a€R.
0
We denote A,, the following (holomorphic) function of the variable a as
2
Ay (a) == / <) cos(nu)du,
0

and equation (4.2) yields

Ial® =D len(h)*An(a)®. (4.3)

ne’l

Moreover, for each n, A, is not the null function, otherwise it would be the case for each of its
derivative but remark that (cosu)™ may be decomposed in the basis (7)) and using successive
derivations

() (0) = d" S a—k " cos u)¥ cos(nu) du
AP(0) LZ:OM/O< )" cos(rn) du | (0)

da(m)

n—1

2 2

:/ (cosu)" T, (cosu) du—/ [Z o T (cos u) + 27T, (cos u) | Ty, (cos u)du
0

=217 > 0.

Note that in the meantime, we also obtain that Ag)(O) =0,Vj < n, so that

21—n
An(a) ~aso o a”. (4.4)

We can conclude the proof of the identifiability of ¢g using (4.3) in (4.1) to obtain

dvr(Py g, Pro) > Z\cn )2 (/ pe[el*”PAn(?p&lfdp)-

nez

=In(01)
From (4.4), we can deduce that each integral I,,(01) # 0,Vn € Z and we then conclude that:
— g = g et 61 = 51.

Point 3: Identifiability on f. We end the argument and prove that P;, = P ia implies

f = f. We already know that ¢ = § and it remains to establish such property for all the Fourier
coefficients whose frequency is different from 0 and 1. By similar argument as the one used for
the identifiability of #; (Point 1), we can easily show that

dyr(Pf g P ) = 0= [0k| = |6)].
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But we cannot directly conclude here since it is not reasonable to restrict the phase of each others
coefficients 0 (f) to a special value (as it is the case for ;(f) which is positive). We assume that
0, = 0re'¥. Since g = g, we have

27 . (o b
dVT(]P’l} PR ) =771 el Oke TR _ o—la—byel(eE )|Qg(a)da dz.
9 f.9 C

0

=F(z)

Now, if one considers z = x + iy, F is differentiable with respect to = and y and F(0) = 0. A
simple computation of VF(0) shows that VF(0) is the vector (written in the complex form)

VF(0) = e 1% e (g)[1 — €]

Since g € M, ([0,1]), this last term is non vanishing except if 6, = 0 (which trivially implies that
O, =0 = 0y) or if ¢ = 0(27). In both cases, F'(0) = 0 < 0 = 05. Thus, as soon as 0 % Oy,
we have VF(0) # 0 and we may find a neighbourhood of 0 denoted B(0,r) such that |F|(z) > 0
when z € B(0,r) \ {0} . This is sufficient to end the proof of identifiability. O

In a sense, the main difficulty of the proof above is the implication of dVT(IP’} o ]P’;;g) =g =

g. Then, the identifiability follows using a chaining argument 61(f) — g — Hk(f),Vk ¢ {0,1}.
We will see that such part of the proof can also be used to obtain a contraction rate for f and
g around f° and ¢°. We recall here the main inequality used above: V#; > 0 and V(g,§) €
M, ([0, 1]), the identifiability on g is traduced by

1 . S 2
dvr (Pl g Phyg) = 5 D lealy = 9)° / pe= T A (2061) dp (4.5)
) ) 47-[- = 0
The aim of the next paragraph is to exploit such inequality to produce a contraction rate of ¢
aroung ¢°.

4.2 Contraction rate of the posterior distribution around f° and ¢°.
4.2.1 Link with deconvolution with unknown variance operator

We provide in this section an upper bound on the contraction rate of the posterior law around
f% and ¢°. This question is somewhat natural owing to the identifiability result obtained in the
previous section. We thus assume for the rest of the paper that f € Fs and g € 9,([0,1]) for
some parameters s > 1 and v > 1.

Remark first that our problem written in the Fourier domain seems strongly related to the
standard deconvolution with unknown variance setting. For instance, the first observable Fourier
coefficients are

91(}/]) = 9167@7”7 + 617j,v.]' S {1 c. n}
and up to a division by 64, it can also be parametrised as
€1

0,(Y;) = e 277 4 e—vj,w e{l...n}, (4.6)
1

which is very similar to the problem Y = X + € studied for instance by [Mat02| where € follows a
Gaussian law whose variance (here 1/6?) is unknown. As pointed in [Mat02] (see also the more
recent work [BMO5| where similar situations are extensively detailed), such particular setting is
rather unfavourable for statistical estimation since convergence rates are generally of logarithmic
order. Such phenomenon also occurs in our setting, except for the first Fourier coefficient of f
as pointed in next proposition.

The roadmap of this paragraph is similar to the proof of Theorem 4.1. We first provide a
simple lower bound of dy7 which enables to conclude for the first Fourier coefficient. Then,
we still use the first marginal to compute a contraction rate for the posterior distribution on
g around ¢°. At last, we chain all this result to provide a contraction rate for the posterior
distribution on f around f°.
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4.2.2 Contraction rate on the first Fourier coefficient

Proposition 4.1. Assume that (f,qg) € Fs x M, ([0,1]), then the posterior distribution satisfies
1, <91 €B <9?,ME}/3)C( Yl,...,Yn) =0

in P o go probability as n — +o0o for a sufficiently large M. The contraction rate around the true

1/3x[s/(25+2)73/8]( 1/3

Fourier coefficient is thus at least n~ logn)

Proof. The demonstration of such result is quite simple. Remark that using the beginning of the
proof of Theorem 4.1, one can show that for any 61 such that 0 < n < |6; — 69| < 69/2, one can
bound, for any g € 9M,([0,1]), the Total Variation distance between Py, and Pro . Remark
that

dyr (vag’PfO,go) 2 dyr (P},Q’P}°790> ’

owing to the restriction of Py, to the first Fourier marginal and the variational definition of the
Total Variation distance. Then

1 1
dvr <Pf,g’Pf°,9°) = /3(0’9149(1))

2
> |G _ @] > o),

1 . .
/ g(a)e_lz_glel2mp‘2 . go(a)e_k_g(l)eawpd(p dz
0

for a suitable small enough constant C(6Y). Now, one can use simple inclusions and Pinsker
inequality

{91 S B(O,n)c} - {Hlfd\/T(]P’f’g,]P’fo’go) > C(@?)UB} C {Ql‘dH(Pﬁg,]P’foyo) > C(@?)U3}.

The proof is now achieved according to Theorem 2.2. O

4.2.3 Posterior contraction rate around ¢°

We now study the contraction rate of the posterior distribution around the true mixture law g°.
This result is stated below.

Theorem 4.2. Assume (f°,¢°) € Fs x 9M,([0,1]), then
M, (g:llg—g°|> > Mlog™(n)| Y1,...,Ys) — 0
in Pso go probability as n +— +oo for a sufficiently large M.

Proof. We first restrict ourselves to the first marginal on Fourier coefficient as before. Using
Theorem 2.2, we know that

1L, {]P’f,g s.t. dH(]P’f’g,]P’foyo) > MEn’Yh o Yn} —0 as n — 4oo.

Since dVT(Pél,g,Pé%go) = dVT(IP)}vg,IF’}()’go) Sdyr(Prg,Pro go) < dp(Pyg,Pro g0), we then get

0, {Pﬁg 5.t dyr(Ph g Pl o) > Men|Yi, .. Yn} 50 as n— +oo. (4.7)
For any g € M, ([0, 1]), the triangular inequality yields
dvr (Phy 1+ Ph ) + dvr (Ph g Pho o) = dvr (Pl 1, Phe o) - (4.8)

Now, let f be defined by 6;(f) = 61(f), and for any k € Z\{1}, 6x(f) = 6x(f°). Then Lemma
3.1 yields B
T

V2 V2 oo

dvr (Pé?vg’ﬂ%lvg) = dvr (P}79,P107g) =
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Therefore

M
11, (Pf,gs.t.dvgp( ;Og,ﬂbglg) < s 13 Yl,...,Y>
> 11, <Pf7gs.t. 16, — 69] < Mei/?’( Yi,... ,Yn) 51 (4.9)
as n — +o00. In conclusion, we deduce from (4.7),(4.8) and (4.9) that for M large enough:
11, (Pﬁg s.t.dyr <Pé?7g,Pé?’go) < Me%/?" Yi,... ,Yn) —1 as n — 4o0.

We then use equation (4.5) applied with §; = 69 and the last equation to obtain our rate of
consistency. Remark that

1 too 0\2
dvr(Ph 4 Pho g0) > 5 D len(y —90)\2/ pe” PO A, (2009)%dp, (4.10)
nez 0
where we have used the definition
2T
Ap(a) :/ <5 cos(nu)du.
0

Now, we use equivalents given by Lemma C.1 detailed in the paragraph C in the Appendix. We
only keep the integral of A,, for a € [0, cy/n] since it can be shown that the tail of such integral
will yield neglictible term We just use the equivalent given by (C.1). One can find a sufficiently
small constant « such that

oo _ 0)2 290 47T2p2n+1 69}2n 0)2 2p(90 2
/0 pe (PH07) An(ZpH?)deZ/O n!2{ L (p+) ( | 200 n1]> dp

NG

2

1_ 2 4r{e9}n ((’OU{O) 20 oty

—\/— ——e p*"dp
n n: 0

Now, we can apply the Stirling formula to obtain:

A (00" ()" [ oy AN () (Vi 260) "

n!? 0 (n/e)2"27me 2n + 2

2
- 2m e_znlog[n/eeg}e—@%%) o(n+1) log[n/4{69}2]
n(2n + 2)

Hence, this last term is lower bounded by C' (9?)6_"103("). As a consequence, we can plug such
lower bound in (4.10) to get

1 pl ~klogh
dvr(Pgo s Bpo o) = ¢ D lex(g — g)%e 1%
keZ

for ¢ sufficiently small. We now end the proof of the Theorem: choose a frequency cut-off &,
that depends on n and remark that

Vg e M ([0,1])  llg—g"IP= D lelg = ")+ D leelg — )P

S ekn log kn, Z ‘Cg(g o 90)‘267610g£ + k;QV
[0|<kn

kn, log kn, 1 -2
S cefind T(PGO g’]P)G(l),go) + kn v
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We know from Equation (4.9) that the last bound is smaller than e~ 08 k”e%/ gt k2" up to a
multiplicative constant, with probability close to 1 as n goes to +co. The optimal choice for k,

yields
1 1
[kn + 2v]log k,, = 3 log —.

€n
This thus ensures that
IL, {g € M, ([0,1]) s.t.[lg—¢°|> < Mlog(n) *|V1,...Y,} — 1 as n— +oo.
O

We then aim to obtain a similar result for the posterior weight on neighbourhoods of f°.
Even if our results are quite good for the first coefficient 01, we will see that indeed, this is far
from being the case for the rest of its Fourier expansion.

Theorem 4.3. Assume (f°,¢°) € Fy x M, ([0,1]), then
L, (£ 51 = £ > M (logm) > 35551 Y1, ¥, ) — 0

in Pro g0 probability as n — +oo, for a sufficiently large M.

Proof. The idea of the proof is very similar to the former used arguments, we aim to study the
posterior weight on neighbourhoods of the true Fourier coefficients of f°, whose frequency is
larger than 1.

Point 1: Triangular inequality For any f € F, we have for any k € Z:
dVT(PI;,g"’ Pl}o,go) < dVT(PI;,go’P?,g) + dVT(PI}O,QO’ Pl}y)'

The second term does not exceed €, < log(n)~" with a probability tending to 1, more precisely

W, (Vk€Z dvr(P,Ph ) < Me,

Yl,...,Yn>—>1 as n — +o0. (4.11)

Point 2: We aim to show that II, <sup dVT(IP’];gO,IP’]}g) < Mlog(n)™"
keZ bl 2

Yl,...,Yn> — 1.

We can use the Cauchy-Schwarz inequality as follows:

21
_ |z eik 2
dvr(P} 0, Pj,) = 1/@/0 e PPtk [g(tp)—go(tp)]dtp‘dz

0 2 _ 1/2
Hg -9 H / [/ W62Z9kelk¢|2d¢:| dz
T c LJo

. . 1
2 = Ok = [3f2 04 — 2R (206e%7) > [o2(1 — )~ 0P(M — 1) VM >0,

IN

Now, the Young inequality implies

and the choice M = 2 yields
0
ko omk lg — 9°|l lo2420, 2\ /2 01 .0k
dvr (P g, Prg) < = | (720 7 az < g — g0l (4.12)
To obtain that the former term is bounded, we first establish that indeed the posterior
distribution asymptotically only weights functions f with bounded Fourier coefficients. We

hence denote
An={(f,9): 3k €Z dyr(P} 0, Pf,) > Mlog(n)™"}
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and the two sets
B={f:VkeZ |6 <60+ Mlog(n)™}

and
C={f:VkeZ |09 <|0k|+ Mlog(n)~"}.

We first consider an integer k and 6, such that |6y| > |69| + M log(n)™", then

27 . .
/O [e“z‘ekewg(@ —e“z‘egew'2g°(<p)] dy| dz.

1
k k
dyr(Fpo g0, P g) = _/C

s
For any z in the centered complex ball B,, = B (O, %W), one has for any ¢ € [0, 27]

M log(n)™"
3

M log(n)™"

< |z — e,
3 < |z — Ope™?|

. Mlog(n)™"
2 — 0647 < g < 2B g0y < gy -

Hence if |0x| > |09 + M log(n)~", one has

1 Mo a0 i
dvr(Pfo g0. P ) E/B /0 [0t P g () — e P05

> L / o121+ log(n)=* /3]2 _ —[162]+2M log(n)~* /3] 7,
T

dz.

v

n

09219 10g (n) 37,

Y

for a sufficiently small absolute constant ¢ > 0. Since the sequence (ag)kez is bounded, for

sufficiently large n, we know that ||6°]/2e= ™ 19" log(n) =3 > ¢,. We can deduce from (4.11)

that

I, (B°|Y1,...,Y,) — 0 as n — +o0. (4.13)
A similar argument yields

I, (C°|Y1,...,Y,) — 0 as n — +oo.
Gathering now (4.13) and (4.12), we get for a sufficiently large M and small ¢

I, (Ap|Y3,...,Y,) = I, (A, NnBNC[Y1,....Y,) + 11, (A, N (BNC)°|Yq,...,Y,)
< M, (llg = ")l = Mem (e ) 1og () )
+11,, (B|Yq, ..., Y,) + 11, (C°|Y3, ..., Yy)

We can now apply Theorem 4.2 to obtain the desired result:

I, (sup dVT(IP’];’go,IP’];g) < Mlog(n)™"

Yl,...,Yn> — 1 as n— +oo. (4.14)
kEZ

Point 3: Contraction of 6, near 92 From the arguments of Point 2, we see that
I, (f:VkeZ “9k| - |92|‘ < Mlog(n)™) — 1 as n— 4oo.

We now study the situation when ||6;] — |92H < Mlog(n)™", and we can write 0 = 0¥ + &,
where &, is a complex number such that |£,| < M log(n)™".

2m
J Y ika|2 _|»_p0 ik |2
/ [6 |z—0retF™| —e |z—07e ‘}go(a)da
0

—F(2)

dz

dVT(Pf”,gO’ Pl}o,go) = /
C
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Indeed, F(0) ~ 0 since a Taylor expansion near 0 yields at first order in z and &, that
2m
F(z) = 2e 101 / [1 + Re (zﬂ_ke*“m> —(1+ Re (zé,?e*ikaﬂ g ()da + o(|2]) + o(|&n]).
0

If one uses now ), = 02! + O(log(n) "), the computation of the integral above yields for ¢ < 2
and 7 small enough such that |z| < n:

|F(2)| > ce” 1% ‘Sin(gp/Q)%e (ziei‘P/Q@_,gc_k(go)) ‘ + O(log(n)™)
ie'?/260c_k(¢°)

0% 1% lc—k(g°)]
vector v is orthogonal to w and z may be decomposed as

Now, denote u = which is a complex number of norm 1, and let v = @e'™/2. The

z = au + bv.

We then choose |b| < |a|/2 and denotes R, the rectangular area where z is living. For a < 7
small enough, we obtain that there exists an absolute constant ¢ independent of k such that

dyr(P§ g0, Pho o) > /72 |[F(2)] = ene V% | sin(i2/2) 116} |e 1 (") + O (log(n) ™).

Since |0 — 09 = 2|sin(¢/2)]|69] + O (log(n)™"), we get that :
19012 —y
dVT(P?gO,PI}O’gO) > enPe %5 e (g)]|0s — 03] + O (log(n)™). (4.15)
Thus, we can conclude using (4.14) and (4.15) that there exists a sufficiently large M such that

I, (f sup (61 — Bf)cs(s")| < M log(n)
(S

Yl,...,Yn>—>1 as n — +oo. (4.16)

Point 4: Contraction on f© We can now produce a very similar proof to the one used at
the end of Theorem 4.2:

1F=r01% = > le—00P+ > 16— 609

0 — 90! \C o(g°)]?
< ki 23 Z ‘
~ 2
i, lc—e(g°)]
S kAR Z 100 — 671 c—e(g"))?
|| <kn
N ‘S|up 100 — 071 c—e(g")]?
o)<k

Hence, (4.16) implies
w (Flf =P <k + k2 og(n) | Ya,...,Y,) — 1 as n — +o0.
The optimal choice of the frequency cut-off is k,, = (log n)%, which yields
11, <f f=fYP <M (logn)74sy/(28+2y+l)‘ Yi,. .. ,Yn) —1 as n— +oo.
This last result is the desired inequality. U

Remark 4.1. The lower bound obtained on dvT( 7. O,Pfco 90) will be important to understand
how one should build an appropriate net of functions (fj, g;) € Fs x M, ([0,1]) hard to distinguish
according to this distance. When || # 09], it is quite easy to distinguish the two hypotheses but
it 1s far from being the case when their modulus is equal. In such case, the behaviour of Fourier
coefficients of ¢° becomes then important. This is a clue to exhibit efficient lower bound through
the Fano lemma (for instance). This is detailed in the next paragraph.
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4.3 Lower bound from a frequentist point of view

We complete now our study of the Shape Invariant Model by a small investigation on how
one could obtain some lower bounds in the frequentist paradigm. We could consider several
methods. Among them, the first one could be the use of results in the literature, such as the
works of [Mat02| or [BMO05|. Indeed, in the convolution model with unknown variance

Y, =X,+¢,Vi € {1 R n} (Xz)zzln ~ g, (417)

we already know that one cannot beat some log n power for the convergence rate of any estimator
of both ¢ and of the variance of the noise o2. Such nice result is obtained using the so-called
van Trees inequality which is a Bayesian Cramer-Rao bound (see for instance [GL95] for further
details). However, our feeling is that such use here is not entirely satisfactory: Proposition 4.1
seems much more optimistic since we obtain there a polynomial rate for the posterior contraction
around 6.

First, note that results given by [Mat02| and Proposition 4.1 are not opposite. Indeed, [Mat02]
considers lower bounds in a larger class than the estimation problem of §; written as (4.6): from
a minimax point of view, the suppremum over all hypotheses is taken in a somewhat larger set
than ours. Moreover, if one consider (4.6), the density of ™2™ is supported by S! instead of
the whole complex plane which would be a natural extension of (4.17). Hence, g is a singular
measure with respect to the noise measure: going beyond the logarithmic convergence rates is
certainly due to this degeneracy nature of our problem according to the Gaussian complex noise,
which is an important structural information which is not available when one considers general
problems such as (4.17).

Following such considerations, we are thus driven to build some nets of hypothesis hard to
distinguish between and then apply some classical tool for lower bound results. We have chosen
to use Fano’s Lemma (see [IH81| for instance) instead of Le Cam’s method, since we will only
be able to find some discrete (instead of convex) set of pairs (f;,g;) in Fs x 9, ([0,1]) closed
according to the Total Variation distance. We first recall the version of Fano’s Lemma we used.

Lemma 4.1 (Fano’s Lemma). Let r > 2 be an integer and M, C P which contains r probability
distributions indezed by j = 1...r such that

Vi#i  dO(F;),0(Py) > ar,
and
dKL(Pjan’) < /87"-
Then, for any estimator é, the following lower bound holds

_/3r+log2>

max [E; {d(é,a(Pj))] = & <1 logr

J 2

Theorem 4.4. There exists a sufficiently small ¢ such that the minimax rate of estimation over
Fs x M, ([0,1])

liminf (logn)®*? inf sup If = £ >c,
neee JeFs (f.9)€FsxMy([0,1])

and
liminf (logn)® ™ inf sup 19 —glI> >c.
n—+0o 9T (f.9)€Fex My ((0,1])

Proof. We will adapt Fano’s Lemma to our setting and we are looking for a set (fj,9;)j=1..p,
such that each Py, ;. are closed together with rather different functional parameters f; or g;.
Reading carefully the Bayesian contraction rate is informative to build p, hypotheses which are
difficult to distinguish. First, we know that since each f; should belong to Fj, we must impose
for any f; that 61(f;) > 0. From Proposition 4.1, we know that one can easily distinguish two
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laws Py, ;. and Py, g, as soon as 01(f;) # 61(fjr). Our net will then build using a common
choice for the first Fourier coefficient of each f; in our net. For instance, we impose that

vie{l...pn}  60i(fj) =

Point 1: Net of functions (f;)j=1.p,,: We have seen in the proof of Theorem 4.3 that in a
similar way, as soon as |0x(f;)| # [6k(fj)|, Py, 4; can be separated to Py, o, quite easily. We
will then choose the following construction

. (-1
Vj € {1 B -pn} f](x) — ei2m +p—set2 J=b) o 2Rt (4.18)

n

The number of elements in the net p, will be adjusted in the sequel and will grow to +oo.
Note that our construction naturally satisfies that each net (f;)j—1..p, belongs to Fs since the
modulus of the p,,-th Fourier coeflicient is of size p,,*. At last, we have the following rather trivial

inequality: V(4,5") € {1...p,}?

2s—2

. 2
I1f5 = firll® > pp2 x |ef2m/Pn — 1( > 4py, % $in® (7 /D) ~nes oo 47705

Point 2: Net of measures (gj)j—1..p,: The core of the lower bound is how to adjust the
measures of the random shifts to make (IP’fﬁgj )j=1..p, €ach others as close as possible. First,
remark that Fano’s Lemma 4.1 is formulated with entropy between laws although it is quite
difficult to handle when dealing with mixtures. In the sequel, we will choose to still use the Total
Variation distance, and then use the chain of inequalities: Vj # 5’

dyr <Pfj,gjaﬂ”fj/,gj/) =n=dn <Pfj,gjaﬂ”fj/,gj/) = Vn=dkr (]P’fj,gﬁ Fy9 ) Vi 10% -

Hence, from the tensorisation of the entropy, we must find a net such that dy <IP’ 1,900 P fj/7gj’)
Nn With —,/n, logn, = O(1/n) to obtain a tractable Fano’s Lemma application (in which P; =

P?;fbgj). It imposes to find some mixture laws such that dyr (Pfj,gj?Pfjl7gjl> < m. From
the triangular inequality, it is sufficient to build (g;);j=1..p, satisfying
. 1
VJ S {1pn} dVT (]P)fj,ngP)fl,gl) S W (419)

For sake of convenience, we will omit the dependence of p, with n and simplify the notation to

p. In a similar way, GJ will denote the p-th Fourier coefficient of f; given by 9] = el2mqy 91 where
a; = ]p—nl. From our choice of (f;)j=1..p, given by (4.18), we have

1
_ _ _ 2w |2 _ _i27 112
dyr (]P)fjvgj’]P)flvgl) =T 2/@ . / I e g1(@)de
x

1
_ / o1 e O 0y a| o dz
0

Following the same idea as in the proof of Proposition 3.3, we will use the smoothness of
Gaussian densities to obtain a suitable upper bound of the Total Variation distance. We hence
call F' the function defined as

1
—Nla—0lewl2 —l2—07 0|2
V(x17y179027y2) eR* F(x1,y1,22,92) :/ e ll==0 el 91(@)—6 =67l 9j(<P)d<P7
0

Gy(2) GL(2)

where z = (21 + iy1, 22 + iy2) and 67 e p = (279, 91;612@@).

26



To control F', we act as for term (B), page 33; here we only give the sketch of the proof for
this point. We use a truncature for (x1,2,y1,y2) € Rg, := Bc(0, R,)?. Outside Rp, , we use
again the Taylor bounds (B.2). Since here the only non null Fourier coefficients are of order 1
and p, we have to ensure that

Vm<d Y¢<d V(s 3)e{-1;+1} csm+§gp(gj)e§£af = Csmt3tp(1)-

Hence, the maximum size of d is d = p/4. We have
dyr (Pfjvgj’Pngl) = 7T_2/ |F'(21, Y1, 72, y2)|dr1dy1dzadys
RR,,

+7T2/ ’F(ﬂclay17$2,y2)!dx1dy1dm2dy2

Rn

4
< efR%/Q + (eRn)p/4 < e*R%/2 + (eRn)p.
(p/4)p/4 (p/4)P

We choose now R, such as R, := 3+/logn to obtain that e B2 « (nlogn)~2 as required in
condition (4.19). Now, we control the last term of the last inequality: the Stirling formula yields

((ein))p < P log(3+/log n)—plog p/4.
p/4P =

If one chooses p, = klogn with k > 12, we then obtain that

dyr (prgjvpfl,m) S e~ Cpnloapn S (nlog ”)_2-

Such a choice of R,, and p,, ensures that (4.19) is fulfilled.
We then conclude our proof: we aim to apply the Fano Lemma (see Lemma 4.1) with «,, =
P, 2572 and B, = O(1) for the parametrization of (fj);j=1.,,. We then deduce the first lower
bound
liminf (logn)®*? inf sup If=fl?>e
n—+oo FEFs (f.9)€Fsxm,([0,1])
Our construction implies also that each g; are rather different each others since one has for
instance, c,(g;)e'® = c,(g1) = ¢p(g;7)e'*’. Thus

ViFd g = 9l = lep9) = eplg)l = p72 [ — ' [F = ep™ 2
Applying the Fano Lemma to (g;)j=1...p, wWe get
liminf (logn)* ™2 inf sup g —gll* > e
n—r+00 9EFs (f,9)EFsx M, ([0,1])
This ends the proof of the lower bound. O

5 Concluding remarks

In this paper, we exhibit a suitable prior which enable to obtain a contraction rate of the posterior
distribution near the true underlying distribution Pyo j0. Moreover, this rate is polynomial with
the number n of observations, even if our SIM is an inverse problem with unknown operator of
translation which depends on g. From a technical point of view, the keystones of such results are
the tight link between the white noise model and the Fourier expansion as well as the smoothness
of Gaussian law which permits to obtain an efficient covering strategy.

Up to non restrictive condition, we can also obtain a large identifiability class but in this
class, the contraction of the posterior is dramatically damaged since we then obtain a logarithm
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rate instead of a polynomial one. This last point cannot be so much improve using the standard
L? distance to measure the neighbourhoods of f° as pointed by our last lower bound. Remark
that we do not obtain exactly the same rates for our lower and upper bounds of reconstruction.
This may be due to the rough inequality |¢,(p)| > W used to obtain (4.1) may a reason
why we do not obtain optimal rates. o

Indeed, the degradation of the contraction rate occurs when one tries to invert the identifia-
bility map Z : (f,g) — P 4. Such difficulty should be understood as a novel consequence of the
impossibility to exactly recover the random shifts parameters when only n grows to +o00. Such
phenomenon is highlighted for instance in several papers such as [BG10] or [BGKM12].

However, it may be possible to obtain a polynomial rate using a more appropriate distance
adapted to our problem of randomly shifted curves as pointed in our main results:

dFrechet(f1, f2) = inf |[[fi(. —7) — fa()l]-
7€[0,1]
We plan to tackle this problem in a future work. The important requirement in this view is to
find some relations between the neighbourhoods of Pfo ;0 and the neighbourhoods of f 0 according
to the distance dpyechet-

At last, an open and challenging question concerns the research of stochastic algorithm to
approach the posterior distribution in our non parametric Shape Invariant Model. One may
think of an adaptation of the SAEM strategy proposed in [AKT10] even if this approach is at
the moment valid only in a parametric setting.
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A Topology on probability space

Probability distances. We will study consistency using standard distance over probability
measures. If P and ) are two probability measures over a set X, absolutely continuous with
respect to a reference measure A, dy will refer to the Hellinger distance defined as

2
dP  [dQ
‘/ﬁ_‘/ﬁ] dA.

Note that dp does not depend on the choice of the dominating measure A, and that the definition
can be extended to any finite measures P and @ in a straightforward way.

When needed, we will use the Total Variation distance between two probability measures P
and @Q. If B is the o-algebra of measurable sets with the reference measure A, this distance is
given by

A (P,Q) = /X

dvr(P.Q) = sup |P(4) - Q) = 5 [ |~ Tl an

At last, we recall the definition of the Kullback-Leibler divergence (entropy) between P and Q
since it will sometimes be used in the work:

1/dP dQ

drr(P,Q) ::/X—log Z—gdP.
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In the sequel, we shall also use V(P,Q) defined as a second order moment associated to the

Kullback-Leibler divergence
V(P,Q) := / lo @ : dP.
Y L % g dP .

It may be reminded the classical Pinsker’s inequality

A/ %dKL(P, Q) > dVT(P, Q), (Al)

1du(P,Q)* < dvr(P,Q) < du(P,Q). (A.2)

as well as

Model Complexity. To obtain the posterior consistency and convergence rate, we shall use
results given by Theorem 2.1 of [GGvdV00] which is stated below. This theorem exploits the
notion of complexity of the studied model, and this complexity is traduced according to packing
or covering numbers. For any set of probability measures P endowed with a metric d, D(e, P, d)
will refer to the e-packing number (the maximum number of points in P such that the minimal
distance between each pair is larger than €). The e-covering number N (e, P, d) is the minimum
number of balls of radius € needed to cover P. These two numbers are linked through the
following inequality
N(e,P,d) < D(e,P,d) < N(e/2,P,d).

At last, for d a metric on finite measures, an e-bracket is a set of the form

dL _dP _dU
L =<¢Pst. ——< — < —
(L. U] { ’ d)\_d)\_dA}’
for L and U two finite measures such that d(L,U) < e and A any dominating measure. The
e-bracketing number Njj(e,P,d) is the minimal number of e-brackets needed to cover P. Note
that Njj(e,P,dp ) is an upper bound of the (e/2)-covering number N(e/2, P, dpy ). The bracketing
entropy is then defined by Hyj(e, P, d) := log N|j (€, P, d).

B Tools for the proof of Theorem 2.2

B.1 Entropy estimates

Proof of Proposition 3.1. The proof is similar to Lemma 1 of [GWO00], we set p = 2¢ + 1 and
for any € > 0, we are going to build an explicit bracketing of Ay and then bound Njj(e, Ag, dp).
For an integer K which will be chosen in the sequel, we define [’ , ¢" | of size A, = 1/K, with
ol = (i — 1)A, and goi = 1A,. For any § > 0, we consider the lower and upper brackets

l; .= (1 + 5)7179.<pi_’(1+5)—a[d and Ui 1= (1 + 6)7«904pi_,(1+5)a1d'

We are looking for some admissible values of «, §, and K such that ([l;,u;])i=1.. x is an e-bracket
of Ay for d. Of course, for all ¢ € [, cpﬂr], li < Yep,1d(.) < u; should hold, but we can check
that

— 2 4722 ||9H2
Oep—Oep.
ll(ﬂf) 1 1 ll6e o, |l P 7IHy

Ve e C e -0t < (146 paflemi
Voop1a(z) — 1+6 (1 +06)Pa <( )

Hence, we must have o < 1/p, and we must also satisfy

_ _ 2
AP < 1 —pa oz(l2 po;)é
Am2(|013,,

————— (1= (1+6)" % log(l+6) =

(1+0(1)),
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where o(1) does not depend on p and goes to zero as § — 0 uniformly in « in any positive
neighbourhood of zero. In a same way considering ge, ]dufl, we obtain

Voo, 1d(T) A agloly,
Vo e C et < (14 6)P~ Lo +oa—1 ’
u;(z)

and the same conditions arise. In order to minimize the cardinal of the bracketing, A, must be
as large as possible, we then maximize a(1 — pa) and choose o = (2p)~!
We must now check that dg(l;,u;) < e. Rapid computations show that

dir(li,ui)* = 6% + dir (Vpegi (145)-o1a(-) Yoo (146)214(-))>

Using standard formula on Hellinger distance for multivariate gaussian laws, we obtain

op
dH(li7ui)2 — 52 + 2 |:1 - ((1 +5)o¢ + (1 + 5)—a)p:|

2%y1 10 ]

=6 +2|1-
" (1+ (1 +8)l/r)”

One can easily check that, whatever p > 1 (1+ 5)1/ p)p < 20¢9/2 which yields

dp (L, ui)* < 35 + 0(0?) < 262

for § small enough. An admissible choice of § should be § = ¢/v/2, which insures d(l;,u;) < €.
We then obtain

2 62 + 0(0?) €2+ o(e?)
27 16mpll0)F,  327pllol,,

where o(€?) does not depend on p. The number of brackets is now K = A;l, this ends the proof
of the proposition . O

Proof of Proposition 3.3. We first fix the notation p = 2¢ + 1 which refers to the dimension of
the multivariate mixture. For any R > 0 which will be chosen later, £ is the ball of in CP of
radius R. For sake of simplicity, we will sometimes omit the dependence on € with the notation
p. According to the hypotheses in Proposition 3.3, there exists an absolute constant a such that
0] <w < ay/p. We first write

1 1
dyr(Bog.Fog) < 5 / |dPg,q — dPy ] (2) +§/ |dPg.g — dPp gl (2) -
&r Er

, /

=(A) =(B)

Let v be a measure on [0, 1] that dominates both g and g.

Term (A). We will pick R such that (A) is smaller than ¢/2, first set R? > (1 + a)?p >
a=2(1 + a)?||0]|*> and with this choice,
Vo e0,1] Vzefép |z —0ep| >|z|l/(1+a).

This simply implies that,

llz112
) <m— p/ / e (+a)?
c

To deal with we last term we use a concentration of chi-square statistics inequality (see Lemma
1 of [ILO06]): for any £ > 1 and ¢ > 0,

dg
o (tp) @)

2 5 2R?
dl/( )dz < 2(1+a) P X2p > m .

1 k 1
P(x2 > (14 c)k) < ——¢ zlcloa(l+o)l—5loghk B.1
(Xk j ( ) ) — C\/ﬂ ( )
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Therefore, writing R? = (1 4 a)?(1 + ¢)p for ¢ > 0, one gets

(A) < b o~ Ple—log(1+¢)—~2log(1+a)]— 3 log p

<

and this term is smaller than €/2 if we pick ¢ large enough, since log% <p.

Term (B). We then consider (B), following the strategy of [GvdV01| which exploits the
smoothness of Gaussian densities. We will exhibit a discrete mixture law which will be close
to Py g4, for any given g. Taylor’s expansion theorem yields:

il _ ey B2)

Vke N VyeR, e ¥ — 1ok

<

Thus, for all z € £, we have

1
Poy(2) — Pog(s) = 77 / “le—tegl? [‘%) 9 ﬂ v (p)

dv dv
_ dg dg
- ”Z L[ le-oeol |20 - Lig)] avte
dg dg
p - d
e / Ri Iz =00 6l2) | 5200) - 0] vt
We now decompose 0 = (0_y,...,0;) and z = (z_y, ..., z¢) using polar coordinates: 6, = pg)eiam
and z,, = pg)eiﬁm for [m| < ¢.
|z = 0o = Z |2m — Ome™ 1% = ||2|” + [|6]]* — 2 Z P o) cos (B — i — mp).

m=—/{ m=—/{

For any integer j < k, we deduce that

J 14
l2— 00 gl = Ci(5,0) + 5 3 arm(z6) [c05(Bm — am — m)]"
r=1m=—/(

where (a(r,m))r=1..k m=—r..¢ is a complex matrix which only depends on z and 6. Using Euler’s
identity,

|lz—0e <pH23 =Cj(z,0) + Z Z arm(x,0)27" <ei(6m_°‘m_m‘p) + e_i(ﬁm_am_m‘p))r

r=1m=—/¢

3l
+ Z be(2,60)e"?.

r=—j¢
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where b stands for a complex vector obtained by the Binomial formula and coefficients a, (2, 6).
Consequently, for all z € £g

k—1 ; 1 ~
_ P (_]‘)J ! : ir dg dg
Pagle) ~Pagle) = 35 / G+ 3 b0 o)~ o) vt
1 ~
ert [ Rl =000l | 2000 - o) vt
- e s .
71' i Ci(z0)colg —3) + D be(z,0)cr(g— )
7=0 ’ r=—j{

1 ~
- w‘p/o Ry (|z— 00| [%(@ - %(@] dv(¢p).

Caratheodory’s theorem shows that one can find g with a finite support of size 2(k—1)¢+1 ~ 2k¢
such that

Vr e [_(k - 1)67 (k - 1)6] cr(g) - cr(g)'

For such finite mixture law g, we obtain

1 ~
Ve Poy)-Poge) = [ Rulz=00elP) [ Li0) - L) vt

and of course

@ <o [ ][ Rl =000 [0 - i) avio| a

<21  sup Ry (||z—0e¢|?) Vol(Er).
z€ER,pe(0,1)

According to the choice R = (1+a)+/(1 + ¢)p which implies that ||z—0e | < (1+2a)/(1 + ¢)p,
and using the volume of £r and Stirling’s formula, we obtain

k
(B) < n? (e(142a)* (14 ¢)p)” 7P[(1 + a)*(1 + c)p]P
= o D
< C{’céﬁe—/’ﬂ108;(’“)—1—/’910g(17)7

where we used in the last equation p?/p! < CP. If we define the threshold & in (B.2) such that
k ~ bl for a sufficiently large b, we then obtain for a universal C"

(B) = [ 140y = dBog| (2) 5 eOox®),
Er

In order to bound (B) by €/2, we thus choose k. ~ bl, for a sufficiently large absolute constant b.
For such a choice, since log% < £ we have found § with a discrete support of cardinal s, ~ 2b¢?
points, with s, not depending on g, such that

dvr(Prg,Prg) < €/2.

Now, the first inequality in Proposition 3.3 comes from Proposition 3.2.
The second inequality in Proposition 3.3 is proved from the first one, using the relation
10|12, < £||0]| valid for any f € HE. O
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Proof of Lemma 5.1. We follow a straightforward argument: Py, is a mixture model so

1
Psg = /0 Py s, dg(c).

Thus

1
dvr <Pf,g’Pf,g> = / (Pféa f )dg( )
P
= |pss, _Pf"SOHT\/ < dy (va(go,wa .
Assume now Y ~ Pys . hence from (2.1) dY = f(x)dx + dW, with W is a complex stan-

dard Brownian motion. If we denote U a random variable Ng(0,1), standard argument using
Girsanov’s formula yields

TV

IN

d%,([[»fg P; ):2 1-Eg %(Y)
1000 = f 50 ,00 d]P)f,éo

=2 <1 Eféo exp <2§}Ee<f— fodW) —|If - f\|2)>

— 2 ~
2 <1 exp( Hf il ) [GXP (||f—f||§Re(U))]>
2<1 exp(—Hf4 fH2>> M

B.2 Link between Kullback-Leibler and Hellinger neighbourhoods

Proof of Proposition 3.4. This proposition uses a corollary of Rice’s formula (see [AWO09] for
various applications of such formula), stated in Lemma B.1 and postponed after this proof.

We begin with Girsanov’s formula (3.1). Write now Y = f%~7 + W where W stands for a
complex standard Brownian motion independent of the random shift 7 (whose law is g°). The
L? norm is invariant with any shift thus

d]P)fO7 0

— 2 0
dpfj (Y) = exp (IIFII* = /1) =

R SA)  )
fl 2Re(f—2, f0, T+dW>dg(a2)

<exp (|[£1* = 1°17) exp <2 sup Re(fO 9 — f_a2’f0,—7'>>

1,02

exp (2 sup Re(fO— — f_O‘Q,dW))

1,002

01)2 A 7.
< I+ 2142

where the last inequality is obtained using Cauchy-Schwarz’s inequality and the notations
A —QSup%e(fo AW —QSup%e/ (s — ag)dWs,

Zy = 2sup Re(— [, dW) —QSup%e/ —f(s —an)d
a2
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We now set 6 € (0,1] (it will be precisely fixed in the sequel) and we define the trajectories & as
dP
£ = {Y =0 ew | Ly > 61/5}.

Hence, following the definition of M? of (3.2), we have

2 dP yo 40 ’
M6 = Eprf07g0 7d[@f (Y) 1Y€€5 .
79

1 :
For ¢ small enough, (§ < 2(||f||+||f°||)2)'

M62 < 66(||f||+”f0||)2E66(Z1+Z2)1 , < 65(||f||+||f0”)2E66(Z1+Z2)1

Z1+Z2>5—(IFI+11£01) Z\+Za> 55

20

< SN B E+ 2 50y e

Integrating by parts the last expectation, the use of Lemma B.1 yields

+oo
M2 < S / ]}D<65(Z1+Z2) - u) du
Je

400
_ 65(||f||+||f°||)2/ [[p) (é > 10%“) P <é > IOgUH I
Ve 2 =45 2 =4
oo log?(u) log?(u)
M2 < O £ 5(||f||+||f°||)2/ _ _losg N =
5 <CUf7 fe » P | ~To52[ o2 + exp 1652 | du (B.3)

Now, we can choose § non negative and small enough such that Mg < oo since for u > /e, we
have

__log?(u) _ log(w)
e 1682[f012 < o 3282 /02 :u71/3262||f0

112
)

which is an integrable function as soon as §2 < W, and the same holds with f instead of fy.

Note that M? is uniformly bounded if f is picked into a ball centered at 0 with radius 2[| f°||. O
We now show that the technical inequality used in (B.3) is satisfied.

Lemma B.1. Let W a complex standard Brownian motion and u a complex 1-periodic map of
Hs. We assume that u is of class C?. Then when t/||u| — +oo, we have

/ _ 42
P (sup?Re(u_a,dW> > t> < ] exp < t > )

™ 2mfu] ul®

In particular, if u € H’, we have

¢ —t?
P o qW < = — ).
<Slolép Re(u™ %, dW) > t) S 5. exp <HUHQ>

Proof. We define the following process

2Re lﬂs—adWS
Va € [0,1] X(oz)::\/_ <f°( ) )

X is a Gaussian centered process. Its covariance function is given by

I(t) = E[X(0)X(t)].
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Obviously, one has I'(0) = 1 and Cauchy-Schwarz’s inequality implies that I'(s) < I'(0). More-
over, since I is C1([0,1]), we deduce that I(0) = 0 and simple computation yields

Re (fol u'(s)u” (s)ds) /]2
I(0) = = — .
ul® ul®
Rice’s formula (see for instance exercice 4.2, chapter 4 of [AW09]) then yields that when ¢ —

400, we have
P <supX(a) > t> ~ 1l e /2,
o 27 |ul]

This ends the proof of the first inequality. Assume furthermore that u € H%, Parseval’s equality
implies that ||v/|| < ¢||u|| and we obtain the second inequality. O

B.3 Hellinger neighbourhoods

Proof of Proposition 3.5. Recall first that if Y follows Pso j0, one shift 3 is randomly sampled
according to ¢°. Conditionally to this shift 3, Y is described trough a white noise model dY (z) =
%z — B)dx + dW (z). For any function F of the trajectory Y, we will denote EgF(Y) the
expectation of F'(Y) up to the condition that the shift is equal to 3, and of course one has

1
Eo[F(V)] = | BalF(Y)]dg"(9).
0
For each possible value of 8 € [0, 1], we define
Dy(a) i= exp (2Re( )7, 070 + 2Re( %, dW) — | 7 ])
and
Xa(a) = exp (BRe((f° = 15,)7 1) + 2Re((f° — 12)7".aW) — |1 12,

We can now split the randomness of the Brownian motion into two parts: the first one is spanned
by the Fourier frequencies from —/,, to £, and the second part is its orthogonal (in L?): W =
W1 + Wsy. Of course, W7 and Wy are independent.

Moreover, (f,"~* dW) = (f)>"*,dW1) and ((fO — f9 )~*.dW) = ((f° — f2 )=, dWy). For
any fixed 8, Dg(c) is measurable with respect to the filtration associated to W1, and Xg(a) is
independent of Wj. We thus obtain using Jensen’s inequality and this filtration property that

- Jo D/a(a)Xﬁ(a)ng(a)]
E)? =F |log 22
= I Da(a)dg (@)
o ! Wo W fOl Dﬁ ( )dgo( ) 0
glg/OEﬁ E} [ fODB de(0) Wz”dg(ﬂ)
o ! Wo wh fo Dg(a dg (@) 0
glg/o E}? | Xs(a)E} [fo Dy(a)ds’ (@) W2”d9 (B)

<o [ 1 (sup Y LXata) ) ds”(5).

The notation E};VlF(Y) (resp. EE/QF (Y)) used above refers to the expectation of F(Y) with
respect to Wy (resp. with respect to Ws) with a fixed g.

Now, one should remark that X () has the same law as exp (2Re((f% — f?n)*a, o8 +U),
where U ~ Ng (= /% = f2 117,21 /° — f2.1I?), and E [eV] = 1. Hence

1
(Ev)? < log [ supexp (2Rel(0 = £2)7,1°7%)) dg*(5) < logsupesp (2Re((1° - 1), £77))
0 « a,f
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We can now switch log and sup since log is increasing, and we obtain

(E)) < \/2 sup Re((f0 — f2)-o, f0.-5).

a76

Again, we can use the orthogonal decomposition fO—# = f&_ﬁ + fO8 — f&_ﬁ and Cauchy-
Schwarz’s inequality yields (E1) < V2| f° — f7 ||.

Note that untill now we did not use the hypothesis f0 € H,. It is only needed to get the last
inequality in Proposition 3.5. U

To establish Lemma 3.2, we first remind the following useful result.

Lemma B.2. For any any dimension p and any couple of points (z1,22) € CP, if |21 — 22| is
the Buclidean distance in CP, then one has

1 21 — 29 A )
dVT(7217'Yz2) = 5”721 - VZ2HL1 - |:2(I> <H 9 H> B 1:| < H ol H’

where ® stands for the cumulative distribution function of a real standard normal variable.

Proof of Lemma 3.2. The proof is largely inspired from the one given in [GvdV01] and will only
be summarized. The first idea is to upper bound the square of Hellinger distance by the Total
Variation distance. Now, for any g € M([0,1]), P4 ~ fol G(¢)V0ep,1adp- 1f we denote 0 = H(fgn),
for any z in C?»*1 we have

(Pog — Po)(2) = /0 70(z — 6 0 0)(di () — dil()).

We define § = ﬂ}]:1 {le; —n/2,¢; +n/2]}° and since the support of § does not intersect S, we
have

J +n/2
(Pog — Pog)(2) = /w—e-w e +Z/“’ / 70(z — 60 )(d () — di(p))
j=1 wi—n
J i+n/2
/’YO(Z_H'SDdg +Z/w ' [Yo(z — 8 @) —v0(z — 0 & p;)]dg(p)
j=1"%j n/2

J SOJ+77/2 . B
#3077 (e = 00 03)da(e) — 20l — 0+ @)di(e).
j=1 p;—n/2

—n0(z—0e; g (lp; /205 +n/2]) 3]
Fubini theorem implies that

I peitn/2
7 ~
IPro 5= Pro gl <3(S)+ Z/ 1o(- = 0 0 ©) = 70(. — 0 ® 2))l|2,dg ()
)

_]:1 ]717/2

i[5 —n/2,05 +n/2]) — pjl-

+
M-
=3

Lemma 5.1 of [GvdV01] proves that §(S) < Zj 11a(le; —n/2,0; +n/2]) — pj| and Lemma B.2
yields

P g~ Py alls <23 lalles — /25 + 2~ 432 [ Woe = Oeel gy
10 g~ Ppo sl < gllpj —n/2,05 +n —Dpjl+ / gl
9 2n 9 st = <Pj—77/2 oI

This ends the proof of the Lemma 3.2 since ||0 o p; — 0 ® || < 27|60, |¢ — ¢j]. O
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Proof of Proposition 3.7. The construction used in the proof of Proposition 3.3 provide a mixture
g such that g is supported by .J,, := C/2 points (denoted () j=1.5,) so that dH(IP)f? ,gO’Pfg ) <

€n. Therefore § = 23‘];1 w;d,,. As pointed by [GvdVO01], one can slightly modify G so that the
support points are separated enough as follows. First, denote (v;);—1...s, the subset of (gpj)jzl___jn
which is 7,,-separated with a maximal number of elements. Hence, J, < J, and up to a per-
mutation, one can divide~(g0j)j:1mjn in two parts: (SDJ)jzl...jn = (¥j)j=1...1, U (Spj)sznJrl...jn'
For any i € {J, +1,...,J,}, we define ¢;(;) as the closest point of (¢;);=1...s,, the new discrete
mixture law is then given by

JIn
Jj=1 i>Jn|j(i)=j

N~

=1

Of course, g as a support which is n,-separated. Moreover, we have

Jn In
2dyr <Pf?n7gapf?n7§> - /czn Zwﬂ(z —0e1;) — Zwﬂ(z — ey dz
=1

i=1

Jn
- /cz Z(wj —wj)y(z — O e)y) — Z w;y(z — o) dz
o

i>Jp
JIn

:/C,Zn wz‘h(z—@”/ﬁj)—v(z—eupi)] dz.

J=Li>Jnlj(i)=j

Then, Fubini’s theorem yields

dvr (]P)ff 9’ fz ) Z Z widVT(’YGupp'YGowj),

J=Li>Jnlj(i)=j

and we deduce from Lemma B.2 that
Jn
dvr (Brp 5Ppo 5) SVEITY. S0 willblbuan < VIOl
J=Li>Jnlj(i)=j

Now the relations between Hellinger and Total Variation distances (A.2) yield

dH(]P)fO

ln’go’]P)f?yﬂg) S €n + dH(Pf?n’g,PfeOnvz) <1 + (87.(.)1/4”9”1/2)

Lemma 3.2 permits to conclude. O

B.4 Checking the conditions of Theorem 2.1

Proof of Propostion 3.9. We have seen in the proof of Proposition 3.4 that M{;2 is uniformly
bounded with respect to ||f|| and ||f°|| for a suitable choice of §. We restrict our study to the
elements f such that || f| < 2||f°||. We know from Proposition 3.4 and Theorem 3.2 that as soon
as €, log é < ce, with ¢ small enough:

Ve, (Pro g0,dir) == {Psg € Pldu(Pro g0, Prg) < énand || f| < 2[f°I} C Ve, (Pro go.drr)-

This last condition on €, is true as soon as

1\ !
€n = Cép, <10g —> (B.4)

€n
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with ¢ small enough. Now, Proposition 3.8 permits to describe a subset of Ve, (Pfo 40,dp), by
the definition of subsets ¢, and G¢, for f and g. Choose ¢, := eﬁl/s.

€n
We first bound the prior mass on Gg,. This follows from the lower bound given by Lemma
3.3. The prior for g is a Dirichlet process with a finite base measure o admitting a continuous

positive density on [0,1]. Since 7, goes to zero, for n large enough a(v; — n,/2,v¢; + 1, /2) for
any j = 1...J,. Note that J, <€2—62/s
a € (0,1] such that the condition .J,, < 2(aé,) 2 is fulfilled, and one can find universal constants
C and c such that for n large enough

< &2, Thus, there exists an absolute constant

_ 1
M, (Ge) > Iy (Gaz, ) > Ce "B > geelhloray (B.5)

We next consider the prior mass on F¢,. Remark that when n is large enough, any element of
Fe, satisfies ||f]| < 2[|f°| and the additional condition on ||| in the definition of Ve, (P o 40, d)
is instantaneously fulfilled. Remark that from the construction of our prior on f, one has

I, (Fz,) > A(ly) x m, (B (67,,€)).

From our assumption on the prior A, we have A(¢,,) > e_d2 log”n and the value of the volume
of the (44, + 2)-dimensional Euclidean ball of radius €2 implies

_1p° 2 /¢2
I, (F,) > e clnlogtn inf e lolen ()42 ﬂ
' e UEBCan+1(O,€%) 7T2Zn+1§i(2£”+1) n P(Qen + 2)

For n large enough we get

IT, (Fz,) > exp — [cfi log? ¢, + &,2
+(26,, + 1) (log £, + 41log(1/&,) — log &, % + O(1))]
> exp [—(c+o(1)) [fi log? £,, v 5;2“ (B.6)

Gathering (B.5) and (B.6), the relations ¢,, = &'/ and (B.4) lead to

IL, (Ve,(Pjo g0, dir)) > Iy (Fe, ) 11, (Ge,,)
> exp [—(c+ o(1 [62 logf 0, V&, H

)
D) | log? (1) v ;2|
D) [/ (og(1/en))”** v 7]

> exp {—(c + o
> exp {—(c + o

for constants ¢ > 0. O

Proof of Proposition 8.10. The upper bound on the packing number comes directly from Theo-

rem 3.1 since we set w,, = /2k,, + 1.
Now, to control the prior mass outside the sieve, remark first that owing to the construction
of our prior, we have

Iy (P\ Prw) € Y AR)+Pr( > |6x > wp | (B.7)
=k F<kn

where each 0 for —k, < k < k, follows a centered Gaussian law of variance £2. Now, there
exists some constants ¢ and C' such that for sufficiently large n:

37 Ak) < OA(ky) < emcknlos”(hn)
S
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Regarding now the second term of the upper bound in (B.7), we use (B.1) to get

O |
Pri > 162wy =Pr| > | & 2w
k| <kn k| <kn
2 -2
<P (Xok, 41 = 2(2kn +1)&,7)
1 o~ (2hnt )62 ~1-log &%) —log(2kn-+1)/2

S _27
(™ —1vm
Now, using the value of &,, we obtain
T (P\ Py ) < o087 () has?]

This concludes the proof of the Proposition. O

C Equivalents on Modified Bessel functions

Lemma C.1. For any n € Z and a > 0, define
2m
Ap(a) = / %) cos(nu)du.
0

Then, the following equivalent holds:

Va € [0,v/n] Ap(a) ~ 2n <g)n (1 +0 <%)) )

n! \2

Proof. This equivalent is related to the modified Bessel functions (see [AS64]| for classical equiv-
alents on Bessel functions and [LL10] for standard results on continuous time random walks).
More precisely, I,,(a) is defined as

a) 2k+m

1
VmeNVa>0  Iy(a):= Zm (5
E>0 '

and we have (see for instance [AS64])
+o0
Iy(a) + 2 Z I, (a) cos(mu) = e*“".
m=1

Hence, we easily deduce that A, (a) = 2wl,(a). For small a, it is possible to use standard results
on modified Bessel functions. Equation (9.7.7) of [AS64], p. 378. yields

Vae[0,vn]  In(a) ~ % (5)" (1+0(%)). (1)

O

This integral is strongly related to the density of continuous time random walk if one remark
that if B,,(a) = e *Ay(a)/(27), one has B,(0) = 0,Vn # 0 and By(0) = 1 and at last

B (@)~ Bale=1) -;B;(a U5,

Hence, By, (a) is the probability of a continuous time random walk to be in place n € Z at time a.
In this way, we get some asymptotic equivalents of By, (a) (and so of A,(a)): from the Brownian
approximation of the CTRW | we should suspect that for a large enough

1

By (a) ~ %6_"2/(2“),%1 > n?. (C.2)
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Moreover, from [AS64|, we know that

ea

Vi ora’

and this equivalent is sharp when a is large enough: from equation (9.7.1) p. 377 of [AS64|, we
know that

I,(a) ~ as soon as a > 2n, (C.3)

ea

Vi ora

We remark that (C.3) yields the heuristic equivalent suspected in (C.2): By(a) = e *I,(a) ~
\/ﬁ, although (C.1) provides a quite different information for smaller a. We do not have
purchase more investigation on this asymptotic since we will see that indeed, (C.1) is much more
larger than (C.3).

For a € [\/n,2n], we do not have found any satisfactory equivalent of modified Bessel func-
tions. Formula of [AS64| is still tractable but yields some different equivalent which is not
"uniform enough" since we need to integrate this equivalent for our bayesian analysis. This is
not so important since we can see for our range of application that the most important weight
belongs to the smaller values of a.

Va > 4n? I,(a) > = X

N |
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