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Abstract

This paper considers the problem of estimating a mean pattern in the setting of Grenan-
der’s pattern theory. Shape variability in a data set of curves or images is modeled by the
random action of elements in a compact Lie group on an infinite dimensional space. In the
case of observations contaminated by an additive Gaussian white noise, it is shown that
estimating a reference template in the setting of Grenander’s pattern theory falls into the
category of deconvolution problems over Lie groups. To obtain this result, we build an esti-
mator of a mean pattern by using Fourier deconvolution and harmonic analysis on compact
Lie groups. In an asymptotic setting where the number of observed curves or images tends
to infinity, we derive upper and lower bounds for the minimax quadratic risk over Sobolev
balls. This rate depends on the smoothness of the density of the random Lie group elements
representing shape variability in the data, which makes a connection between estimating a
mean pattern and standard deconvolution problems in nonparametric statistics.

Keywords: Grenander’s pattern theory; Shape variability; Lie groups; Harmonic analysis; Ran-
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1 Introduction

In signal and image processing, data are often in the form of a set of n curves or images Y1,..., Y,.
In many applications, observed curves or images have a similar structure which may lead to the
assumption that these observations are random elements which vary around the same mean
pattern (also called reference template). However, due to additive noise and shape variability
in the data, this mean pattern is typically unknown and has to be estimated. In this setting,
a widely used approach is Grenander’s pattern theory [13| [14] which models shape variability
by the action of a Lie group on an infinite dimensional space of curves or images. In the last
decade, the study of transformation Lie groups to model shape variability of images has been an
active research field, and we refer to [29, B0] for a recent overview of the theory of deformable



templates. Currently, there is also a growing interest in statistics on the problem of estimating
the mean pattern of a set of curves or images using deformable templates [1, 2, B, 14l [5], 25].
In this paper, we focus on the problem of constructing asymptotically minimax estimators of a
mean pattern using noncommutative Lie groups to model shape variability. The main goal of
this paper is to show that estimating a reference template in the setting of Grenander’s pattern
theory falls into the category of deconvolution problems over Lie groups as formulated in [22].

To be more precise, let G' be a connected, semi-simple, and compact Lie group. Let L2(G) be
the Hilbert space of complex valued, square integrable functions on the group G with respect to
the Haar measure dg. We propose to study the nonparametric estimation of a complex valued
function f* : G — C in the following deformable white noise model

dYu(g) = fm(g)dg+edWi(g), g€ G, me[l,n] (1.1)

where
fm(g) = f*(7,'9).

The 7,,,’s are independent and identically distributed (i.i.d) random variables belonging to G, the
Wi,’s are independent copies of a standard Brownian sheet W on the topological space G with
reference measure dg, and € > 0 is the level of noise in the measurements. For all m =1,...,n,
Tm is also supposed to be independent of W,,.

In the function f* is the unknown mean pattern to estimate in the asymptotic setting
n — 400, and L2(G) represents an infinite dimensional space of curves or images. The 7,,’s are
random variables acting on IL?(G) and they model shape variability in the data. The W, model
intensity variability in the observed curves or images. In what follows, the random variables 7,
are also supposed to have a known density h € L?(G).

Some concrete examples of model include the analysis of translated two-dimensional
images, which corresponds to the case G = R?/Z? (the torus in dimension two), and which
founds its applications in biomedical imaging or satellite remote sensing (see e.g. [23,[12]). Other
examples are rotation models for two-dimensional or three-dimensional images for which either
G = S0O(2) or G = SO(3) (the special orthogonal group in dimension 2 or 3) when the images at
hand are observed through the action of random rotations (see e.g. [26] [15], 27]). In particular,
it is shown in [27] that adopting a deconvolution approach over Lie groups (similar to the one
developed in this paper) yields very satisfactory estimators of a mean pattern for applications in
single-particle electron microscopy imaging. Therefore, the general methodology of this paper
can be used in various practical problems as, in many applications, shape variability in a set of
images can be seen as the random action of elements in a Lie group.

We will show that the density h of the random elements 7,,, € G plays the role of the kernel
a convolution operator that has to be inverted to construct an optimal (in the minimax sense)
estimator of f*. Indeed, since W,, has zero expectation, it follows that the expectation of the
m-th observation in is equal to

Efn(g) = /G fX(r7tg)h(r) dr for any m € [1,n].

Therefore, Ef,,,(g) = f* * h is the convolution over the group G between the function f* and
the density h. Hence, we propose to build an estimator of f* using a regularized deconvolution
method over Lie groups. This class of inverse problems is based on the use of harmonic analysis
and Fourier analysis on compact Lie groups to transform convolution in a product of Fourier
coefficients. Note that in the case of Abelian groups, the Fourier coefficients (associated to the
irreducible representations of G) are one dimensional. However, when G is not a commutative
group, the Fourier coefficients of a function in L?(G) are no longer complex coefficients but
grow in dimension with increasing “frequency”. This somewhat complicates both the inversion
process and the study of the asymptotic minimax properties of the resulting estimators (unlike
standard Fourier deconvolution on the torus).



In [6], a model similar to has been studied where n is held fixed, and the 7,,’s are
not random but deterministic parameters to be estimated in the asymptotic setting ¢ — 0 using
semi-parametric statistics techniques. The potential of using noncommutative harmonic analysis
for various applications in engineering is well described in [§]. The contribution of this paper is
thus part of the growing interest in nonparametric statistics and inverse problems on the use of
harmonic analysis on Lie groups [19, 20, 22} 21, 24 27, [32].

Our construction of an estimator of the mean pattern in (|1.1)) is inspired by the following
problem of stochastic deconvolution over Lie groups introduced in [22]: estimate f* € L2(G)
from the regression model

yj = /Gf*(Tlgj)h(T) dr+nj, g;€G, je[ln] (12)

where h is a known convolution kernel, the g;’s are “design points” in G, and the 7;’s are
independent realizations of a random noise process with zero mean and finite variance. In [22]
a notion of asymptotic minimaxity over L?(G) is introduced, and the authors derive upper and
lower bounds for a minimax risk over Sobolev balls. In this paper we also introduce a notion
of minimax risk in model . However, deriving upper and lower bounds of the minimax risk
for the estimation of f* is significantly more difficult in than in model . This is due to
the fact that there are two sources of noise in model : a source of additive Gaussian noise
Wi, which is a classical one for studying minimax properties of an estimator, and a source of
shape variability due to the 7,,,’s which is much more difficult to treat. In particular, standard
methods to derive lower bounds of the minimax risk in classical white noise models such as
Fano’s Lemma are not straightforward to use because of the source of shape variability in .
We show that one may use the Assouad’s cube technique (see e.g. [31] and references therein),
but it has to be carefully adapted to model .

The paper is organized as follows. In Section [2], we describe the construction of our estimator
using a deconvolution step and Fourier analysis on compact Lie groups. We also define a notion
of asymptotic optimality in the minimax sense for estimators of the mean pattern. In Section
we derive an upper bound on the minimax risk that depends on smoothness assumptions on the
density h. A lower bound on the minimax risk is also given. All proofs are gathered in a technical
appendix. At the end of the paper, we have also included some technical materials about Fourier
analysis on compact Lie groups, along with some formula for the rate of convergence of the
eigenvalues of the Laplace-Beltrami operator which are needed to derive our asymptotic rates
of convergence.

2 Mean pattern estimation via deconvolution on Lie groups

In this section, we use various concepts from harmonic analysis on Lie groups which are defined
in Appendix

2.1 Sobolev space in L?(G)

Let G be the set of equivalence classes of irreducible representations of GG that is identified to
the set of unitary representations of each class. For w € G and g € G one has that 7(g) €
GLg, x4, (C) (the set of dr x dr nonsingular matrices with complex entries) where d, is the
dimension of 7. By the Peter-Weyl theorem (see Appendix , any function f € L?(G) can
be decomposed as

flg) =Y daTr (n(g)ex(f)), (2.1)

weé

where Tr is the trace operator and ¢ (f) = fG f(g)m(g~1) dg is the n-th Fourier coefficient of f
(a dr x dr matrix). Note that by the compactness of G and thanks to the Peter-Weyl theorem,



the set G is countable. The decomposition formula is an analogue of the usual Fourier
analysis in L2([0,1]) which corresponds to the situation G = R/Z (the torus in dimension 1)
for which G = Z, the representations 7 are the usual trigonometric polynomials m(g) = e*2™%9
for some ¢ € Z (with the bold symbol 7 denoting the number Pi). In this case, the matrices
cr(f) are one-dimensional (d; = 1) and they equal the standard Fourier coefficients ¢, (f) =
c(f) = fol f(9)e"?™9 dg. For G = R/Z, one thus retrieves the classical Fourier decomposition
of a periodic function f:[0,1] = R as f(g) = Y,z ce(f)e™.

Definition 2.1. Let k € N*. Let A € My (C) (the set of k x k matrices with complex entries).
The Frobenius norm of A is defined by ||A||2F =,/ Tr (AZt>. It is the norm induced by the

inner product (A, B)p = Tr (AEt) of two matrices A, B € My (C).

By Parseval’s relation, it follows that || f||*> = HinQ(G) = [, 1f(9)]*dg = > el dr llex(f Ol
for any f € L2(G). The following definitions of a Sobolev norm and Sobolev spaces have been
proposed in [22].

Definition 2.2. Let f € L*(G) and s > dim(G)/2. The Sobolev norm of order s of f is defined

by 1713, = Jo 1F@P dg+ 5, ca 2dxTr (ex(Hen(D)) = o 1 (@) dg+ 5 g Xodr llea (NI

where A, is the eigenvalue value of 7 associated to the Laplace-Beltrami operator induced by
the Riemannian structure of the Lie group G.

Definition 2.3. Let s > dim(G)/2 and denote by C°°(G) the space of infinitely differentiable
functions on G. The Sobolev space Hg of order s is the completion of C*°(G) with respect to
the norm || - ||g.. Let A > 0. The Sobolev ball of radius A and order S in L?(G) is defined as

A)={f e HJG) : |Ifl}, < A%}

It can be checked that Hs(G) corresponds to the usual notion of a Sobolev space in the case
G =R/Z. Now, let f € L?(G) be an estimator of f* i.e. a measurable mapping of the random
processes Yy,,m = 1,...,n taking its value in L?(G). The quadratic risk of an estimator f is

defined as
R =5 (I - 17) =2 ([ 170) - r@Pag)

Definition 2.4. The minimax risk over Sobolev balls associated to model (|1.1]) is defined as

Rn(A,s) = inf  sup R(f, ),
FEL2(G) f*€H(A)

where the above infimum is taken over the set all estimators.

The main goal of this paper is then to compute an upper bound on R( f, f*) and an asymp-
totic lower bound on the minimax risk R, (4, s) as n — +oo.

2.2 Construction of the estimator

First, note that the white noise model has to be interpreted in the following sense. The
Wiener measure dW (g) (associated to the Brownian sheet W) is defined through the Fourier
basis of L?(G) (which diagonalizes the Laplace-Beltrami operator on G, see the appendix for a
precise definition) as the random measure

dr
dW(g) == > Y Xi\/de(m(9))kidy, (2.2)

re@ k=1



where (7(g))x, is the (k,l) entry of the dr X dr matrix 7(g), and the X, are independent and
identically distributed normal variables with zero mean and variance 1. Let f € L?(G). By
definition, the integral of f with respect to the random measure dW (g) is

| raawts szklf/f 9)kadg.

meG kl=1

For further details on the pointwise correlation structure and the regularity properties of Brow-
nian sheets indexed by a manifold (compact Lie groups being a particular case), we refer to
[16, 17, [1§].

Therefore, conditionally to 7,, each integral [ f (9)dY;,(g) of the “data” dY;,(g) is a ran-
dom variable normally distributed with mean [, f( )f*(T_ g) dg and variance €2 [ |f(g)|*dg.

Moreover, E ([, f1(9) AW (9) [4 f2(9) dWim(9)) = [ f1(9)f2(9) dg for f1, f € L*(G) and any
m € [1,n]. Hence, using Fourier analysis on compact Lie groups, one may re-write model (1.1

in the Fourier domain as
er(Y) = / 7(g™") AV (g) = cx(fm) + ecx(W), for m € G and m € [1,n], (2.3)
G

where

m m " dg and ¢ (W) = D dW,.(9).
w(fm) /f g and ¢z (W) /G?T(g ) dWin(9)
Note that cr(fm) = [o [* (' 9)m (g7 dg = [ f*(9)7((Tmg) ') dg which implies that

cr(fm) = ex(f)m(rt), m € [1,n].

Remark also that the coefficients (c;(Wp,))k, of the matrix c (W,,) € Mg, 4, (C) are indepen-
dent complex random variables that are normally distributed with zero expectation and variance
d-!. Moreover, note that

E (7‘((7};1)) =cp(h) and E (¢ (Yn)) = cx(fF)er(h).

Therefore, if we assume that c;(h) is an invertible matrix, it follows that an unbiased estimator
of the the m-th Fourier coefficient of f* is given by the following deconvolution step in the Fourier

domain
n

) = 3 en(Vanden() (2.4)

m=1

An estimator of f* can then be constructed by defining for g € G

filg) = Y daTr (r(g)ea(f))

71'€GT

= = Z Z dr Tr g)cx( m)cﬂ(h)_l), (2.5)
m 17T€GT
where éT = {77 cqG : A < T} for some T" > 0 whose choice has to be discussed (note that
the cardinal of C:’T is finite).

2.3 Regularity assumptions on the density h

It is well-known that the difficulty of a deconvolution problem is quantified by the smoothness
of the convolution kernel. The rate of convergence that can be expected from any estimator
depends on such smoothness assumptions. This issue has been well studied in the nonparametric
statistics literature on standard deconvolution problems (see e.g. [10]). Following the approach
proposed in [22], we now discuss a smoothness assumption on the convolution kernel h.



Definition 2.5. Let k € N* and |.|2 be the standard Euclidean norm on C¥. The operator norm
of A € Mpur(C) is [|Allop = sup,, 0 2.

ul2

Definition 2.6. A function f € L2(G) is said to be smooth of order v > 0 if c,(f) is an
invertible matrix for any m € GG, and if there exists two constants C, Co > 0 such that

lex(£) Y2, < C1A% and [lex ()2, < CoA7” for all 7w € G.

Assumption 2.1. The density h is smooth of order v > 0.

Note that Assumption [2.1] corresponds to the case where, in most applications, the convolu-
tion kernel h leads to an inverse problem that is ill-posed, meaning in particular that there is no
bounded inverse deconvolution kernel. This can be seen in the assumption ch( -t Hip < CiA\Y

which accounts for the setting where limy__, 1 ch( L Hop = 400 meaning that the mapping

f + f * h does not have a bounded inverse in L?(G). Example of such convolution kernels are
discussed in [21], 22], and we refer to these papers and references therein for specific examples.

3 Upper and lower bounds

The following theorem gives the asymptotic behavior of the quadratic risk of fT over Sobolev
balls using an appropriate choice for the regularization parameter 7.

Theorem 3.1. Suppose that Assumption holds. Let fT be the estimator defined in ([2.5)

2
with T = T,, = [n2st2v+dim(@) || Let s > 2v +dim(G). Then, there exists a constant K; > 0 such
that

2s ~
limsup sup n2F2FHdnm@ R(fr, , f*) < K;.
n—oo  frcHs(A)

Therefore, under Assumption [2.1] on the density h, Theorem shows that the quadratic
risk R(fr,,f*) is of polynomial order of the sample size n, and that this rate deteriorates as
the smoothness v of h increases. The fact that estimating f* becomes harder with larger v

(the so-called degree of ill-posedness) is well known in standard deconvolution problems (see
e.g. [10] and references therein). Hence, Theorem shows that a similar phenomenon holds

in model when using the deconvolution step (2.4). The rate of convergence nfﬁiﬁm(@
corresponds to the minimax rate in model for the problem of stochastic deconvolution over
Lie groups as described in [22].

Then, thanks to the Theorem below, there exists a connection between mean pattern
estimation in the setting of Grenander’s pattern theory [13][14] and the analysis of deconvolution
problems in nonparametric statistics. Indeed, in the following theorem, we derive an asymptotic
lower bound on H(A) for the minimax risk R, (A, s) which shows that the rate of convergence

2

—78 . A . . . . . .
n 2s+2+dim(@) cannot be improved. Thus, fr, is an optimal estimator of f* in the minimax
sense.

Theorem 3.2. Suppose that Assumption holds. Let s > 2v 4+ dimG. Then, there exists a
constant Ko > 0 such that

liminf inf sup RETETAE e R(f, f*) > Ko.
N0 fell2(G) freHs(A)

In the assumptions of Theorem [3.Iand Theorem [3.2] it is supposed that s > 2v+dimG. For
the upper bound, it is possible to weaken this assumption since a similar result can be obtained
using the condition s > dim(G)/2. However, for the proof of the lower bound, the condition
s > 2v + dimG is a key technical assumption in our proof to obtain Theorem



A Technical Appendix
A.1 Proof of Theorem [3.1]
By the classical bias/variance decomposition of the risk one has
o o ~ 2 A
rir ) = ([[i - (5)[) + [ () -

2
. By linearity of the trace operator

2

Let us first give an upper bound for the bias HE (f}) — f*

and by inverting expectation and sum (since Card(éT) is finite) one obtains that

= Z d,Tr |7(g) (; Z E (cx(Yin)) cx(h) ! — Cw(f*))]
~ m=1

TeGr
2

— Y daTr [n(g)en(fY)]
TrGé\éT
Since the (¢z(Ym))m’s are i.i.d. random variables and E(cx(Yy)) = E(cr(fm)) = cx(f*)er(h) we
. 2 2
obtain that||E (f; - f*) ) = szeé\@T d:Tr [7(g)ca(f*)] ‘ . Then, by Theorem one has

. 2 - ~
that H]E (f%: - f*) ‘ = Zwe@\@T dTr [cﬂ(f*)cﬁ(f*)t} . Finally since m ¢ Gp and ||f||§{5 < A2
we obtain the following upper bound for the bias

[ (7 1)

2

= () -

2
’ < T5A2, (A.1)
)

_ 112
W(g) <’Ill 2 Cﬂ'(Ym)Cﬂ'(h’)_l - Cﬂ'(f*)> )

m=1

fr-E(f)

Let us now compute an upper bound for the variance term E <‘

E (|

fr—E (fr)

‘2> - ]E( Y d,Tr

WE@T

2
< 2E %Z > deTr [7(g) (cxlfm)en(R) ™" = cx(f7))] )
m:lﬂ_eéT
Ey
. 2
+ 2E( € Z d,Tr [W(g)i Cﬂ(Wm)Cﬂ(h)_ll )a
WE@T m=1

using that c; (V) = cx(fm) + ecr(Wi).
Let us first consider the term Fs. By Theorem and by decomposing the trace

By = @E| ) dTr {nl > %(Wm)cﬂ(h)1cﬂ<wgl>cw<h>1t])

TFG@T m,m/=1

n dr
ey dﬂ% >y (Cﬂ-(Wm)Cﬂ'(h)_l)kj (C”(Wf/ﬂ)c’r(h)l>kj)

WG@T m,m’'=1k,j=1




By the Fubini-Tonneli theorem, we can invert sum and integral, and since (((cx(Wm))ki)y,, are
i.i.d. Gaussian variables with zero expectation and variance d_ !, it follows that

B = &Y dig > 5 (e ) )ia (ealP) 5 ((en (W) i (Cor (W) )

7eGr m=1k,ji=1
=*Zd2|@r )it = Zdzl% il
7T€GT k»]vl 1 ﬂ'EGT 7= 1
Then thanks to the properties of the operator norm, one has Z?ll [(ex(h)™1)4]? < ch(h)_l Hop,
and therefore )
€ 12
<— D di e, - (A.2)

WGG\T

Let us now compute an upper bound for Ey. Since ¢, (f) = cx(f*)m(7,,}) and by Theorem

2
By = E(||) dTr [ﬂ(g) (cw(f*)i > w(mn ex(h) ™! —c,r(f*)>] |l
ﬂ'GGT m=1

n 2

(o7 D mwlraten(h) ™ = exl )

m:l

= E| ) dn

WEGT

F

By Fubini-Tonelli theorem, we invert sum and integral, and since the random variables 7,,, are
ii.d.

o= Y dwE(H%(f*)w(il)%(h)‘l—Cw<f*>Hi~>
WEaT

= 5 e (|len I en )+ llex (IR — 2T [ex(FIm(r en () en (7] )

WEGT

where the last equality follows by definition of the Frobenius norm. Now remark that,
E(Te [ex(fm(r enm) a7 ]) = T [enlfBG(r () en (7]
= T [en (e en(n) e (7]
= ()7

and let us compute E (Hcﬂ(f*)w(ﬁ_l)cw(h)*lHi). Recall that

I1PRIF < IPllF Qo

for any P,Q € Mg, xq,(C) and that the operator norm is a multiplicative norm, which implies
that

E (ch(f*)w(rl_l)cﬁ(h)_lHi) E (Hcﬂ(f*)H% |7 ( (1 Den(h) _1Hip)

= ||C7T(f*)||F (Hﬂ- Hop) Hcﬂ'(h)_lHip’

Since the operator norm is the smallest matrix norm one has that E (Hﬂ' > <E (Hﬂ' T H?) .

Now since H?T(Tfl)Hi, = Tr [W(Tll) (11 1)} = Tr [r(r )] = Tr[Idg,], it follows that

8



E (Hw(hfl)Hip) < dg, and therefore

< g S dallexl) I (e ea )2, ~ 1) (A3)

WE@T

Thus, combining the bounds and ( -

e (| -2()]) < i}; & (et (w2, = ) €2 lentn) 1)
< 23 e, (leslOlE +7)

weGr

Since f* € Hy(A), this implies that [c,(f*)||% < M, for some constant M that is independent
of 7 and f*. Hence |lc,(f*)||% + &% < (M + €2). Assumption on the smoothness of h thus
implies

px 2 204 (M + 52) 2\v 201(M + 82) v 2
_ Pt S s < 22 T2
IE< E(fT) ) < - ZdﬂAﬂ_ T Zdﬂ
TEGT TeGr
< Cpvram@y), (A.4)
n

where the last inequality follows by Proposition [C.I]} and C' > 0 is some constant that is in-
dependent of f* € H (A). Therefore, combining the bounds and it follows that
R(f},f*) < L(T) where L(T) = T—5A? + %T”Hdim(G)ﬂ) (note that L(T) does not depend
on f* € Hy(A)). Let us now search among the estimators (f%)7 the ones which minimize

the upper bound of the quadratic risk. It is clear that the function 7' — L(7') has a mini-
2 2 2v+dim(G)
mum a,t T = Ln2$+2U+dim(G)J Such that L(Ln23+2u+dim(G)J) < A2n25+2u+d1m(G) + Cn23+2u+d1m(G) <

—2s
C"'n2s+2v+dm(@) | which completes the proof of Theorem |3 O

A.2 Proof of Theorem [3.2]

To obtain a lower bound, we use an adaptation of the Assouad’s cube technique (see e.g. [31] and
references therein) to model ([1.1)) which differs from the standard white noise models classically
studied in nonparametric statistics. Note that for any subset Q C Hs(A)

inf sup R(f, f*) > inf sup R(f, f).
f f*€Hs(A) f freq

an asymptotic lower bound for inf FSUPfre R( f*, f*) and thus the result of Theorem will

The main idea is to find an appropriate subset 2 of test functions that will allow us to comru‘ce
immediately follow by the above inequality.

A.2.1 Choice of a subset ) of test functions

Let us consider a set €2 of the following form:

Q=Qp=1f:G—>C:VYgeG,fi(g MDZdwakz ity W € {—dZV/2,d712)
ﬂ'EGD
where @D = {7r €eG: D< Ar < QD} and up € R4. To simplify the presentation of the

proof, we will write f, = f. Let Q = ng@D{_d;UQ: d;l/Q}dgr. In what follows, the notation

9



w = (w’“kl)we@mlék,lgdn € Q is used to denote the set of coefficients wr k taking their value

in {—d;l/z,d;rl/g}. The notation E,, will be used to denote expectation with respect to the
distribution P, of the random processes Y,,, m € [1,7n] in model ({1.1)) under the hypothesis that
f* = fw-

Note that any f,, € 2 can be written as fu(9) = /D >_ g, dr'Tr [T(9)wx], where wr =
(Wr k) 1<k, i<d, - Let 2] = Card(€2) and let us search for a condition on p1p such that @ C Hg(A).
Note that ¢ (fw) = \/DWx which implies

fo € Hy(A) = |lfullfy, < A?
—t —t
— Z d;Tr {,/MDwm/,LLDw7r } + Z Aod,Tr [,/MDwm/,LLDw,r < A?
7T€6D TreaD

= Y 1+ X)ppd; < A%
WG@D

using the equality Tr [w,rw*ﬂt} = ZZT[:l wi,kl = dr which follows from the fact that |w; x| =
d;1/2. Since ™ € @D, one has that A\; < 2D, and thus up Zwe@D d?r < 2*5D*3A2/2 —
dorea, 1+ A upd2 < A2, Moreover by Proposition we have that for D sufficiently
large, Zwe@D d2 < CDIMG/2 for some constant C' > 0, and therefore for such a D, it follows
that up < 27°D—5~4mG/2(42/9)C~1 — pup ZweéD d2 < 275D7%A2/2. Hence, there exists
a sufficiently large Dg such that for all D > Dy the condition up < K D—s=dimG/2 g4 some
K > 0 (independent of D) implies that 2 C Hs(A). In what follows, we thus assume that
up = kD—5~dmG/2 o1 some 0 < k < K and D > Dyg.

A.2.2 Minoration of the quadratic risk over )

Note that the supremum over €2 of the quadratic risk of any estimator f can be bounded from
below as follows. First, remark that by Theorem

) ~ 2
o 17,1 = s (|- 1)

fw€Q fw€N

w (‘(Cw(f))kl - \/ITwa,klr)

v
0
1%
&M
~
g
&=

Y

|§2‘ Z Z dr ii: Ew <‘(C7r(f))kl - \/LTwaysz)
- 2 L Y Ya ([ vivea|) @)

with |Q] = 9¥medp & Now, define for all 7 € Gp, k,l € [1,d,] the coefficients

Wrp =~ argmin ’(CW(f))kl— MDU’-
UE{—d;l/Q,d;I/Q}

The inequalities

VID |Wrpt — wi | < ’\//Bwfr,kl - (Cﬂ(f))kl‘ + ’ [UDWy gy — (ex(F))ua
< 2| Viptwn = (el

10



2 “ 2
mply that 4jip |we s — 0} | < |VAEDwnk — (ex(F))| , and thus by inequality (A3

owp R ) 2 8 Y (Jeomss = wi )

fuesk reldp  kl=lwed
= 4|Q| 2 Z 2 B (‘w“”“_w;»klm
TI'EGD k,l ’LUEQ
we g =dy 2
2
Iy r,1) <)w7r Kl w:r,kl’ > ) (A.6)

where for all ' € Gp, ¥, € [1, d=], we define

w(7;]i€/ll)/ = Wg! k'l if 7/ # T or (k/, l/) =+ (k, l)

w(™FED — (w(T,r k:'l)’) is such that

W) = —waga if 7 =7 and (K1) = (k1)

Note that the above minoration depends on f . Let us introduce the notation
Rt
Crl i =Eqy (\ww,kz wi ) + Eqpyrit ‘ww Mo~ wn,m’ :

In what follows, we show that Cr ;; can be bounded from below independently of f .

A.2.3 A lower bound for C;

Let m € Gp, k,l € [1,d;] be fixed. Denote by X = (CW(YW))(w,m)e@x[[l,n]] the data set in the
Fourier domain. In what follows, the notation E,, ; is used to denote expectation with respect
to the distribution Py, ; of the random processes Y;,,m € [1,n] in model (.1 conditionally to
7= (11,...,7,) and under the hypothesis that f* = f,,. The notation w = 0 is used to denote

the hypothesis f* = 0 in model (|1.1). Therefore, using these notations, one can write that
2
kl)
Cﬂ,kl = / ]Ew,T (‘wﬂ—,kl 71'/{:[’ ) +]Ew7- (‘wﬂﬂkl _w;,k‘l’ >:| h(Tl)h(Tn) d’Tl...dTn,
2 de<7r kl)

2 dPy - (,kl) 7
= Eo - kil — W (X ‘ Y —wrk ’ — (X h(T, ...d7m,
/Gn 0, <]w Kl wﬂ',kll d]P’o,T( )+ Wr kil W ki Py, ( )) h(71)...h(7) d71...dT,

* d]P)w T 7r * 2 de(ﬂ'vkl) T
= /n ]EQ <}wﬂ-7kl — wmkl‘Q d]P)(; (X) + ‘w5r7];ll€l) - wﬂ.’kl) (m(X)) h(Tl)h(Tn) dTl...dTn,

where the last equality follows from the fact that, under the hypothesis f* = 0, the data X
in model (|1.1)) do not depend on 7. By inverting sum and integral, and using Fubini-Tonneli
theorem we obtain

% dP,, - T « |2 de(“vkl) T
Cri = Eo / |we g — wh |* 2T (X) + wfr,;’;’)—wm‘ — T (X)) B(ry).. () dy... AT
an ’ CUP ’ ’ dPO

d]P’wr
= Eo <‘w7rkl ﬂkl|/ (Tl)...h(Tn)dTl...dTn

ap,
™ dpw T, )T

bl —wr] [ SO () e dr )
’ ’ n dPO

Introduce the notations

de(r,kl)7a (

aF, X)h(aq)...h(ap) dag... do,.

Q(X) = / ) di;j(;a (X)h(ar)...h(e) doy.... day, and QTH) (X)) = / )

11



Since wlT! —w? = —wrp—wl y with wep € {=di %, a7 andwr € {2 a2

it follows that

Crapi > 4d;1]E0 <m1n ( QI kl) )))

= 4d'Eq (Q min( QZ;?;?))

(m,kl)

= 4d7_r1]E0 /n d;PgOT Yh(71)...h(T) d7y... A7}, min <1,QQ(X<)X)>>
(m,kl)

= 4d;1/nE0 <d(i;(;T(X)h(Tl)...h(Tn)dTl...dTnmin <1,QQ(X()X)>)

(k)
= 4d;1/nEw’T (mln (1 QMX()X)>> h(ry)...h(1y) d7y...d7p

(m kl
= 4d 'R, (mln ( )) (A.7)

Let us now compute a lower bound for E,, ( min e kWX))). Note that for any 0 < § < 1,

[ QM) Q™ (X)
E (mln (1, o) )) > 6Py, ( QX > 5) . (A.8)

Proposition A.1. Let 7 € Gp, k,l € [1,d:] be fixed. Let up = kD~5~4mG/2 and D =
n2s+2vidimGJ. Suppose that s > 2v 4+ dimG. Then, there exists 0 < § < 1 and a constant C' > 0

such that
o Q(w,kl) (X)
liminfP, | —————>46 | > C.

Proof. Throughout the proof, we assume that up = kD5~ 4mG/2 and D = nmJ To
simplify the presentation, we also write E = E,, and P = P,,. Then, thanks to Proposition
it follows that d2 ~ DUEmMG)/2 o N € G D, and therefore, under the assumption that
s > 2v + dimG, one obtains the following relations (needed later on in the proof)

npiy d3 = 0, nphdh — 0, ndiph D™ =0 as n — +oo, (A.9)

and
nupD™" = O(1) as n — +oc. (A.10)

Without loss of generality, we consider the case where wy 1 = —dil/ % and (Wk];l) =dr 1/2 and

e = 1. To simplify the presentation, we also introduce the notation w, = w(7r kl) In the proof,
we also make repeated use of the fact that

lwelF = dr and ||@z7 = dx. (A.11)

Since ¢ (Yom) = /ipWam(7,,1) +cx(Wy) (under the hypothesis that f* = £,,) and using the fact

dP_
that ||@r||% = ||wx||%, simple calculations on the likelihood ratios dgﬁ;“ (X) and %(X )

yield that

Q(ﬂ‘,kl)(X) B H?n:l fG’ exp(Zg) + Z(T%))h(am) dem

Q(X) 10—y Jo exp(Z3) + 25 h(cwm) da,

12



where

Nr(rp = dTr,UD <w7r7r(7—r;1)7 wﬂﬂ'(a;nl»Fa ~1(13) = d7r\/ KD <c7r(Wm)7 wwﬂ(ar}l»Fv
Zq(vp = dﬂﬂD<w7r7r(Tn_11)v w,rﬂ'(oz;ll»p, Z’n%) = dnv/ 1 (Cr(Win), w,ﬂr(a;}»p.

Note that by Cauchy-Schwarz’s inequality
1Z31? < d2ppllwen (r ) E N @rm (0 ) |7 = dapid ws 3| dxl 7

and
1ZD1? < d2pd lwar (T DIE lwam (a1 F = d2pd |lwel| %

Since the coefficients of the matrix ¢, (WW,,) are independent complex Gaussian random variables
with zero expectation and variance d, !, one has that A (resp. Z,(?%))
able with zero mean and variance dup || 07 () ||% = drpp||r||% (resp. drpp || wem(a,b)||% =

drpp||wr]|%). Thence, by (A.11)), one obtains that

is a Gaussian random vari-

EIZDP < whdt, E|ZDP < ibdt and EIZQP = upd2, E|ZPP = upd2.  (A12)

Therefore, (A.9) and Markov’s inequality imply that

1ZDP = o0p(n "), 1ZE1P = 0p(n™"), 120200 = 0p(n7 1), (A.13)
and
1Z0D12 = 0,(n7Y), |1Z9P =0,(n7Y), 1202 = 0,(n7}). (A.14)

Hence, using (A.13)), (A.14]) and the second order Taylor expansion exp(z) =14z + % +0(z%)
it follows that

(mkl) (X ~ ~ ~
log <QQ((> Z log <1 + / <Zr()%) + Zr(r%) + %| T(r%)|2> h(am) dag, + Op(n_l))
St (14 [ (A 42+ AP ) de 4y ).
m=1 G

Then, using (|A.14) and the second order expansion log(1l + 2z) = z — % + O(z%) yield

log (Q(;lzl T ) Z / < |Z<2 | >h(am)dam
- [/G (Zﬁé’ L7204 ;;Z;?,z) h(orm) damr (A.15)
_Z/G<Z<>+z |z |>h(am)dam

1 2
+= [/ < z\) 4 72 4~ |Z )| > h(cvm) dam] (A.16)
G
+op(1).
Let us now study the expansion of the quadratic term ([A.16). Since cx(h) = [, 7(7,," ) h(oum) dam,
it follows by Cauchy-Schwarz’s inequality that

n

2 n
> [/ Zﬁ)h(am)dam} = dup Z(wwﬂ(%l)»wwcw(h» < nd2 pp | we || F [ wrex (B)][
G

m=1

IN

nd?uDwaHFHCw (M5 < Candzup, D™ = o(1).
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for some constant Co > 0, where the last inequality is a consequence of Assumption [2.1] the fact
that \-! < D~ for A\, € GD and the third relation in

By Jensen’s inequality and and since the Z,(n) s are i.i.d. Gaussian random variables
with zero mean and variance p Dal?T one obtains that

n 2 n
EY UG |Z,<5>|2h(am)dam] < ) /GIE|Z,(3)\4h(ozm)dam < 3npddt = o(1),
m=1 m=1

2
and thus Markov’s inequality implies that Y _, [fG |Z,(3)\2h(ozm) dam] = 0p(1). Now, using

(A.9) and (A.12)) it follows that

EIY < / Z,g)h(am)dam> ( / Z§3>h(am)dam> < npdPd® =o(1),
m=1 G G
which implies that 37, ( i; Zia'h - i i
plies that 3" _, ( [ Zm h(cu,) da, fG h(aum) dau, 0p(1). Finally, using

(A1d), it follows that 7 _, ( S Z8h(um) dam> ( S 1282 (o) dam> = 0,(1). By applying

the same arguments to the expansion of the quadratic term (A.15]), one finally obtains that

1og<Q(;’(d) ) Z/( D42 \Z@)) h(cun) dov,

—% { / ZPh(am) dam] 2

—Z/( )+ 5128 hlam) da

1 2
+-= [/ Z@nh(am) dam]
2 e
+o,(1).
Using that [[w,]|% = ||wr||% and the equality

(—wrer(h), (Wr — wr)ex(h))F — %Hwﬂcﬂ( )HF +5 ||w7rc7r( )H%“ - %H(ﬁiﬂ - wﬂ)cﬂ(h)H% =0

one obtains that

(m,kl) n
log (Q(X)> = Z drpop (e (T,,1) — wrer (R, (Wr — wr)er(h))F (A.17)
m=1

Q(X)
+ Z Ao/ 10D (e (Winn), (0 — wr)ex(h)) p (A.18)
+ Z 5 |12 da = S deinli I (A19
n
3 b 12 Ehan) da + Rebpaplce (A.20)
m=1 G
i 1 ~(2) 2 n - 2
=25 [ 2 h(am) dom |+ Sdrpplimex(h)[F - (A21)
m=1 G
n 2
+y % </ Z,g?h(am)dam) — Sdnpplwncs(h)F  (A.22)
m=1 G
n ~
=5 e | (Br = wr)er (R)[F + 0p(1). (A.23)
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Control of the term ( m Thanks to Assumption and the fact that A\_! < D=1 for

A € Gp and (| -, it follows by (A.10} - that
ndqpip || (Wr — wTr)CW(h)HF < ndquHCW(h)ngHﬁ)ﬂ - wWH% <dnupD™" =0(1), (A.24)
and thus the term (A.23)) is bounded in probability.

Control of the term (A.17)). Remark that (A.9) can be used to prove that

ar (Z dWND<w7r7T(Tr;1)7 (QDW - wﬂ)cﬂ(h»F)
m=1

IN

dﬁu% | H% | (Wr — wr)ex(h) ||%7

< ndzppllwe | Ell0r — walFllex(R)IIZ,
< dnd*piD7V =o0(1),

and therefore by Chebyshev’s inequality the term (A.17) converges to zero in probability.
Control of the term (A.18)). First, since the coefficients of the matrix ¢, (W,,) are independent
complex Gaussian random variables with zero expectation and variance d_ !, one has that T,,, =

drr/ID(Cxr (W), (Wr — wr)er(h))p are ii.d. Gaussian random variables with zero mean and
variance dyppl|(Wr — wy)cr(h)||%. Using inequality (A.24) it follows that

ar (Z Tm> = ndepip||(x — wr)ex(h)|[7 = O(1), (A.25)
m=1

and standard arguments in concentration of Gaussian variables imply that for any ¢ > 0
2

n
P Tl >t §2exp<— -~ >
< mZ:1 ) 2ndrpip || (W — wr)ex (B3
Therefore, combining ({A.25) and (A.26) imply that the term (A.18]) is bounded in probability.

(A.26)

Control of the terms (A.19) and (A.20). Remark that Jensen’s inequality, the fact that the
(2)>

that

s are i.i.d. Gaussian random variables with zero mean and variance upd2 and (A.9)) imply

(Z/\Z@)\h dam> = f_:v (/ 1ZP2h(a )dam>
 Soe(faernm)

< n/ IE|Z1 1*h(ay) dog < 3nphdi = o(1),
G
and thus the terms (A.19) and (A.20]) converge to zero in probability by Chebyshev’s inequality.

Control of the terms ((A.21]) and (A.22)). Similarly, by Jensen’s inequality and (A.9)) one has
that

n 2
Var (Z (/ Zr(,%)h(am> dam) ) < TL/ E’ZP),‘lh(Oq) dog < BnM%di — 0(1)7
G G

m=1

and thus the terms (A.21)) and (A.22]) converge to zero in probability by Chebyshev’s inequality.

(71' kl)(x
Combining the above controls of the terms ) to (A.23), one obtains that log (%)
is bounded in probability which completes the proof of Proposition [A
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Now, recall that using (A.6]) and (A.7)
sup R(f,f) > 4|Q| > d Z Y Crm

fw€Q

reGp  KI=1 weh
wﬂ',kl:d;l/2
(m,kl)
> 4By (min (1, )
419\ Q(X)
TI'EG wef)
W g1=dr 1/2

Combining inequality (A.8) and Proposition one obtains that there exists a constant C' > 0

(not depending on n) such that with the choice D = Ln 2S+2vidimGJ and for all sufficiently large
n

wp RG> Y0 Y alc
fueQ |Q‘ ncly, k=1
D ’LUGQ
wﬂ,kl:d‘r_rl/Q
¢ 2
> 2,UfD Z d7r7
m€Gp

where we have the fact that for any 7, k, [ the cardinality of the set {w € Q with Wy g = dr L 2}

is €] /2.
Now, let 0 < p < 1. Thanks to Proposition C.1] it follows that for n = pW%7

has that (W + n) D3mG/2 > Z 2 > (W — 1) DI™G/2 for all sufficiently large D, where W
is the constant defined in Hence

Sodr = Y d- Y

reGp 7 Ax<2D T An<D

(W — n)(QD)dimG/Q — (W + n)DdimG/Q

W'DHGL, with W' = (1= p)W (292 — 1) > 0.

one

2 .
Taking D = Ln 2s+2v+dimGJ and since pup = kD ~°~4MG/2 we finally obtain that
nETiawe sup R(f,f) > nwieiame K p-s-dmG/2 pdimG/2 _
Fw€Q

for some constant K > 0 not depending on n, which completes the proof of Theorem

B Some background on noncommutative harmonic analysis

In this appendix, some aspects of the theory of the Fourier transform on compact Lie groups are
summarized. For detailed introductions to Lie groups and noncommutative harmonic analysis
we refer to the books [7), 9, 28]. Throughout the Appendix, it is assumed that G is a connected
and compact Lie group.

B.1 Representations

Definition B.1. Let V be a finite-dimensional C-vector space. A representation of G in V is
a continuous homomorphism 7 : G — GL(V'), where GL(V) is the set of automorphisms of V.
The representation 7 is said to be irreducible if, for any g € G, the only invariant subspaces by
the automorphism 7(g) are {0} and V.
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If G is a compact group and 7 is an irreducible representation in V', then the vector space
V' is finite dimensional, and we denote by d, the dimension of V. By choosing a basis for V, it
is often convenient to identify w(g) with a matrix of size d, x d, with complex entries.

Definition B.2. Two representations 7, 7’ in V are called equivalent if there exists M € GL(V)
such that 7(g) = M7/(g)M~* for all g € G.

Definition B.3. A representation 7 is said to be unitary if 7(g) is a unitary operator for every
geqG.

Let m be a representation in V. Then, there exists an inner product on V such that 7 is
unitary. This means that any irreducible representation 7 in V' is equivalent to an irreducible
representation that is unitary.

Definition B.4. We denote by G the set of equivalence classes of irreducible representations of
G, and we identify G to the set of unitary representations of each class.

Proposition B.1. Let g € G and 7 € G, then (g7 =7(g) .

B.2 Peter-Weyl theorem

Let 7 € G be a representation in a Hilbert space V. Let Br = (eq,...,eq. ) a basis of V. For
g € G, denote by (7(g))r; = (ex, m(g)e;) the coordinates of  in the basis By for k,l € [1,d,].

Theorem B.1. If G is a compact group then (\/dﬂ(ﬂ'(-))kl)ﬂea kle[[ld p I8 an orthonormal
basis of the Hilbert space L.2(G) endowed with the inner product (f,h) fG

B.3 Fourier transform and convolution in L?(G)

Let 7 € G and define for any f € L?(G) the linear mapping

ex(f):V = V

Ul—>/f Udg—/f Udg

Note that the matrix ¢, (f) is the generalization to functions in L?(G) of the usual notion of
Fourier coefficients.

Definition B.5. Let f € L2(G) and 7 € G. We call ¢ (f) the m-th Fourier coefficient of .

Theorem B.2. Let f € L2(G). Then f(g9) = ZweGd Tr (7(g)ex(f)), and ||f”]12,2(G) =
Y ned AxTr ( (f)cw(f)t) = > e drllex(f )||2F, where ||| denotes the Frobenius norm of

a matrix.

Definition B.6. Let f,h € L?(G). The convolution of f and h is defined as the function
h)(g) = Jo flg~ g)h(g') dg' for g € G.

Proposition B.2. Let f,h € L2(G) then c.(f * h) = cx(f)er(h).

C Laplace-Beltrami operator on a compact Lie group

For further details on the material presented in this section we refer to the technical appendix
in [22] and to the book [II]. In this section, we still assume that G is a connected and compact
Lie group. In what follows, with no loss of generality, we identify (through an isomorphism) G
to a subgroup of GL,,(C) (the set of 7 x r nonsingular matrices with complex entries) for some
integer r > 0.
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C.1 Lie algebra

Definition C.1. A one parameter subgroup of GG is a group homomorphism ¢ : R — G.

Theorem C.1. Let ¢ : R — GL,«,(C) one parameter subgroup of GL;«,(C). Then ¢ is C*®

and c(t) = exp(tA), with A = %(O)

Definition C.2. Let M, ,(C) be the set of r x r matrices with complex entries. The mapping
[, ]t Mysr(C)2 = My (C) : X, Y 5 [X,Y] = XY —Y X is called a Lie bracket. A Lie algebra
is the C-vector space g = {X € M+, (C) : exp(tX) € G Vt € R} endowed with the bilinear form
[, ]:gxg—g: X, Y — [X,Y], which satisfies [X,Y] = —[Y, X] and [[X,Y], Z] + [[Y, Z], X] +
[[Z,X],Y] =0 (Jacobi identity).

Definition C.3. The Killing form is the bilinear form B defined by
B:g—C: XY+ Tr [ad(X)ad(Y)],
where ad(X) : g — g: Y — [X,Y] is an endomorphism of g.

Since the group G is semi-simple, the Killing form B induces a norm on the Lie algebra g.

C.2 Roots of a Lie algebra

A torus in G is a connected Abelian subgroup of G. It is well known that in a compact Lie
group G, there exists (up to an isomorphism) a maximal torus. Let us fix such a maximal torus
that we denote by T. Denote by t the Lie algebra of T, which is a maximal Abelian subalgebra
of g. Let h = t+ it be the complexification of t. Then, h is a maximal Abelian subalgebra of g
such that the linear transformations (ad(H))gep are simultaneously diagonalizable. Denote by
h* the dual space of §j. Let a € h*, and define

¢*={Xeg:VHeh [HX]=aH)X}.

Definition C.4. a € h” is said to be a root of g with respect to b, if g* is nonzero, and in
this case g® is called the corresponding root space. We also denote by & C h* the set of non
vanishing roots.

Each root space g¢ with a € ® is of dimension 1. One has that g = b (by the maximal
property of h) and g can be decomposed as the following direct sum g = b@a c5 9%, called the

root space decomposition of g. To each a € ® we associate the hyperplane H, C bh* that is
orthogonal to a. The set of all hyperplanes { Ho @ a € &)} partition h* into a finite number

of open convex regions called the Weyl chambers of h*. In what follows, we choose and fix a
fundamental Weyl chamber denoted by K.

Definition C.5. Let ® be the set of real roots and &, = {a € ® : V8 e K («,8) > 0} be
the set of positive roots. Denote one-half of the sum of positive roots by p = %Zae% .

C.3 Laplace-Beltrami operator

The Laplace-Beltrami operator is a generalization to Riemannian manifolds (such as Lie groups)
of the usual Laplacian operator. We will denote this operator by A. To state the following
proposition, note that one may identify the set G with a subset of the dual of the maximal torus
(see the technical appendix in [22] for further details on this identification).
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Proposition C.1. The elements of G are the eigenfunctions of A. Let 7 € G. The eigenvalue
of mis Ar = ||+ p||> = ||p||*, where || - || is the norm induced by the Killing form. For 7 € G,
one has the following relationship between d, and A,

Z d2 = WrdmG)/2 | o(p(dimG)/2y ag Py o0,
7€EGA<T
where
W volGG (C.1)
(2/m) ™1 (1 + Jdim@)

with volG denoting the volume of G, the bold symbol 7 denoting the number Pi and I'(.) being
the classical gamma function.
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